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__- IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


news and views 


ADMINISTRATIVE NEWS 


_ Last year, when the IRE Executive Committee de- 
cided to permit advertising in the various TRANSAC- 
TIONS, it set the TRANSACTIONS rate at twice that of 
PROCEEDINGS. The reason for this was to ensure that 
advertisers did not transfer en masse from the PRo- 
_CEEDINGS to the TRANSACTIONS. Of course, if this were 
to happen, the effect would be disruptive to the pro- 
a and customs of the entire organization. 

Zi Recently, IRE decided to increase the rate for PRo- 
CEEDINGS advertising by 25 per cent (in two steps) while 
maintaining the two-to-one ratio of the TRANSACTIONS 
irate: 

a The PGAP Administrative Committee worked most 
diligently to persuade the [RE Executive Committee to 
waive the two-to-one requirement (at least temporar- 
ily) in order to permit the rate for TRANSACTIONS to stay 
unchanged. It was PGAP’s feeling that an increase in 
‘the already high rates of TRAN “ACTIONS would make the 
“sale of advertising so much more difficult that PGAP’s 
future income was likely to be reduced drastically. They 
believed that the original purpose of protecting the 
"PROCEEDINGS against losing its advertising would be as 
fully accomplished with a 1.8 rate as with the original 


' PGAP’s efforts were unsuccessful. The IRE Execu- 
‘tive Committee denied the request at its meeting of De- 
scember 11, 1957. 


Dr. J. I. BoHNERT 

Chairman, PGAP Administrative Committee 

- Your letter of December 5, 1957, with reference to TRANSACTIONS 
dvertising rates, was thoroughly discussed by the IRE Executive 
Committee at the December meeting. This followed the discussion, 
an earlier meeting, of the policy in general, and the PGAP situation 
‘in particular, so that you may be assured that all considerations have 
“been taken into account by the Executive Committee. It was the final 
decision of the Executive Committee that the present policy on 
TRANSACTIONS advertising rates should not be changed. 


_ The Executive Committee also reviewed the present financial 
situation of the PGAP, as well as a conservative projection for the 
next few years. The financial situation for 1958 is assured, and the 
data submitted indicated no need for reduction in pages published in 
1959, but even suggested the possibility of switching funds to increase 
the number of pages. 

I wish to emphasize the strong feeling of the Executive Commit- 
tee, that no group should be forced by inadequate financing to forego 
the publication of important and valuable material. If such a situa- 
tion should arise, we wish to be informed promptly, and shall give 
consideration to the merits of the case. 

Very truly yours, 
Joun T. HENDERSON, 
President 


Quite obviously, the views expressed by Dr. Hender- 
son are at variance with those of the PGAP Adminis- 
trative Committee. Although PGAP’s financial position 
has improved appreciably during the past six months, 
its Administrative Committee feels that complete re- 
covery has not been accomplished. It feels that it will be 
only after a means has been found to increase its income. 


CHAPTER NEWS 


Albuquerque 

On November 20 a joint meeting with the PGMTT 
was held at the University of New Mexico. B. J. Bittner 
of Gulton Industries spoke on “A Wide-Band Wide 
Scanning Angle, Microwave Antenna.” 


Akron 

The election of officers has been announced. They are 
G. H. Welch, Chairman; H. F. Mathis, Vice-Chairman, 
and J. R. Shoemaker, Secretary, all of whom may be 
addressed at the Goodyear Aircraft Corporation. 


Chicago 

A meeting was held on December 13, at which 
Edward F. Harris, President of the Mark Products 
Company, talked on “Continuously-Loaded Helical 
Whip Antennas.” 
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Denver-Boulder 


A technical meeting was held on December 11 in a 
lecture room at the Boulder Laboratories of the Na- 
tional Bureau of Standards. The subject discussed was 
“Sputnik—A Report on NBS Observations of Satellite 
Radio Signals.” 

Three speakers presented the several phases and 
aspects of the observations carried out by NBS on the 
radio emission by the two Russian satellites. J. W. Herb- 
streit described the principles of launching the satellite 
and measurement of phase of the received signal. R. S. 
Lawrence disclosed the results of measurements using 
an interferometer technique. R. M. Gallet related the 
results of frequency measurements and the determina- 
tions of the orbit using the Doppler frequency shift 
technique. 


Long Island 


A move is afoot to organize a chapter with the inten- 
tion of operating it jointly with the local PGMTT Chap- 
ter. To stimulate this activity, the PGMTT is devoting 
its April 8 and May 22 meetings to antennas. P. S. Car- 
ter will talk at the first meeting about his experiences as 
witness to and key participant in early antenna work on 
Long Island. Much of the important pioneering work in 
our field was conducted there. 


Los Angeles 


The following were elected to serve for 1957-1958: 

Robert J. Stegen, Canoga Corporation, Chairman; 
Thomas Kinaga, Hughes Aircraft Company, Vice- 
Chairman, and Dean B. Anderson, Autonetics Division 
of North American Aviation, Secretary-Treasurer. 

The first meeting was September 12. Kenneth C. 
Kelly of Hughes spoke on “Recent Annular Slot Array 
Experiments,” and Joseph A. Barkson, also of Hughes, 
presented a talk on “Coupling of Rectangular Wave- 
guides.” 

Dr. John Smyth of Smyth Research Associates was 
the speaker on November 14. His topic was “Radio 
Wave Transmission by Way of the Troposphere.” 


Washington, D. C. 


A meeting was held on December 2. Roger W. Clapp 
spoke on “Scanning Array Antennas and Their Applica- 
tion to Radio Astronomy.” Mr. Clapp is associated with 
the Hughes Aircraft Company, where he is now Associ- 
ate Head of the Antenna Department. There were 125 
in attendance and the meeting was co-sponsored by the 


Washington Section of fe IRE and the Washington 
Chapter of PGMTT. 


January | 


. 


The next meetings will be held in the PEPCO Audi-§ | 


torium. On January 27, J. H. Chisholm of the Lincoln — 
Laboratory spoke on “Recent Research in Extended 


Range Ionospheric and Tropospheric Propagation.” On 
February 3, Allen M. Peterson, Stanford Research In-— 


stitute, discussed “Meteor Burst Communications.” 
This was a Washington Section meeting, sponsored 
jointly by PGAP and PGCS. 


PERSONNEL NOTES 


Dr. John I. Bohnert, PGAP Chairman, has been 
named Superintendent of the Electronics Division at the 
Naval Research Laboratory. He received the B.S. de- 
gree in mathematics from Carnegie Institute of Tech- 
nology in 1932, and the M.A. and Ph.D. degrees in 
mathematics from the University of Pittsburgh in 1935 
and 1940. From 1942 to 1945, he was a staff member of 
the Antenna Group at the M.I.T. Radiation Labora- 
tory. He joined the Naval Research Laboratory in 1945. 
Dr. Bohnert is a senior member of the IRE and had an 
important part in organizing PGAP. 

Norman Ritchey, formerly head of the Tube Applica- 
tion Engineering Section at Sylvania, Kew Gardens, 
N. Y., has joined Dorne and Margolin, Inc., Westbury, 
N. Y., as Senior Project Engineer; he will work on sys- 
tems development. 


INDUSTRIAL NOTE 


Gulton Industries has opened a new laboratory in 
Albuquerque, N. M., which boasts a four-ton rotator. 


URsI 


On December 5, the unprecedented task of bringing 
into agreement the national primary standards of micro- 
wave power of two countries was carried out by Glenn F. 
Engen of the radio standards division of the National 
Bureau of Standards, and Dr. Denji Ishikawa, Japanese 
scientist. Dr. Ishikawa hand-carried Japan’s standard 
for power measurements to the Boulder laboratories. 
The comparisons were made at 9375 megacycles and 10 
milliwatts. As soon as possible, additional comparisons 
will be made at many other frequencies and power 
levels. 

This meeting between the Japanese and U. S. scien- 
tists is a result of the efforts of the International Scien- 
tific Radio Union which held its 12th triannual assembly 
in Boulder during the summer of 1957. 

Note: A detailed report of this Assembly is being pub- 
lished in the PROCEEDINGS. 
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contributions 


> Summary—An analysis of the scattering effect of a thin dielectric 
_ ring on an electromagnetic field is developed under two assumptions: 
_ the incident field is the free space field of the source, and the scat- 
_ tered field tends asymptotically to zero as the radial thickness of the 
_ fring approaches zero. When an integral equation of Barrar and 
_ Dolph,! derived directly from Maxwell’s equations, is employed, a 
formal expansion of the field in powers of the thickness is obtained, 
and then it is proved that the linear approximation obtained from it is 
indeed asymptotically equal to the total field. The sufficiency of this 
_ approximation is justified by experimental evidence. The far-zone 
pattern function of the ring is next obtained, and the resulting 
formulas are applied to the situation where the incident field is gen- 
erated by a dipole antenna coaxial with the ring for which experi- 
‘mental comparisons are possible. 


PEN Pere 


hale) oe nS eae 


I. INTRODUCTION 
. \ THEORY for the scattering effect of a thin 


dielectric ring on an electromagnetic field is 
established under the following two assumptions: 
1) the field incident on the ring is given by the free 
" space field of the source, 2) the total field, incident plus 
scattered, tends asymptotically to the incident field as 
4 the radial thickness of the ring approaches zero. 

- Under assumption 1), Barrar and Dolph’ have de- 
Bived from Maxwell’s equations a pair of integral equa- 
‘tions giving the electric and magnetic vectors of the 


total field generated by a system of radiating sources 
: 


es ak a) so AN 


. 


ree 


* Manuscript received by the PGAP, June 28, 1956; revised 
" manuscript received February 24, 1957. Extracted from Res. Labs., 
Hughes Aircraft Co., Tech. Memo. No. 416; January, 1956. 

+ Litton Industries, Beverly Hills, Calif. ; 

1 R. B. Barrar and C. L. Dolph, “On a three-dimensional trans- 
mission problem of electromagnetic theory,” J. Rational Mechanics 
and Analysis, vol. 3, pp. 725-743; November, 1954. 
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An Analytical Study of Scattering by Thin Dielectric Rings* 
LLOYD L. PHILIPSON+ 


and a scattering obstacle embedded in an isotropic 
homogeneous nonconducting medium (“free space”). 
Their equation for the magnetic vector will be em- 
employed, but this vector will be related to the electric 
vector directly by Maxwell’s equations in the discussion 
in Section II. The basic technique leading from the in- 
tegral equation to a formal expansion for the vectors 
of the total field in powers of the radial thickness of the 
ring is essentially due to J. B. Keller.’ 

It is observed from actual measurements® that the 
scattered field is, at least in the far zone, very nearly 
a linear function of the volume of small diffracting 
obstacles introduced into a radiation field. For thin 
rings of constant inner radius and height, in particular, 
the degree of scattering appears to be nearly propor- 
tional to thickness. Thus, in Section III only the rela- 
tively simple terms through the first power of the thick- 
ness in the expansion obtained are considered in detail. 
Furthermore, it is shown by an elementary argument 
that, under assumption 2), this linear approximation is 
indeed valid asymptotically as the thickness of the ring 
tends to zero. The asymptotic relation is uniform for all 
points bounded away from the ring. 

In Section IV, far-zone expressions for the compo- 
nents of the total field and power pattern function aris- 
ing from the source-ring system are established using 


2 J. B. Keller, “Reflection and Transmission of Electromagnetic 
Waves by Thin Curved Shells,” N. Y. U. Washington Square College, 
Math. Res. Group, Rep. No. 172-5; February, 1948. 

3 V. Galindo and D. E. Adler, “Experimental Studies on Depend- 
ence of Boresight Error on Various Obstacle Parameters,” Res. 
Labs., Hughes Aircraft Co., Tech. Memo. No. 431; January, 1956. 
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this linear evaluation. Finally, in Section V these ex- 
pressions are applied to the special case, permitting an 
actual laboratory approximation, in which the source 
consists of a half-wave dipole coaxial with the ring. 


Il. THe ForMAL EXPANSION 


Let E;, H; be the electric and magnetic vectors of a 
given (incident) field in free space. Suppose a thin 
cylindrical ring with constitutive parameters e, wu, ¢=0 
is placed in the field. As indicated in the figures, con- 
struct a cylindrical coordinate system (7, 0, z) about the 
point 0, so that the ring is described by a<r<a+A, 
0<@<27, —Il<z<l. 

Let S be the inner ring surface (r=at, 0<6<27, 
—Il<z</), and V the ring volume (see Fig. 1). Define 
the coordinate y such that r=a+hyn. Then the ring may 
be given by 0<y<1 and the above 6, z ranges. 

Let P=(r, @,.z) denote an arbitrary field point, P; 
=(r1, 61, 21) =(a+hn, 6:, 21), an arbitrary point in V. 
Then, assuming that the interposition of the ring in the 
field does not affect the source distribution giving rise 
to it, as required by assumption 1) of the introduction, 
it can be shown |eq. (5.2) of Barrar and Dolph!] that 
at any point P inside or outside of V the resultant 
magnetic and electric vectors of the total field satisfy 


H(P) = HAP) — 7 | FUP, Pidv (1) 
Vv 
where 
bite (2) 
Pa Ariwpo 
ethoR 
F(P, P,) = vi ( - ) x E(P:) (3) 
with 
Rk? = we" 
ky” = weouo (4) 
and R= R(P, P,) the distance between P and P: 
R= Vr? +r? — 2rricos (6 — 0:) + (2 — 21)?. (5) 


In (1) it is assumed that 4 =yo and that variation of the 
field vectors with time is given by the usual e~** factor. 
The subscript 0 refers to the medium (free space) sur- 
rounding V. The subscript 1 refers to the point of inte- 
gration P). 

A further relation between E and H outside a neigh- 
borhood of the sources is Maxwell’s equation, 

two 
EP) = a VON Ae) (6) 

for P in V, and the same equation with k replaced by 
ko for P outside V. For P on the interior of the boundary 
surface of V, (6) is interpreted as a limit over interior 
points of V and, for P on the exterior surface, as a limit 
over exterior points with Rk replaced by ho. 


Ds 
lage 


Fig. 1—Geometry for the thin cylindrical ring. 


Formally, it can be written that 


fags P,) F(r, 0, 2; a + hm, 41, 21) 


re) (hn) m | om | 
F , 
X m! or,” ry=at 


m=0 
Furthermore, the element of ring volume can be ex- 
pressed as 


(7) 


I 


dV, r,dr\d0,dz, 


dS 
(a + hn) hdy — (8) 
a 
where dS; is the element of area of the inner ring surface 
S(r=at). Then (1) becomes, after substitution of (7) 
and (8) followed by an integration with respect to 7, 


Ga ays 18) 
yh = a m 
teen Gr(P) (9) 
where 
Oo" F 
GalP) = Hla bepena lee sk (10) 


In formally solving (9) by a power series in h, it can 
be written that 


H(P) = Hy(P) + >> h'H,(P) 


n=1 


(11) 


with H, to be determined. Note that the zero-order term 
is taken to be just the incident vector, following assump- 
tion 2) of the introduction. The analogous series for 
E(P) is also assumed with the E, and H, related by 
Maxwell’s (6). Upon substitution of (11) into (9) and 
equating like powers of h, the desired formula for H, is 
arrived at: 


ACR) 


ee Za Olmntl) 
wn a {= Gat Dl (m =e 1)! 


where 


Tene 
ei Durpds eP, 


m+n+1 =p (m+ 2)m 


om 


a ae fi or,” 


late H,, the vectors H,;, Mh, - - 


| (12) 
Qeste ror 


It is seen that (12) is an iteration formula; to calcu- 
+, Hn are required.,| 


January 


. 


: 
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Note in particular, however, that since Ip) in (13) re- 
quires only E; on S, the linear approximation for H, 


A(P) = Hi(P) + yhIoo(P) (14) 


is simple to evaluate directly. Calculations of the higher 
order approximations are rather more complex and, with 
the exception of the second, probably impractical. For 
* second, an examination of (12) with p=1 shows that 
(E; and its r derivative and E, but not its derivative are re- 
Paired to be known on S, and these vectors are obtain- 
able without undue effort from the initial data and the 

results of the first approximation. 

_ The vector integration in (13) is conveniently carried 
out if the fixed cylindrical unit vectors r, 0, z at the point 

_ of observation P are introduced. They are related to the 

unit vectors at the point of integration P; by 


' r,; = — sin (6 — 0,)6 + cos (6 — 4,)r 
6; = cos (@ — 6,)6 + sin (6 — @,)r 
PAS A (15) 


* Now from the nth stage of the iteration E,,(P,) has the 
_ form‘ 


) E,(P1) = éni(P1)ri + eno(P1)01 + ens(Pi)z1. (16) 
/ Also 
: y eikoR 
i iat 2 ) = giti + £801 + 2321 (17) 
Owhere 
‘a gi = (r1 — 7 cos (0 — 91))p(R) 
go = — rsin (0 — 0;)p(R) 
b gs = — (2 — 21)p(R) (18) 
‘ with 
‘i 1 \ eikoR 
, p(R) = (ite . -) age o8) 


4 Thus, when (15) is introduced, and d.S; is replaced by 

_ad6,dz,, (13) can be written 

4 Inn = Inn + Inn 8 + Inn 2 (20) 

"where 

m, Qn l 

ET oans6” =— of if [Car™ cos (8 — 44) 

a 0 = 

4 + Cro sin (6 — 61) ]dzrd8, 

q 24 l 

Tnn® = — a [ { [—Cni™ sin (8 — 41) 

i SU —l 

4 Cy cos (6 — 61) ]de1d0y 
Qr l 

BF in? = af if Crg°™dz1d0, (21) 
0 —l 


4 7,, 6), z: denote the unit cylindrical coordinate vectors at jee 


a” 
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om 
Cui” = (g2€n3 — 82€n2) 
on” r\=a+ 
om 
Ca = (g3€n1 — £1€n3) 
on™ ry=a+ 
om 
Ca3™ = (g1€n2 — £2€n1) (22) 
on” ry=a+ 


These formulas permit the calculation of Hy4; and 
E,,41 in the (1+1)th stage of the iteration. 


III. ESTABLISHMENT OF THE ASYMPTOTIC 
VALIDITY OF THE FIRST ORDER APPROXIMATION 


As discussed in the introduction, from this point only 
the terms through the first order in (11) will be con- 
sidered ; that is, writing py =e? /R 


ACP) = AP) + hy?) (23) 


with 


Hi(P) = — f [Vw X EXP) |S). (24) 
S 
When assumption 2) of the introduction is employed, 
it can be proved that (23), obtained formally, does in- 
deed hold for sufficiently small h. 
For brevity the explicit dependence of V on h in the 
following will be indicated by V,,. 


Theorem: Define Hi(P) by (24). Assume that® 


E(P) = E,(P) + O(h) (25) 


is valid for h-0, uniformly for P in V,,, for some 
hy >0. 

Then if H is the solution of (1) related to E through 
Maxwell’s equations, 


H(P) = HP) + hHi(P) + O(h’) (26) 


is valid for h->0, uniformly for P bounded away from 


iS. 


For the proof of the theorem, it should be noted that 
the restriction on P in (26) permits finding an h*>0 
such that for all h<h*, P is exterior to Vn. 

The fundamental assumption (25) [2) in the intro- 
duction] appears to be difficult to justify rigorously in 
general, but it is known to be valid in certain situations 
at least. The scattered wave arising from a plane wave 
incident on an infinite plane dielectric slab, for instance, 
tends continuously to the incident wave as the thickness 
of the slab approaches zero. 

The proof of the theorem is elementary. Eq. (26) evi- 
dently results by virtue of (1), if it is shown that 


= y { Fav, — hH, = O0(h’) 
Ve 


or, employing (24) and (8), that 


5 Eq. (25) signifies that h~!| E(P) —E,(P)| is a bounded function 
of hand P forh<f and P in Vjy. 
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anes if { J IC ta) Pag. AU x al} as, = 0(h). 


Since with respect to h Sis a fixed domain of integration, 
th's statement holds true if 


1/a+ hn 
i ( ) Fin — [Viv X Ei(P1) mat = O(h) (27) 
0 a 
uniformly in 6;, z: on S and in the coordinates of P. 
Now the assumption (25) implies that for P; in Vy, 
with h<ho, 


F(P, P:)=VilP, Pi)XE(Pi)+ | VW(P, Px)| 0(4). (28) 


Since E;(P1) and Vw (P, P;) are continuous at all points 
in Vn, provided h<h* (so that P is exterior to V;; see 
the remark following the statement of the theorem), it is 
certainly true that 


ViV(P, Pi) X E,(P1) 
= [VW(P, Pi) X EX P1)] ra + 0(| 11 — a] ) 


for |r,—a| sufficiently small. But |7—a| =h|n|, so in 
fact for h<h* 


Vi¥(P, Pi) X E;(P1) 
= [VW(P, Pi) X E(P1)}nne + 0() 
uniformly in 0 <9 <1, 6, 2: on S, and in the P variables. 
Substitution of (28) and (29) into the left side of (27) 


now shows that it is indeed of first order in h, and the 
theorem is proved. 


IV. FAR-ZONE EVALUATIONS 


General formulas can now be obtained for the linear 
approximation to the total magnetic vector and the 
power pattern in the far zone. For the calculation of the 
far-zone expressions it is convenient to express the field 


point P in spherical coordinates o, 6, @ about the center 


of the ring which are related to the cylindrical coordi- 
nates so far employed by 


r/o = sing, 2/¢ = cos ¢,. 6 = 8. (30) 


The far-zone formulas are then given by asymptotic 
evaluations fora ~. 
For the distance R, 


R=a-f+ 0(c7) (31) 
where 
f = f(ri, 61, 2; 8, $) 
= r, sin ¢ cos (6 — 61) + 21 cos ¢. (32) 
From (19) then 
tRoet*o (eS) 
p(R) = 3h + 0(o~*) (33) 


so the g, in (18) and the Cy in (22) can be evaluated. 
Writing 


fa = f(a, 61, 21; 0, 6) = asin gd cos (6 — 4:1) + z1cos@ (34) 


(29) 
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a 
(21) then becomes ; 


ikget*or aa brat irene 
Too” = 4 acos¢ [ f [sin (6 == 6) €o1 | 
o 0 1 
— cos (6 — 01) eo2)e~*%«dz1d0, + O(o~*) 
ik ikoo Qn re 
Too = oe of ik [—sin $e03 + cos ¢ 
g 0 =i 
- [sin (0 — 61)e02 + cos (9 — 61)e01] Je~#/eda1d8 
+ O0(o~*) 
Loo = — tan $1 oo” “ O(o~*). (35) 


Substitution into (26) of the evaluations (35), together 
with the far-zone expressions for the given components 
of the incident magnetic vector Hj, results in the desired 
far-zone evaluation of the total magnetic vector H to 
0(h*). It can be assumed, in making these substitutions, 
that H; can be written in the form 


ikoo 


HP) = 


hi(P) (36) 
where | A.(P)| is bounded as o>. Then H appears 
also as a bounded function multiplied by e*o’/c. 

It is to be noted from (35) that the far-zone relation 
H®@=0 to 0(o~), required for any physical magnetic 
vector (see the discussion following), does indeed hold 
for H;, and hence for H as given by (14). 

In calculating the far-zone power pattern of H, the 
magnitude for c—« of the time averaged Poynting’s 
vector S must be considered: 


S = 4R{E x H*}. (37) 


(R indicates “real part of.”) Now it can be shown® that 
the electric and magnetic vectors in free space always 
satisfy in the far zone’ 


E = (/* (H Xo) + o(o-). (38) 
€0 
Thus, 
1/0 | arly : 
i ears, "dowel cad ia ca (39) 
2 €0 
or, in terms of cylindrical components, 
: was 
S| = — [| ao|2+ | zo? + | Ae 2] 
2 €0 
+ o(c~*), (40). 


The far-zone power pattern function @ is defined as 
proportional to lim,.,, o| Si so it can be written that 


© = limy.. K[| cem*orH) |2 4 | oeitoo (8) [2 
+ | ce*oH® |2] + o(1) (41) 

| 

°S. Silver, “Microwave Antenna Theory and Design,” M.I.T! 


Rad. Lab. Ser., No. 12, McGraw-Hill Book Co., Inc. 
Bes aehy cGraw-Huill Book Co., Inc., New York, PP; 


7 Ba (38) signifies that o*| E— \/wo/e(H Xo) | tends to zero ag 
o—, uniformly in @and ¢. 
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or, from (26), (35), and (36), 


@= Kp]? + |p|? + | p [2] + o(1) (42) 


where K is a constant of proportionality of no interest 
and to 0(h?”), 


’ 


Qa U 
p? = h; + yhikoa cos f {i [sin (6 — A:)en 
. ; oe 


— cos (8 = 91) eo. ]e-*adz 1d, 


| 2a I 

ep) = hh; + yhikoa [ i [—sin eo; + cos 

, 0 —l 

-[sin (@ — 6:)éo2 + cos (6 — 61) e01| Je~*%edz4d6, 
p® = — tan op. (43) 


hi and h; denote the r, @components of A,. 
After calculation of the terms in (42), it is found that 


; P = [0 + hy + 0(H)] + o(1) (44) 


‘where @; is the far-zone pattern function of the incident 
field alone and @, is the “first order perturbation” pat- 
tern function giving the effect on the pattern of the ring 
to 0(h?). The component pattern functions in (44) ex- 
plicitly are, recalling (2) and (4), 


0. = K{ [hin]? + [hie]? + [Ain]? + [her]? 


2 + [hin®]? + [hir®]?} (45) 
4 ey (40) 
a, = K koa{ cos b[hinOJer™ + hygOJ™| 
o Tv 
+ [hina + hI, | 
ecg blhin®Jr® + hy ®J1|} (46) 


where subscripts R and J denote real and imaginary 
parts, respectively, and 

, Qr l 

wero +1), = f f [sin (@ — @1)e01 

f ah 

Zz — cos (0 — 61)e2|e~*/adz1d0, 

r Qn I 

ge!) iJ; = f f [—sin geo; + cos 

“4 0 —l 


‘4 . 
q -(sin (9 — 61)eo2 + cos (@ — 61) €01) Je~*fadzid6, 
Sr Fir = — Je + i]. (47) 


V. SPECIAL CASE OF A COAXIAL DIPOLE SOURCE 


en ae ee 


_ The previous discussion can be applied to a special 
case which will permit an experimental verification. As 
illustrated in Fig. 2, a half-wave dipole antenna, coaxial 
with the ring, on which a sinusoidal current distribution 
with a single maximum at the center and vanishing at 
the ends exists, is considered. It is assumed that the 
wavelength on the wire is the same as in free space. 
Then 


=? 


(48) 


aye ee 


Philipson: An Analytical Study of Scattering by Thin Dielectric Rings y 


Fig. 2—Ring and coaxial half-wavelength dipole. 


In Stratton,* it is shown that the nonzero cylindrical 
components of the free space field of the antenna are: 


Po tRoI (7 in =) estore ( + =) — 
A treqw Yr T2 Le lal 
E, ty tRol o jo 4 effort) 
4treqw 19 Fy f 
H,® = oer { itor 4 eikors} 
4rr (49) 
where 
n=vVr+(e+L)? 
ro = Vr? + (2 — L)? (50) 


are the distances of the observation point from the ends 
of the wire at z= +L, respectively. 

The evaluation of the @ component of the incident 
magnetic vector in the far zone is immediately obtained 


- from (49) and (50), using (30): 


tkoo 


H;8 = h;® (51) 
o 
where 
—1iIg cos 2 cos 
New! (n/ @) +.0(6-1). (52) 
2a sin @ 
By (45) then, the incident power pattern function is 
Io\2. cos? (1/2 cos ¢) 
0; = x(=) ats ; (53) 
2 sin? @ 


For the calculation of the perturbation pattern @,, 
the J integrals in (47) must be evaluated. From (49) 
the functions eo are obtained [see (16) ]. Upon their in- 
sertion into (47) and consideration of only 6=0, 0<@ 
<7/2 for the observation point as permitted by sym- 
metry, it follows that 


JM =Jeo=0 


—1tRol o 


bee 


{sin Jo(koa sin $)(Ki(g, L) + Ki(¢, — L)) 


Qeqw 
— icos ¢Ji(koa sin ¢)(K2(¢, L) + K2(¢, —L)} (54) 


8 J. A. Stratton, “Electromagnetic Theory,” McGraw-Hill Book 
Co., Inc., New York, pp. 454-457; 1941. 
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in which Jy and J, denote Bessel functions, 
l eiko(¥ (r+ ees) 
Ki(¢, a) = { — dz, 


1 
K2(¢, @) SAaga (21 ai a) 


eiko( 4 (aba) ba-—cos pz) 
V (21 a a)? + @ 

The integrals K; can be expanded as infinite series 
involving Bessel functions or evaluated numerically 
without difficulty. Employing (46) then permits the cal- 
culation of the approximate power pattern (44). When 
this function is compared with the corresponding meas- 
ured pattern of an actual half-wave antenna and ring 
system, an indication of the applicability of the general 
theory should result. 

A number of such comparisons have been carried out. 
The accompanying graph (Fig. 3) shows in 30°<¢<90° 
excellent agreement of the theoretical with the meas- 
ured power pattern for the following set of parameter 
values: 


e/éo = 6.3 
a = 2.32% 
i= 0.195 r 
h = 0.043 2d. 


The agreement in this case was the best obtained and, 
considering that the measurements were made fairly 
hastily since qualitative verifcation only was sought, 
perhaps fortuitous. However, in all other cases investi- 
gated, qualitative agreement was good to excellent and 
quantitative agreement fair to good in the range 
30°<¢<90° and for / less than about .04X. In the low- 
power range 0<y<30° the measurements were not ac- 
curate and agreement was in general only fair, 


THEORETICAL + DIPOLE PATTERN 


MEASURED —2- DIPOLE PATTERN 


DB DOWN FROM MAXIMUM POWER 


CALCULATED PERTURBED PATTERN 
MEASURED PERTURBED PATTERN 


ie) 40 50 60 70 80 390 
OFFSET ANGLE, ¢, DEGREES 


Fig. 3—Calculated and measured ring patterns with dipole source. 


VI. CoNCLUSION 


As with any asymptotic formulation, it must be under- 
stood that a given accuracy in the description of the 
physical situation considered in this paper will be as- 
sured only if the ring thickness h is taken sufficiently 
small, an unavoidably vague prescription. However, on 
the basis of comparisons with experiment, typified by 
the results of Fig. 3, the conclusion appears justified 
that the analysis presented is of merit in the description 
of the perturbative effect on an electromagnetic field 
by a dielectric ring whose thickness is of the order of a 
few hundredths of a wavelength. 
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Theoretical Investigation of the Radiation Characteristics of a 
Quasi-Flush-Mounted Cardioid-Pattern Antenna* 
HOWARD E. SHANKS} 


Summary—This paper determines the radiation characteristics of 
a semi-flush-mounted cardioid-pattern aatenna on a theoretical 
basis. The antenna is similar to one described by Clapp in a report of 


* Manuscript received by the PGAP, June 29 1956. Work was 
partially supported by USAF under Contract No. AF 19(604)-1317 
with AF Cambridge Res. Center, Cambridge, Mass. 

+ Hughes Aircraft Company, Los Angeles, Calif, 


the Electronic Research Laboratory of the University of California. 

By judicious use of image theory in a radial transmission line 
formed by extending the antenna surfaces to infinity, the approximate 
fields of the principal polarization in the antenna are determined. 
If these fields are terminated in the aperture by a magnetic current 
sheet, the exterior radiation fields are obtained by integration over 
the aperture, according to the well-known equivalence theorem. 
Experimental patterns are given for comparison. 
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INTRODUCTION 


ECAUSE interest had developed (particularly 
from the U.S. Navy Bureau of Ships) in a quasi- 
flush-mounted communications antenna having 

a cardioid pattern in the azimuth plane, an analysis 
was made of a prototype of such an antenna based on an 
antenna developed in empirical fashion by F. D. Clapp 
of the University of California Electronic Research Lab- 
oratory, and for which radiation patterns and imped- 
- ance characteristics are given in Clapp’s report.! 
_ It was felt that a theoretical analysis of a prototype 
antenna would be useful, not only as an analysis of this 
particular antenna, but also as an example of tech- 
_ niques which might prove valuable in similar applica- 
_ tions. For instance, an explanation of the antenna’s ex- 
_ treme sensitivity to a dielectric aperture cover (i.e, 
4 -radome) was particularly desired. 
4 An illustration of the prototype cardioid-pattern an- 
_ tenna is given in Fig. 1, showing a low vertical silhouette 


= enabling use where quasi-flush mounting is desirable. 


INFINITE 
GROUND PLANE 


TOP PLATE 


PRIMARY SOURCE 


Fig. 1—Prototype cardioid-pattern antenna. 


SUMMARY OF THEORETICAL PROCEDURE 


Because of the unknown matching conditions across 
the antenna aperture (Fig. 1), an exact solution of the 
wave equation to fit all boundary conditions on the 
antenna plus the radiation condition at infinity is im- 
practical. By the well-known equivalence principle, if 
the exact fields in the antenna could be determined, the 
exterior radiation pattern would be obtained by integra- 
tion of this antenna field over any closed surface sur- 
Pe edine the source region. In this paper an approxima- 
tion to the antenna field is achieved and the equivalence 
_ principle applied in the usual way. 

If the top plate is extended to infinity in all directions, 
the fields between the parallel plates are readily found 
py the application of radial transmission line theory. 
In particular, if the back plate is also allowed to extend 
to infinity in the direction parallel to the ground plane, 
the primary feed may be imaged in this plate and the 
field to the right of the image plane becomes the super- 
position of two TEM radial modes diverging from dif- 
ferent centers. However, this field is not due to the orig- 
a radial line configuration, since it includes the con- 
; 


aa asi We) ae at ial ht a ie sie RPA SA See " (Sa. mlb satel bes aia a 


tributions from the currents on the extended portions 
of the back plate. Nevertheless, it is assumed here that 
these contributions are negligible for small feed-to-back 


“Semi- Flush- Mounted Cardioid-Pattern Antenna 


1F. D. Clapp, Div. of Elec. Eng., 


4 for the 225-400 MC, Band,” Univ. of Cal., 
Berkeley, Calif., Rep. No. 109; 
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plate spacing and, thus, the fields between the planes 
are just the two radial modes. 

The portions of the infinite top plate extraneous to the 
antenna are then removed. At this point it might be as- 
sumed that the fields are unchanged in the antenna aper- 
ture, or equivalently, a perfect match postulated at the 
aperture. However, this is certainly not the case; a por- 
tion of the energy incident on the lateral sections m and 
n of Fig. 2 is multiply reflected between m and n. Thus, 
the simple radial mode picture does not suffice. 

An analogy may be made between this problem and 
that of the cavity with finite impedance walls. The prob- 
lem can be solved by assuming a perfect match and then 
making a first order correction for the reflection caused 
by the real part of the impedance mismatch between the 
aperture and external space. This is, in effect, a first 
order high frequency approximation to the correction 
factor but will be shown to have a substantial effect on 
the radiation pattern. In this manner, the sensitivity 
to a dielectric aperture cover, mentioned before, is ade- 
quately explained. 


ANTENNA 
APERTURE «mpn 


s ! 
‘Koa IMAGE PLANE | 
| 


Fig. 2—Aperture of cardioid antenna. 


If a magnetic current sheet terminates the antenna 
fields in the aperture, the radiation expressions are ob- 
tained by integration over the aperture. However, by 
analogy with radiation from horns or open-ended wave- 
guide,” the aperture portions m, n, and p act as though 
they were in infinite vertical conducting planes M, JN, 
and P and, thus, radiate only +90° to either side of their 
broadside directions. Due to symmetry of the antenna 
about the x axis, the pattern in the first quadrant 
(0<#<90°) is of interest and is the result of contribu- 
tions from sections m and p. 

The integrals over the aperture are the well-known 
integrated vector wave equations applied to an equiva- 
lent surface inclosing the source distribution; that is 


=H Pat At e—ikr 
Ep ‘ { —jwelm x V} ds 
4rwe Aperture Uf 
and 
i . eikr 
ig ee {Tm:-V)V + RI mn} is ae 
Aro, Aperture in 


where ¢ is the distance between the variable source point 


2S. Silver, “Microwave Antenna Theory and Design,” M.1.T. 
Rad. Lab. Ser., McGraw-Hill Book Co., Inc., New York, N. Y., vol. 
12, pp. 334-336; 1949, 
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and the observation point, and the aperture current 
sheet is given by Jm = —/X Eaperture- 

THEORETICAL ANALYSIS 
Determination of the Fields in the Antenna 


Solution of the wave equation in cylindrical coordi- 
nates between parallel plates using the geometry of Fig. 
3 gives 


=> AH, (kr) e*** 
BH, (2) (Rr) ei ett) 


(2) 


PLATE SPACING + ¢ 


IMAGE PLANE 


Fig. 3—Coordinate system for fields between parallel plates. 


: koko 
: 4rR 
kel’ 


Eo |o=n/2 = 


A —— $$ —-—_ 
—j ee e UFR cog pele 08 “ff { Ho (kV/(e — a)? + y?) — Hy®(kV(e + a)? + yy?) } eiku sin $y 


T d 


and 
Eok 
4rR 


elke sin O(eike cos #8 1) d 
e—7kR 


E,| honors 
cos 0 = 


for the electric fields due to the primary feed and image 
feed, respectively, where only the Hankel functions of 
the second kind are used since the plates extend to 
infinity. Making use of the boundary conditions at a 
conducting surface (the image plane); namely, Evang. =0, 

\it is readily seen that A = —B= Ey and a=0. Thus, the 
total electric field between the plates becomes 


E, = Eo Ho®(kW(@ — a)? + 9) 


— Ho (kV (a + a)* + y*)} (3) 
where the time dependence e” is understood. 
Use ot (3) and the expression J, = —X FE, gives 
T mm = — KEo| Ho (kV/(% — a)? + a) 
— Ho bV EF oP FP} a, 
Tuy = Eyl Ho (kV = a FW) 
— Ho(kV(e + a)? + y*)} ay (4) 


for the aperture current sheet, where a factor K has 
been inserted in the expression for the field in m to ac- 
count for the side reflections relative to the front re- 
flections, 
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Calculation of the Radiation Expressions 


The integrated wave equations as written in (1) ap. 
ply to any observation point outside of the source dis: 
tribution; however, in the far zone (observation point 
very far from the sources) the integrals assume simplet 
forms. If far-zone approximations are made, expressions 
(1) for the electric fields reduce to 


—4 ih 
tes JO" cin f {— Ja: ash 
4irR n 


, elk lx cos ¢+y sin ¢) sin 6+z cos ds 


Witla! cin [ {- — Juan} 
4rR v] 


7 elk cos @+y sin ¢) sin 6+z cos ds 


Ey = 


(S) 


where (R, 6, @) are the usual spherical coordinates of the 
point of observation and (x, y, z) are the coordinates 
over the aperture. 

When (4) is substituted into (5) and the elementary 
integrations over z carried out, there results for the 
electric field in the principal planes (0 = 7/2) and (6=0), 


\H 


e7kR sin peta sin 6K f { Hy®(k/(« — a)? + d?) — Ho (kV (x + a)? + d?)} ett 008 ody 
0 


(6) 


VE = aE) — Ho kV OF a) F 98) dy. 


Since only relative power patterns are of interest, (6) 
may be reduced to the following simple expressions 


P |oarj2 = N'| {cos bet * #2, + K sin beit@ sim 47,} |2 
elke sin Oferbe cos 6 __ 1) 2 
Ves =) = N’ ‘ rh 
: cos 6 y ci 


where NV and WN’ are chosen to normalize the maximum 
value to unity, and 


=A Hy (ky/(e + a)? + y?) \ eiky sin tdy 


n= [ [noeve— arr a 


al. Hy (kv/(x Ks a)? =“ d?) | eik cos $y 


In = iy { Hy (ky/(e — a)? + y?) 


— Hy(kV(e + a)? + y?) | dy. 


i 
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These integrals are very difficult to solve in closed 
form ; however, for specific values of the antenna param- 
eters, they allow numerical solutions. 


: Evaluation of the Factor (K) 


_ The use of a correction factor (K) to account for the 
internal reflections at the antenna aperture is qualita- 
_ tively justified by the very presence of these reflections. 
Good quantitative evidence will subsequently be pre- 
“sented to show that values of (K) can be found for 
which close agreement is obtained with experimental 
data. However, it is felt that an approximate analytic 
_ treatment is also in order. 
_ It will be recalled that the integral expressions over 
_t the aperture take the following general form 


B= A(R) [ F(e,¥,9G(2, 9,550, 8)as 8) 


ON 6 hs okie ty 


_ where F(x, y, 2) represents the source function over the 
" aperture and G(x, y, 2; 6, @) represents a type of Green’s 
function connecting the source point to the observation 
point. If F(x, y, z) is known accurately, the correct field 
“will be obtained. As a first approximation to F, the 
radial mode analysis has been used; however, it was 

_ pointed out earlier that the internal reflections must be 
4 taken into account.? The latter may be formally 
_ achieved by the injection of a factor r(x, y, 2) into the 
integrand of (8), giving 


B= As(R) fre, 9, )FG 9, IGG 9, #58, dds (9) 


ivhere T(x, y, 2) is the dominant mode transmission co- 

_ efficient associated with the reflections at various points 

“in the aperture. If r is a slowly varying function over 

"the aperture, it can be replaced by its mean value with- 

out incurring appreciable error. This condition is as- 

_sumed in the following analysis. 

: Correction of the fields in the lateral sections of the 
aperture relative to the front section will be attempted 
‘as a means of establishing a theoretical value of K. 
Hence, 7 becomes the average transmission coefficient of 

the internal waves incident at various points on the side 
‘portions of the aperture. We consider the waves im- 

pinging at points on the aperture to be cylindrical waves 
traveling in a radial transmission line incident on a 
transition to free space. 

4 These concepts are illustrated pictorially in Fig. 4 

BPs the cylindrical wave impinging on the aperture 


ee ee en 


at an angle of incidence (8). 

_ The wave impedance normal to the aperture is given 
py* 

Hy (kr) 


yea yy Ber P. 


H, (kr) (10) 


' 8S. Ramo and ip R. Whinnery, “Fields and Waves in Modern 
Radio,” John Wiley & Sons, Inc., New York, N. Y., p. 396; 1953. 
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However, the values of r encountered in this problem 
make z, ~7 sec 8. Therefore, the reflection coefficient 


p(x) = (11) 


d+ Ve + x2 
The mean value of p over the lateral portion of the aper- 
ture is then 


1d—- VP EH 
eI SERED 
Od Hh Vd x? 
which represents, within the limit of our approximation, 
the proportion of the field incident on the lateral aper- 
ture which is reflected and assumed to be almost en- 
tirely reradiated by the front aperture. The proportion 
transmitted by each lateral aperture is then T=1+. 
For the particular antenna under discussion, the ratio 
K of the lateral radiation to the front radiation becomes 


bap 


ee Lace (12) 


= 0.43. 


th 05 
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Fig. 4—Cylindrical wave incident on the aperture. 


EXPERIMENT 


Frequencies of 750 and 900 mc were chosen as repre- 
sentative because these values bracket 800 mc, the 
frequency at which the omnidirectional character should 
become dominant. Thus, comparisons are made with the 
computed patterns for these values. 

Using the symbolism of Fig. 3, the antenna param- 
eters used were 


a = 0.9 inch e 
d = 3.9 inches Cc 


12.7 inches 
2.6 inches. 


Figs. 5 and 6 show experimental azimuth patterns com- 
pared with the theoretical patterns in which no cor- 
rection has been made (K = 1.0). Figs. 7 and 8 indicate 
the marked improvement obtained by using values of 
K=0.20 and K=0.33, respectively. The use of these 
correction factors results in agreement within +1 db 
over the major portion of the front 180° of the patterns. 
As expected, much closer agreement with the theoretical 
value of K=0.43 is obtained at the higher of the two 
frequencies. . 

The poor agreement between theory and experiment 
for the rear 180° of the patterns is due to neglecting the 
flow of current on the top plate in the theory and the 
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Fig. 5—Theoretical and experimental azimuth patterns: 
f=750 mc and K=1.0. 


THEORETICAL 
EXPERIMENTAL ———- 


Fig. 6—Theoretical and experimental azimuth patterns: 
f=900 mc and K =1.0. 


presence of a finite ground plane in the experiment. 
Such a discrepancy is common in the solution of radiat- 
ing horn problems. 


CONCLUSION 


The theoretical procedure established here has been 
reasonably successful in predicting the radiation pat- 
terns of the cardioid-type antenna with a minimum of 
mathematical difficulties. Antennas of similar type, 
having various shaped top plates, are amenable to this 
method of attack, however, with a probable increase in 
computational difficulties. 


THEORETICAL ———— 
EXPERIMENTAL <> =~ 


Fig. 7—Theoretical and experimental azimuth patterns: 
f=750 mc and K =0.20. 


THEORETICAL ___ HER j 
KS oT TAS 
Ox a 
Bp, 


Fig. 8—Theoretical and experimental azimuth patterns: 
f=900 mc and K =0.33. 


Analysis of the internal reflections indicates that an- 
tennas of wider angular coverage could be constructed 
by shaping the top plate so as to increase the average 
transmission coefficient of the aperture. Substantial 
pattern control can also be accomplished by judicious 
choice of radome dimensions. 
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On the Propagation of Surface Waves Over an 
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Infinite 


Grounded Ferrite Slab* 
ROBERT L. PEASE} 


Summary—A theoretical study is made of the propagation of sur- 
face waves along an infinite plane conductor coated with a layer of 
ferrite material subjected to a constant external magnetic field. For 
three directions of the external field, the electric and magnetic fields 
are computed for the separate media, and the relations between them 
arising from boundary conditions are expressed as transcendental 
equations. In the limiting case of small ferrite layer thickness (be- 
cause of the loss problem of greatest physical interest), the fields 
and propagation constants may be expressed as simple closed forms. 


INTRODUCTION 
Pe viesicioncssals interest,! both theoretical and 


experimental, has been manifested recently in 

surface waves—electromagnetic waves guided 
along the surface of a conductor by virtue either of finite 
conductivity’ or of the presence of a surface inhomogene- 
ity such asa dielectric coating* or surface corrugations.5 
Such finite conductivity or surface inhomogeneity allows 
the satisfaction of Maxwell’s equations by a wave prop- 
agating parallel with the surface but attenuated in a 
direction at right angles to it. 

Another field, that of ferromagnetism, also has been 
the object of considerable recent investigation. It can be 
shown’ that a ferromagnetic material subject to a large 
constant magnetic field exhibits a tensor permeability 
towards an additional small alternating field; if the con- 
stant magnetic field is along the x, axis, the relation 
between magnetic induction and magnetic field strength 
may be represented as 


B; [ # Rui A; 
By = |J« BO || A; 
Boye 49 O po) \ 
GU, Jp ko secyel.1,)2, 3) 


* Manuscript received by the PGAP, September 19, 1956; re- 
vised manuscript received April 15, 1957. This work was supported 
by the Air Force Cambridge Res. Ctr; the present paper is a conden- 
sation of Sci. Rep. No. 12 on Contract AF 19 (604)-1317, Hughes 
Aircraft Co., June 30, 1956. : 

+ Lincoln Lab., Mass. Inst. Tech., Lexington, Mass. Formerly 
with Hughes Aircraft Co., Culver City, Calif. : ~ 

1 No attempt will be made here to reproduce the extensive bibliog- 
raphy which exists on surface waves. Most references to earlier work 
may be found in the literature. i 

2A. Sommerfeld, “Fortpflanzung elektrodynamischer wellen 
an einemzylindrischen leiter,” Ann. Phys. u. Chemie, vol. 67, pp. 233- 
290; December, 1899 and later papers. : c 

See also J. A. Stratton, “Electromagnetic Theory,” McGraw- 
Hill Book Co., New York, N. Y.; pp. 527 ff.; 1941. er 

3 G. Goubau, “Surface waves and their application to transmission 
lines,” J. Appl. Phys., vol. 21, pp. 1119-1128; November, 1950. Also 
see “Single-conductor surface-wave transmission lines,” Proc. IRE, 
vol. 39, pp. 619-624; June, 1951. ; 

4S. S. Attwood, “Surface-wave propagation over a coated plane 
conductor,” J. Appl. Phys., vol. 22, pp. 504-509; April, 1951. : 

5R, S. Elliott, “On the theory of corrugated plane surfaces, 
IRE Trans., vol. AP-2, pp. 71-81; April, 1954. | : 

6 D. Polder, “On the theory of ferromagnetic resonance,” Phil. 


Mag., vol. 40, pp. 99-115; 1949. 
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Fig. 1—Propagation media. 


where yp and « are functions of the material and of the 
frequency of the alternating field. While this property is 
of great theoretical interest, it is not of practical sig- 
nificance for common ferromagnetic materials (such as 
iron) at microwave frequencies because the finite con- 
ductivity precludes penetration into the material. Re- 
cently, however, there has been developed a special 
class of ferromagnetic materials known as ferrites which 
possess very low conductivity over the microwave 
range’ and to which (1) therefore, is applicable at such 
frequencies. Such a material, for example, if placed on 
the surface of a conductor, would allow control of sur- 
face-wave velocity by variation of an external magnetic 
field. The aim of the present paper is to investigate this 
phenomenon for a very simple configuration—an infinite 
conducting plane coated with a uniform ferrite’)? layer 
as shown in Fig. 1. 

Let the infinite half space above the yz plane be 
divided into two regions: 

Region 1, x>a, occupied by an homogeneous, iso- 
tropic, nonconducting, charge- and current-free sub- 
stance with parameters ji, €1, and 

Region 2, 0<x <a, occupied by an homogeneous, non- 
conducting, charge- and current-free ferrite, subject to 
an external magnetic field and obeying constitutive re- 
lations (1), and let the yz plane be conducting perfectly 
(¢ = 0). Then it is desirable to obtain solutions of Max- 
well’s equations 


7 See forinstance, C. L. Hogan, “Ferromagnetic Faraday effect at 
microwave frequencies and its applications,” Rev. Mod. Phys., vol. 
25, pp. 253-262; January, 1953. _ , 

8 Attwood, op. cit. treats the TM case for a dielectric (uo =p). 

9R. C. Hansen, “Single Slab Circular Polarization Surface 
Wave Structure,” Sci. Rept. No. 9 on Contract AF 19 (604)-1317, 
Hughes Aircraft Co., Res. Lab., February, 1956, treats both TM 
and TE cases for a dielectric and presents design curves, 
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curl E = — 0B/dl (2a) Bz = pole (Sa) 
curl H = dD/dt (2b) By = woHy — jxHz (5b) 
div B = 0 (2c) B, = jxHy + poH:. (Sc) 
div D=0 (2d) 


subject to the usual boundary conditions and to any 
further (consistent) conditions which it is desirable to 
impose in order to limit the class of solutions. There 
are four of these: 


1) The waves shall be monochromatic, 7.e., u 
~exp (jwt), where wis real and positive and the scalar 
u represents any one of the 12 components of the four 
field vectors E, H, B, D. 

2) The waves shall propagate undamped along the 
positive z direction, i.e., w~exp (—jz), where B is 
real and positive. (This solution ignores the loss in the 
material media in the direction of propagation.) 

3) The waves shall preserve a constant amplitude 
in the y direction, 1.e., du/dy=0. 

4) The amplitude of the waves shall be quadrati- 
cally integrable on x, and there shall be no propagation 
in the x direction. (These conditions set the boundary 
condition at x= ~.) 


In Region 1, all six field components of E and H obey 
the wave equation 


Ou) /dx? + (wn 4 — B?)u™ = 0 ey 


which in itself admits of sinusoidal or exponential solu- 
tions. From the surface-wave condition 4), however, 


only decreasing exponential solutions are allowed, or 
u) ~ exp (—ax), 


(4a) 
(4b) 


a real and positive, 
a? = B® — we. 


The resulting solutions in Region 1 may be divided into 
TM and TE waves, as there is no coupling between the 
two modes; in general this is not true for the fields in the 
ferrite. General solutions satisfying conditions 1) 
through 4) are given in Appendix I as (33). It is of inter- 
est to note that the TE solutions are the same as the TM 
solutions with E>H, H-——E, and me; this equiva- 
lence does not hold in the ferrite because of asymmetry 
of boundary conditions. 

The analysis of the fields in Region 2, and the match- 
ing with the Region 1 fields to obtain surface wave solu- 
tions will be carried out separately for the three external 
magnetic field directions shown in Fig. 1. Case I will be 
considered in some detail, due to ease of application of 
external magnetic field and ease of control of propaga- 
tion constant; the treatments of the other two cases are 
quite analogous and will be considered more briefly. 


PROPAGATION OVER FERRITE SLABS: CASE | 


When the external magnetic field is in the x direction 
(perpendicular to the slab), the fields in Region 2 obey 
from (1) the constitutive relations: 


Substitution of (5) together with the scalar constitutive 
relation D =€EF into Maxwell's (2) leads to a set of equa- 
tions for E and H in which the TE and TM modes are 
now coupled: 


jBE, = — jopoH,” (6a) 
OE, 
—jBE,~ — P = — jwuoH,? — wxH, (6b) 
x 
dE, 
é = wkH,® — jop2H,” (6c) 
x 
jBH,® = juek,” (6d) 
0 (2) 
ipl) — = jue,” (6e) 
bay ate 
: = jwe.E,?) (6f) 
x 
0H, 
Ko ey + «eH, — jRu.H,~ = 0 (6g) 
0b, 
Sigs (BE, = 0, (6h) 


Elimination of the magnetic or electric fields leads to 
the respective sets of coupled equations: 


02E,) 2 
eae E = o'uaes(1 Sot :)| Ee; 
dx" Mafia” 
Bx OE, 
se? = 0 (7a) 
Me Ox 
eh, be n : 
as — B? — wre ) Ey — jw*kesH,@ = 0 (7b) 
Ox Ho 
ek, 
ies (8? — w*y.€2) E,° 
. K 9 
— 3 — (8? —. wu) £, = 0 (7c) 
Mo 
oH, Me P 4 8x 0H, ' 
oS 2 — woes | H,? = = 0 (7d) 
O° Hk? 
jx? oe (a? =* w*U2€2) Hy = Jo*KegH ,?) = 0 (7e) 
CH, Me . 
; sree Cena hes v'sse) ET 0 
Ox" Ho 
Tse 
— — (6? = w*po€2)Hy® = 0. (7f) 


Ko 


—————————eeree 
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The task of the present section is to find solutions of (6) 
[and hence of (7) ] which satisfy boundary conditions!° 
at x=0, the surface of the conductor, and which join 
properly to the Region 1 solutions at x =a. 

As a first step, the two simultaneous equations (7b) 
and (7c) may be reduced by the functional substitutions 


to the two simultaneous linear equations 


; (2 2i iy : 
(x = ey cl we o'yse) Ey + jw*xeH,? = 0 
Ho 


jk 
— (6? — e*uces) By + (y2 + B= wturer) EO = 0 
Mo 


_ for which a nonzero solution for the fields exists only if 
the determinant of the coefficients is zero; solution of the 
determinantal equation yields the two values for y fora 


given B: 
1 
= mala - =") =: dates 
2 Ho 


1 2 
softs 8) 
2 Ko Mow 


B?w"k€o 


V4) = 


—4 + tote | as 1k 3) 


Ho 


The same equation also results when the other pair of 
coupled equations, (7e) and (7f), is solved simultane- 
ously. The most general Region 2 solutions satisfying 
Maxwell’s (6) and the boundary conditions at x =0 are 
given in Appendix I as (35); the definition 


(9) 


2 
hay = Va)? + — B® — wpes 
ito 


- is adopted for convenience. In general, both the 7,4) and 
the y,_) terms must be present to meet boundary condi- 
tions at x =a. 


Matching Region 1 solutions (34) to Region 2 solu- 
tions (35) at x =a leads to four coefficient conditions: 


jou 


Bess — Cay) sin Yarn a ++ Ce) sin Y(—-)a (10a) 
a 
wT ae (hey Cay sin Yay@ + ACR) sin yy) 
w"KE2 
(10b) 
o Joe Ae-wt 
a 


10 Tangential E (EZ, and E,) and normal B (B,) zero. For. Case 
I only, this second condition may be written H,=0. (No conditions 
can be formulated for tangential H or normal D since the conductor 
supports surface current and charge.) 
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— 1 (hala hi)Cv-) 
= —|———— C08 ¥(44)¢ + ———— cos ya (10c) 
OK YG) YC) 
aa i) 2 2 
Be = —— (87 = ences) 
WU 
Cu) Ce) 
cos ¥¢4) + cos y(_ya }- (10d) 

Y (+) YC) 


Then the Region 1 amplitudes A and B may be elimi- 
nated, and finally the ratio C,_)/C,,) eliminated to obtain 
the transcendental equation given in Appendix II as 
(38). From (38), (4b), (8), and (9), all propagation 
parameters may be obtained in principle, and ampli- 
tudes may be obtained by working backwards from the 
ratio C._)/C,4), but the actual solution of such a system 
of equations would be extremely difficult. 

Fortunately, however, the case of greatest physical 
interest, that of thin films, is amenable under certain 
conditions to a much simpler solution. If the assump- 
tions" y(4a<1, y..a@<1 are made, the sines in (38) are 
replaced by their arguments and the cosines by unity; 
between (38), (4b), (8), and (9) it is possible to obtain a 
quadratic equation for a which may be solved by 
formula to yield 


1 1 2 27) 1/2 
wba fEenal (2) (29) 
a a? €2 Ma 
es 
€2 Mi 


(ya Tas 
Under the conditions 
2 = 
“+=>0, (*) -(“) <0 (12) 
€2 Mi €2 M1 


the denominator of (11) is positive and the magnitude 
of the radical is greater than (1/a). The positive root 
may be chosen and the radical expanded binomially to 
give 

(ya K 1) (13) 


€1 
a ™ — w?a(oe2 — M161) 
€2 


which turns out to be formally the same as in the di- 
electric case, as to this order it is independent of x. From 
(4b) the propagation constant 6 may be expressed in 
terms of the Region 1 (free space) propagation constant 
k=ovV/me1 as 


2 ik, 2 1/2 
PO y~] 
k €2 M161 


(ya K1). (14) 


1 The thin-slab approximation should be used with caution when 
the surface-wave phase velocity is more than a few percent below 
free-space velocity. 
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The surface waves propagate with a phase velocity 
v=w/B, which differs from the plane-wave velocity in 
Region 1 only to second order in a. It is convenient to 
define a parameter e,” through 


plane-wave velocity ke 


cos 4 = aes 
surface-wave velocity £6 


then it follows that for thin slabs 7 is directly propor- 
tional to the slab thickness a: 


2€2 — <K 1 
; wt (Nt ya » asnt (85) 
€ M11 [(12) holding | 
~ With the substitution 
M1 C Oe 
Gigs fe Myc) ta Vio eG) (16) 


€] WK 


\ 


and considerable manipulation, the fields may be ex- 
pressed to order a as shown in (41) of Appendix III. As 
would be expected from the dielectric case, the waves 
for thin slabs are primarily TM; a small TE component 
is necessary to satisfy the div B (6-). 

Ferrites possess positive dielectric constants, whence 
(€;/€2) >0. Then it follows from (12) that the inequality 
€1 


|) 


€2 


we 


Bi 


(17) 


may be taken as the condition (in addition to ya<«1) 
that (12) holds. For conditions other than (12), no thin- 
slab approximation is possible. 


PROPAGATION OVER FERRITE SLABS: CASE II 


Let the steady magnetic field be along the y axis; then 
the fields in the ferrite will obey constitutive relations: 


B, = jk, + mwoH, (18a) 
B, = wo, (18b) 
B, = wo, — jxH.. (18c) 


The fields in Region 1 are given again by (34); the fields 
in Region 2 are now obtained by substituting (12) and 
D=0E into Maxwell’s (2). 

In Case II only, the constitutive relations do not in- 
troduce ‘connections between the TM and TE fields; 
hence there are two separate sets of wave equations, 
and two uncoupled sets of Region 2 solutions shown as 
(36) of Appendix I. The propagation constants are re- 
lated through 


2 Physically, » corresponds to the material limitation on the 
amount by which the radiation from a long slab without ground plane 
may be scanned. The beam-tilt angle (Elliott, op. cit.) for a radiating 
surface of length />>) may be expressed as 


= sae a n°; 


the beam may be tilted from maximum to zero provided the constitu- 
tive parameters of the slab may be varied over a sufficiently large 
range. ‘ : 
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w™poe2 — B? 


ie 
oases 1 = ~.| — 6%. (TE) 
H2 


Vn" 


2 


Ye 


The TM solutions are the same as those for the isotropic 
case except that po is substituted for wz; the velocity of 
propagation is not controllable by an external magnetic 
field. Transcendental equations are given in Appendix 
II as (39). 

In the thin-slab approximation, the various propa- 
gation constants for the TM mode have the same forms 
as in Case I except for the substitution of po for ps, 7.2., 


@ = — GPoluees Se) nae be (20) 
€2 
aa 2 1/2 
Pee E i (< i (“ —) (ta) | 
Rk €2 M1€1 
(yma << 1, TM) seg 
€2 — Mie 
os a(" 2 1 *) (ka) (Y¥ma «K ie TM), (22) 
€9 Mi1€1 


while the fields assume the forms shown in Appendix III 
as (42), with the substitution 


/ Mi€1 
Ko€2 — M161 


For TE waves over thin slabs, transcendental equa- 
tion (39b) may be rewritten with the help of (4b) and 


(19b) as 
1 mn 2 
puke. «(1 oe ) 
a al be? 


Due to the presence of the off-diagonal x term, it may be 
possible to satisfy (24) under certain conditions, but the 
results cannot in general be expressed in simple form. 


€2 


G’ = Ff Cc 


(23) 


€1 


Br 
“See 
Ke 


PROPAGATION OVER FERRITE SLABS: CASE III 


If the steady magnetic field is along the z axis (z.e., 
along the direction of propagation), constitutive rela- 
tions 


MoH, — jxH, (25a) 


pe 
By = jx, + woH, (25b) 
B. = woH, (25c) 


hold. As in Case I, there are connections between the 
TM and TE groups of fields; the substitutions 


lead to simultaneous algebraic equations for which a 
‘solution exists only if the determinant of the coefficients 
is zero. The resulting condition, may be solved to yield 
two values for the x-wave number: 


(TM) (19a) 


(19b) 


{ 


(24) 


1 22 
= 5|@ tes (1 ae -) 2 wk =] 
Me Me 
A 4 Mo Ho” 
; = (B4 + wise”) (1 — 2—+ =) 
=| 2 Me be” 


2 
oa 28'one( 1 rea 4. ~~) 


Me Me” 


28? w?Ke 
er 
Me Me 


Lae (1 4 a : wttes? 3 
be Me” 
The Region 2 solutions satisfying Maxwell’s equations 


: and suitable boundary conditions are given in Appendix 
_las (37), with the definition 


(26a) 


Mo 
a faa VG | (8? — w*y2€2) + v0 | (26b) 
k Me 


adopted for convenience. Matching at x =a yields, as in 
Case I, four independent equations which, after elimina- 
tion of amplitudes, yield in turn a transcendental equa- 
tion (40) of Appendix II. Again it is possible, in prin- 
ciple, to find the propagation constants, but as in Case 
I such a set of equations would be extremely difficult 
to deal with in practice. 

Fortunately, the thin slab case is again relatively 
simple. With the assumptions y,4,¢K1, y,.,a@<1, it can 
be shown from (40), (4b), (25), and (26) that the at- 
_tenuation constant 
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Sat eetay 
eat) 


and the parameter 


Ke 
| nses(1 = =) TEs 


ie 


(ka)? | 


Geet) (40) 


( ee 2 
Meo) 1 — *) — pre 
Me 


Mier 


€1 7) 
nm | (ka) (yaX1). (31) 
€2 Mie 
Thin-slab solutions, in terms of the amplitude 
—jue 
Gi lycne = eh (32) 
G)"KE 1.0 


are given in Appendix III as (43). 


CONCLUSION 


Due to the complexity of the exact solutions to the 
problem of surface waves on ferrites and to the neces- 
sity for as low losses as practicable, it is expected that 
most design work will be based upon, or at least guided 
by, the results under the thin-slab approximation. 
These are summarized in Tables I and II (next page). 
Table I gives a brief description of allowed modes and 
lists the parameter 7 for each case; the attenuation and 
propagation constants may be computed from the tilt 
angle by the simple relations 


2 2 2 1/2 
M1 Mi Hi€1\ Wo y€y K 

——+ { = 4(1 +22) [ses — nsea(1 - ~) ]} 
Moa Moa” Mo€2/ Mo€2 Me” 


5 (1 in 7) 
Mo0e2 


The denominator of (27) is always positive. Hence, in 
order that the attenuation constant be positive, it is 
“necessary that the + sign be used in the numerator and 
that the magnitude of the square root be greater than 


(u1/Moa), t.e., that 


a 
nse — -) — pye, > 0. 
ba 


(28) 


Since the first term in the radical is very large, the rad- 
ical may be expanded binomially to yield to order a, 


€ Ke 
a™ Sa wa Ee “5 ) = mes | (ya < 1) (29) 


be” 


which differs from the attenuation constant (13) of 
Case I by the presence of the term in x?. Then the propa- 
gation constant to second order is 


nat 33 

hee (33a) 

8 2 

ae ae 33b 

: + (33b) 
eyaxeel) 7) 


Table II gives in more detail the relative magnitudes of 
field components for each case. For materials encoun- 
tered in practice, the parameter restrictions (12) and (28) 
merely amount to the requirement that the parameter 7 
be positive. 

As would be expected, the TM mode is predominant 
for thin slabs. The TM mode of Case I] is not of use for 
any applications involving changing f, however, as the 
result is independent of external field; further, since the 
TE solutions appear to exist under unusual conditions if 
at all, Case I] might not have much application. 

Finally, two limitations of the present analysis will 
be mentioned again: the thin-slab approximation is only 
accurate for quite small values of 7, and the magnitude 
of the rf component of the magnetic field must be much 
smaller than the magnitude of the steady external com- 
ponent. 


E,® 


E,® = 


E,® 


H,® = 


H,® = 
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TABLE I 
RESULTS IN THIN-SLAB APPROXIMATION 
Cc Direction of Allowed 
ee External Field Modes 
ee None TM po LL 7) 
tropic €2 Bie1 
I 1 Slab Een TM-+TE* €1 Hen Mie (ka) 
(1 Propagation) €2  Mie1 
a || Slab Hlene A €1 Moe2— Mie1 (ka) 
1 Propagation €2 Mel 
TE(?) N 
(|| Slab Plane) ( ie ) 
pre2( 1——— ) — mien 
€ 
[it |) | Propagation || TM+TE** | — ———__- -__—= (za) 
: €2 Mi1é1 
* Small. 
** Very small. ; 
?—May be possible under certain conditions. 
N—Not computed. 
TABLE II 
RELATIVE FIELD COMPONENT AMPLITUDES IN 
THIN-SLAB APPROXIMATION 
Isotropic Case I Case II Case III 
IS Ib. L ib 1 
TM jE, S S S) S 
H, i iB 1b; iB 
H, x S N V 
TE 4H, x V N W 
ES ».« S N V 
L—large. 
S —small [order (ya) less than large]. 
V—vanishingly small [order (ya)? less than large}. 
X—prohibited by boundary conditions. 
N—not computed—no simple results. 
APPENDIX | 
GENERAL SURFACE-WAVE SOLUTIONS 
Region 1: 
E,“™ nese JB Ae 
a 
L,Y = Ae (TM) 
a Bie = Jeet Ae~ 
a 
(34) 
H,™ — JB Be 
a 
HS) = Be (TER) 
Ey) = JON Bena 
a 


H,® 


Region 2, Case I: 
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wKEo 
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COS Y (4)% + 


Region 2, Case II: 


. j8 
E,® = — —C” cos ym* 


Ym 


B= CY sin yank 


— —C” cos YmX 


COS ¥(4)% + 


(8? — wp0€2) 
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Ye) 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 
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Cu sin Yay% + Ce sin ¥-)% 
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ee ee ee 
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cos vot) 


(hayC ay sin Ye + hOoCC sin y>*) 
— — (Cy) sin yao + Coe sin YO) 
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—— 


(35). 
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a re a ES 
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Region 2, Case III: 


Jae Foeyios fay fa We) 
E,® = == | ef sin ¥qj)x — sin ro) + D( COS ¥(4)X — cos ¥¢-)% | 
@"KEoLo0 V+) YC) Y (+) YO) 


thee 
B,® = c(sin Ve — re sin vo) + D(cos y4)% — cos y()x) 
©) 


—pe 
Eo = eRe [Chary(cos Yu x — cos yx) + D(—fay sin vane + fy sin ye) 
2, 


fay Bo fire he fe 
H,® = fl | (42 > — —]sinyqjyx + = I =) sin V(- | 
BPyc4) Me By TS 


Mo =fQ Ko 
cos Y v+( +) cos-yeon |b 
¢ ole 2) =) “ Bey) Me 23 


—joe fi ioe fw Tey 
H,@ = jc ( sin ¥4)% — sin vo") + p( cos ¥q)% — COS ¥(-)% 


Bayo Yo) Vey YH ues 
Aes Fao 2 ‘ 
He) = —— Cl v4) CoS Yaye = —— 7) cos. y¥)% | + D(—7a) sin Yat + YC sin ¥-)%) | - (37) 
who fo 
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APPENDIX II 
TRANSCENDENTAL EQUATIONS 
Case I: 


iene — hy») 


p1€2(B? — w0€2) 


. ; hey — hey 
sin y(4)@ sin y(_)a + | ——————_ | cos yqya Cos ¥-ya 
YVHY CE) 


: — + Moah ) 
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Y(-)e2@-¥(—) (B? — ree 


eh) Moah +) : 
++ \— = ee cos ¥q4)a sin y_ya = 0. (38) 
Voqyexe® §—- V4) (8B? — wMoee) 
Case II: 
€2 
Ym tan Y¥ma = a — (TM) (39a) 
€1 
oh (39b) 
Vy COt Ya a 1-—~ ae eee CTE}, 
Hi be” Me 
Case III: 
= (ee 3 =) a (2 as 2)! sin ¥q)@ sin Ya 
Hoes \Y 4) YO Hee heh) 
€ Poy fe. YQ) 
ue | -2 ze mee Se + )| cos ¥(4)@ COS Y(-)a@ 
poe fy Yar far re 
= aen I eyeras\ |), 
+(Areo(i-= a 20) #8 (4-2 ) ] sin y0 008-1030 
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Mi€2 ‘ 
at ee aes (1 Ee 2) Eee —(1- Ii gts 72] cos ¥(4)@ sin ya + 2 — 2— = 0. (40) 
Qo fap. Yess ee -YG) erteaee Moet 
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APPENDIX III 


THIN-SLAB SOLUTIONS 
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This problem originated in a proposal made by Dr. 
R. C. Hansen. I am greatly indebted to Dr. Hansen and 
to Dr. R. W. Bickmore for valuable criticisms of the 


manuscript. 
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Polarization Fading Over an Oblique Incidence Fath* 
D. A. HEDLUND} anv L. C. EDWARDS} 


Summary—This paper discusses the results of an investigation of 


' polarization fading conducted over a one-hop F2 layer path from 


eastern Massachusetts approximately 1000 miles westward. Con- 


_ tinuous recordings of pulse transmissions were made to study the 


instantaneous variations in amplitude of the vertically and horizon- 
tally polarized components of the received signal. 
Results are presented which show a strong dependence between 


_ the amplitudes of the two components. Deep fades on one component 


were found to be accompanied by maxima of the other.’ A possible 
interpretation is presented which involves interference between the 


_ magneto-ionic components and leads to some interesting conclu- 


sions regarding their characteristics. Results are also included to 
illustrate the variations in these signal levels as the MUF is ap- 


proached. 


INTRODUCTION 


URING 1954 and 1955 an investigation of polar- 
1D ization fading was carried out by Raytheon for 
the Air Force Cambridge Research Center. The 
purpose of the program was to evaluate, by measure- 
ment, the polarization characteristics of radio waves 
propagated over a one-hop F2 layer path. One specific 


- point of interest was whether or not a particular polari- 


zation predominated over the chosen path. 
It is well known that a linearly polarized wave trans- 


_ mitted by way of the ionosphere is split into several 


elliptically polarized components.! It was the intention 
of this program to measure the polarization of the pre- 


_ dominant component. 


In order to separate in time the various components, 
insofar as possible, and to provide synchronization, a 
pulse slave beacon system was chosen. Since the ellipti- 
cally polarized signal can be completely specified by its 
component horizontal and vertical field intensities and 
the phase angle between them, equipment and antennas 
appropriate to the measurement of these parameters 
was used. 


CHOICE OF PARAMETERS 


For convenience, an east-west path was picked. Ray- 
theon maintains an ionosphere sounding station at 
South Dartmouth, Mass., and this served as the master 
station. Angles of arrival in the neighborhood of 15° 


_ would allow use of relatively simple antennas at normal 


heights above ground, and such angles would corre- 


- spond to a path length of approximately 1500 km. The 
slave station was therefore located at Greenville Col- 
lege in Greenville, Ill., a distance of 1588 km. This path 


is approximately normal to the direction of the earth’s 


* Manuscript received by the PGAP, August 13, 1956; revised 
manuscript received, April 12, 1957. 

+ Raytheon Mfg. Co., Wayland, Mass. — 

1H. G. Booker, “Some general properties of the formulae of the 


p magneto-ionic theory,” Proc. Roy. Soc. A, vol. TA epDa cos aon 
November, 1934. ; 


magnetic field. A frequency was desired so that one-hop 
F2 propagation was possible for most of the day. For 
the period of the investigation one of the available fre- 
quencies, 12.730 mc, satisfied this requirement. 


INSTRUMENTATION 


At South Dartmouth a 20-kw (peak pulse power) 
transmitter fed a three-element horizontal Yagi an- 
tenna, interrogating a 1-kw pulse transponder beacon at 
Greenville. The beacon antenna, used both for reception 
and transmission, was a horizontal half-wave dipole. 
The pulse widths were 100 usec and the rate 20 pulses 
per second. 

All measurements were made at South Dartmouth. A 
block diagram of the receiving and recording system is 
shown in Fig. 1. The receiving antenna system com- 
prised crossed horizontal and vertical half-wave dipoles, 
a full wavelength above ground. This simple antenna ar- 
ray was chosen because known directivity patterns are 
necessary for determination of field strength. Fig. 2 isa 
picture of the actual antenna installation. The crossed 
dipoles were supported one wavelength above the 
ground between two poles 135 feet apart. This arrange- 
ment was decided upon when it was found that any sup- 
porting structures near the antenna had an effect on the 
impedance, and consequently on the calculated field 
intensities. The feedlines were brought back horizontally 
from the antennas a distance of about one wavelength 
to minimize possible effects on the directivity patterns 
and were carefully arranged to prevent intercoupling. 

The patterns of the two elements of the antenna were 
first calculated, assuming suitable ground constants, 
and later were checked by actual measurement. To ob- 
tain this measure a small battery powered transmitter 
feeding either a horizontal loop or vertical whip antenna 
was carried aloft by a captive weather balloon. The 
calculated pattern of the horizontal element was veri- 
fied quite closely and the agreement between calcula- 
tion and measurement for the vertical element was with- 
in 10 per cent. 

As seen in Fig. 1, the signals from the two elements of 
the polarimeter antenna were fed through a gated mixer 
to a single receiver channel whose bandwidth was 25 kc. 
The timing and mixing circuits were arranged ‘to gate 


‘ out alternate pulses from each antenna element and feed 


the resulting 10-cycle pulses from the horizontal and 
vertical elements alternately to the receiver. This - 
method was chosen to avoid difficulties encountered 
early in the program in keeping separate receiver chan- 
nels identical in both amplitude and phase. 

The video output of the receiver was fed, through 
amplifiers, to an A-scope monitor and to one of the 
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Fig. 1—Block diagram of polarization measurement system. 


Fig. 2—Polarimeter antennas. 


horizontal deflection plates of a crt. The deflection of the’ tally and vertically polarized components of the received 
spot on the crt was proportional to the amplitude of the _ signal. An identifying and timing pulse was applied at 
applied video signals. The tube was intensified for 10 one-minute intervals to the signal from the vertical 
usec near the center of the received pulse and, to pro- element to aid in data analysis. 

vide a zero reference, for a short time when no signal Fig. 3 illustrates a sample of the data collected. The 
was present. By continuously moving 35-mm film in reference line is at the bottom and the two continues 

front of the tube a record was obtained of the instan- varying lines represent the signals received on the havi 
taneous variations in amplitude of both the horizon- zontal and vertical elements of the polarimeter antenna 
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Fig. 3—Sample of typical recorded data. Note: Vertically polarized signal shown notched at one-minute intervals. 


Note the notch which appears regularly in one of the 
lines identifying it as representing the output of the 
vertical element. It is evident from this record that 
variations are slow enough to be represented adequately 
by the 10-cycle sampling rate. 


ANALYSIS OF DATA 


Data were collected on the path during April and 
May, 1955. Of course, the path was open only in the 
daylight hours which limited the time of operation, 
Also, noise and interference, especially during the mid- 
dle of the day when signal strength is lowest, made much 
of the data unusable. However, it is felt that sufficient 
quantities of good data were obtained to be representa- 
tive of the path. The mode on which attention was 
focused was the one-hop F2 layer low angle ray. In gen- 
eral this mode could be easily identified at least when 
signals were strong enough for good recording. Of course 
when operating very near the MUF for the path, it was 
often impossible to resolve the low and high angle rays. 

The actual strength of the incoming fields can be ob- 
tained from these records by application of suitable 
calibration constants and antenna directivity factors. 
The records were sampled at regular intervals and a 
statistical analysis showed that the average amplitudes 
of the horizontal and vertical components were essen- 


tially equal. 
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The instantaneous values, however, were found to be 
quite different. This is illustrated in Fig. 3 and par- 
ticularly in Fig. 4 where the two components are seen to 
vary in almost exactly opposite fashion. The horizontal 
signal is seen to be maximum when the vertical is mini- 
mum and vice versa. Note also that the minima of both 
signals approach zero. This was found to be typical of a 
large percentage of all the data, and therefore, a special 
study was made to determine possible reasons for such 
behavior. The fading of the components suggests that 
the received signals are the result of two rays of different 
polarization and varying relative phases interfering at 
the antennas. The question then arises as to what char- 
acteristics of these two rays can be derived from the 
measurements performed. 

Let us assume that there are two rays, each constant 
in amplitude and polarization. They can then be repre- 
sented as shown below where the lower case letters in- 
dicate instantaneous values and the upper case letters 
amplitudes. 


First Ray 
ral Sy Wade (OOS (Ay) 
e,/ = E,/ cos (wt + ¢’). 


Second Ray 
é,' = E,” cos (wi + a) 


ey’ = E,”’ cos (wt + a+ raga 


Q4 


5 
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Fig. 4—Sample of data illustrating signal variations. Note: Vertically polarized signal shown notched at one-minute intervals. 


The only variable other than time is the phase difference 
between the rays, namely a. The polarization of each 
ray is determined by the relative amplitude of its hori- 
zontal and vertical components as well as the phase dif- 
ference between them. Fading of the type shown earlier 
can then result from variations in a. 

The signal e, received on the horizontal antenna will 
be the sum of the horizontal components of the individ- 
ual rays. 


Combined x Component 


Cz = €z' + €,'’ = Ez cos (wt + Pz) 
ae = ys ae => HOME + MD IDR COS Q; 


similarly for the vertical component ey. 

Combined y Component 

ey’ + e/’ = E, cos (wt + py) 

Vy EE a8 Ee + YS DIE cos CM as ¢’ ae a). 


Cy 


Ey 


It is seen now that the horizontal amplitude component 
E, is a maximum when a=0 and a minimum when 
a=180°. The vertical amplitude component £, is 
maximum when ¢’’—¢’+a=0 and a minimum when 
6’ —$’+a=180°. Remembering that each component 
was a maximum while the other was a minimum, these 
expressions can be solved simultaneously, yielding the 
relationship that ¢’’—¢’=180°. It is recalled that $”’ 
and @’ are the phase differences between the vertical 
and horizontal components of the two rays. 


Another interesting result regarding these rays can be 
derived from the data. Since the minima were very deep, 
often approximating zero, the similar components of the 
two rays must be nearly equal. In terms of these equa- 
tions this means that E,’~E,’’ and E,’=E,’’. Recalling 
that the average values of the resulting Z, and E, are 
essentially the same and noting that E,’ and E,”’ con- 
tribute equally to E,, and E,’ and E,”’ contribute equally 
to E,, it is concluded that all four components are ap- 
proximately the same. In other words, E,’~E,'’=E,’ 


ey BAY 
Be," 

What does this mean regarding the polarization 
ellipses of the two rays? First, the major axes will be 
inclined at approximately 45° since the components are 
nearly equal. However, the two ellipses will be inclined 
on opposite sides of the vertical. This results from the 
fact that the phase anzles $”’ and @¢’ differ by 180°. This 
also results in ellipses which rotate in opposite direc- 
tions. The exact shapes of the ellipses are not specified 
because the phase angles are unknown but possible 
polarizations of the rays are given in Fig. 5 for several 
values of 6” and ¢’. 

The polarizations that have been derived seem to 
agree quite well with descriptions of the ordinary and 
extraordinary rays resulting from the double refraction 
phenomena in the ionosphere. The magneto-ionic 
theory, at least in the case of no collision, predicts that 
the two ellipses will be 90° apart and will rotate in oppo- 
site senses.! Thus it seems reasonable to identify these 
rays as ordinary and extraordinary. The variations in a 


i iat Be rae ee 
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& & 8 & ceiving antennas, the maximum signal occurring on the 


Fig. 5—Possible polarizations of received rays. 


are undoubtedly caused by small changes in path length 
of one ray with respect to the other. It is interesting to 
compare these polarizations with those that might be 
expected from the magneto ionic theory. If the limiting 
polarization,?* that is, the polarization which the ray 
has when leaving the E layer, is assumed to be the same 
as that at the receiving site, the expected polarization 
can be computed.? In this case the direction of propaga- 
tion of the downcoming ray makes an angle of 105° with 
the earth’s magnetic field at the 100-km height. Neglect- 
ing the effects of collision, the polarization of the ordi- 
nary ray will be an ellipse whose major axis is tilted 17° 
out of the plane of incidence and whose ratio of major 
to minor axis is 1:23. The polarization of the extraordi- 
nary ray will be an ellipse of the same shape but with 
major axis tilted 73° on the other side of the plane of in- 
cidence. 

These results of course differ from the ones obtained 
from the data which suggested axis tilts of 45° either 
side of the plane of incidence. However, these computed 
ellipses differ very little from circles for which the con- 
cept of axis tilt becomes meaningless. If these two 


2H. Bremmer, “Terrestial Radio Waves,” Elsevier Press, Inc., 
New York, N. Y., pp. 321-322; 1949. lt ; 

3S, K. Mitra, “The Upper Atmosphere,” Asiatic Society, Cal- 
cutta, India, p. 207; 1952. 


vertical element will be accompanied by one over 20 db 
less on the horizontal element and vice versa. Thus, in 
spite of the differences in computed and measured tilts, 
it seems reasonable to identify the received signals with 
the ordinary and extraordinary rays resulting from the 
double refraction effect of the ionosphere. 

This identity is further substantiated by reference to 
Fig. 4 again. Note that the signal disappeared just be- 
fore 2055 hours. At this time the skip distance moved 
across the beacon site. The fading is not present for the 
last five minutes. The skip is slightly longer for the ordi- 
nary ray than for the extraordinary ray. The ordinary 
ray evidently dropped out at 2050 hours. If so, only the 
extraordinary ray was present from 2050 to 2055. This 
perhaps accounts for the lack of fading during that pe- 
riod. A later attempt was made to observe these two 
rays independently when they would be separated by 
the greatest amount of time. This would occur when 
operating near the MUF. However, during the period of 
observation, conditions were never such that separate 
rays could be definitely identified. Nevertheless, it does 
seem likely that much of the fading occurring on linearly 
polarized antennas is of this type where minima of one 
polarization are accompanied by maxima of the other. 


CONCLUSION 


On the basis of these results it appears that polariza- 
tion diversity should eliminate many of the deep fades 
present on linear antennas. This would certainly be the 
case when operating near enough to the MUF that one 
mode predominates and the ordinary and extraordinary 
rays are of comparable amplitude. However, even in 
those cases when several statistically independent 
modes are present, polarization diversity should be use- 
ful since there appears to be as much energy in the 
vertical signal as in the horizontal. 
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A Two-Dimensional Slotted Array* 
G. C. McCORMICKt 


Summary—A two-dimensional slotted array of which the radiat- 
ing surface is one face of a parallel-plate region is discussed. This 
configuration differs from others previously reported in that a higher 
mode is utilized in the parallel-plate region. The array is equivalent 
thereby to a number of slotted waveguides parallel to each other. 
The stability of the desired mode requires that the array amplitude 
be uniform laterally; however, it may have an arbitrary taper longi- 
tudinally. The radiation field of the array is discussed with particular 
regard to the generation of second-order beams. The performance of 
several such arrays is described. 


INTRODUCTION 


NCE it was realized that a slot in a cavity or 
() waveguide could be an efficient radiator, the 

further development into a linear array of slots 
followed rapidly.!? A two-dimensional slotted array 
then could be obtained by placing slotted waveguides 
parallel to each other; and such a device, in fact, has 
been used in a practical antenna.’ A basic difficulty in an 
array of this kind is the exterior coupling among the 
elements. The use of quarter-wave decoupling chokes 
has been considered.’ 
_ This paper treats a two-dimensional array of slots 
fed, not from parallel guides, but from a single wave- 
guide of width sufficient to propagate a number of 
modes. The coupling problem can be dealt with, in cer- 
tain special cases, by elementary image considerations. 
It will seem that higher mode operation unnecessarily 
complicates a problem, as yet unsolved, but certain 
practical considerations appear to justify the investiga- 
tion of this case. 


THE PRINCIPLES OF OPERATION 


Fig. 1 shows a broad waveguide excited in a higher 
mode, say TE,:. It will be observed that the fields 
in each of the four regions, AB, BC, CD, and DE, are 
the same as for a guide of one quarter the width operat- 
ing in its lowest mode. The only physical difference is 
along the imaginary partitions BB’, CC’, DD’, where 
the currents are zero for the higher mode device. This 
may be of interest in exceptionally long arrays where 
ohmic losses are significant.® 

Rows of slots are disposed along the lines of maximum 
field intensity as shown. Slots must be oppositely offset 
in adjacent rows on account of the phase reversal of the 


* Original manuscript received by the PGAP, November 15, 1956; 
revised manuscript received, April 1, 1957. 

t+ Radio and Electrical Eng. Div., Natl. Res. Council, Ottawa, 
Ont., Canada. 

1A. L. Cullen and F. K. Goward, “The design of a waveguide-fed 
array of slots to give a specified radiation pattern,” J. IEE, vol. 93, 
pp. 683-692; 1946. 

2 W. H. Watson, “Waveguide Transmission and Antenna Sys- 
tems,” Oxford University Press, New York, N.Y., p. 151; 1947. 

3H. Gruenberg, “A waveguide array for solar noise studies,” 
IRE Trans., vol. AP-3, pp. 147-152; October, 1954. 


Fig. 1—Broad waveguide excited in a higher mode. 


field. Slot admittances may be adjusted according to the 
well-developed practice for a single guide.” It now re- 
mains to consider the questions of mode stability and 
slot interaction. 

It is supposed that initially only the desired mode is 
excited. A mixture of propagating modes is obviously 
undesirable. Their propagation constants are different 
and the slot spacing can be related to only one of them. 
Hence, if more than one mode were present the radiation 
from each would be directed toward different angles in 
space. 

It is evident that in order to maintain only the de- 
sired mode along the course of the guide, energy must be 
abstracted equally in magnitude and phase from all 
parts of the regions AB, BC, etc. In brief, the necessary 
and sufficient condition for the maintenance of the de- 
sired mode is that slot admittances be equalized laterally 
across the array. In this regard, the factor of primary 
importance which must be taken into consideration is 
that of slot interaction. Another matter of lesser concern 
is whether manufacturing tolerances are impractically 
restrictive. 

The electric field in a slot is essentially perpendicular 
to the slot. As such it can be conceived of as originating 
from positive charges along one of its sides and equal 
negative charges along the other side. If offsets are 
equal and slot voltages equal laterally, it will be ob- 
served that the slot charges are symmetrically disposed, 
except for a sign reversal, about each of the nodal 
planes BB’, CC’, etc. That is, each of these planes acts 
as a virtual image plane.‘ This arrangement is applicable 


_ ‘Image plane considerations having some features in common 
with those presented here may be found, for example, in: H. A. 
Wheeler, “The radiation resistance of an antenna in an infinite array 
or waveguide,” Proc. IRE, vol. 36, pp. 478-487; 1948, and G. Brous- 
saud, “Etude de la diffraction des ondes électromagnétiques par un 
reseau de plaques percées de trous,” Ann. de Radioélectricité, vol. 10 
pp. 42-63; January, 1955. 
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both internally and externally. Therefore, for an in- 
finitely long array, slot interaction is adequately ac- 
counted for by virtual conducting planes erected in- 


_ ternally and externally along the lines BB’, CC’, etc. 
Thus, the interior mode is effectively that which would. 


be obtained with parallel guides, while each row of slots 
feeds into what is effectively a parallel-plate region 
having a width equal to the separation of the slot rows. 

For the interior region, the sides 4A’, EE’ are them- 
selves the necessary image planes. In the exterior region, 
flanges must be erected as shown in the photographs, 
Figs. 2 and 3, to effect the lateral termination of the 
image plane system. Theoretically, for an ideally 
imaged system the flanges should be of infinite height. 
It is found in practice that the deterioration in the per- 
formance of the array may not be serious for flange 
heights as small as one-half wavelength. 

The requirement so far imposed is that slot offsets and 
admittances be equal laterally. In the longitudinal di- 
rection they can be given any desired distribution; that 
is, the array amplitude will be uniform laterally, result- 
ing in 22 percent side lobes in £ plane, but may have any 
desired taper in H plane. It should be noted, however, 
that the finite length of the flanges introduces errors in 
the admittances of slots near the two ends of the array. 
It is to be expected, therefore, that arrays requiring the 
critical adjustment of elements near the ends will be 
difficult to attain in practice. This consideration applies 
especially to the Dolph-Tchebycheff distribution and to 
a less extent to cosine squared distributions. 


THE EXCITATION OF THE HIGHER MODE 


The broad guide is easily excited in the higher mode 
by means of a slotted cross-guide feeding into one end. 
The cross-guide slots are cut in line; their offsets do not 
alternate across the center line as is the usual custom. 
The result is that adjacent regions in the broad guide 
are equally excited in opposite phase, which is the re- 
quired condition of excitation. The slot admittance is 
the same as for a slot feeding into the end of the corre- 
sponding rectangular waveguide of width equal to the 
separation of the nodal planes. 

Since the cross guide has low-power handling capacity, 
some other arrangement would have to be employed in 
devices using high power. 


Tue RADIATION FIELD OF A Two-DIMENSIONAL ARRAY 


The field due to electric and magnetic currents on a 
surface S is given by® 


— 
E(X, Y,Z) 


= /4r f [= (K-V)V + BK) — K* X v6 |da (1) 


5 J. A. Stratton, “Electromagnetic Theory,” McGraw-Hill Book 
Co., Inc., New York, N.Y., p. 467; 1941. 
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Fig. 2—Two-dimensional array: displaced shunt slots. 


Fig. 3—Two-dimensional array, feed withdrawn: inclined series slots. 


where the electric and magnetic currents are, 


— > = 
K=-—-nXH 
— —-> = 
Kan Xe 


— 

¢=exp(ikr)/r, and m points into the radiating surface. 
When S is an infinite plane surface, it may be shown 
by Babinet’s principle, or otherwise, that the electric 
and magnetic terms of (1) are equal and that 

= = 
E(X, Y,Z) = — 1/2n f (K* X Vo)da. (2) 

s 

A qualitative approach to the error in (2) for finite 
surfaces is possible from a comparison with (1), but a 


quantitative estimate is difficult. Eq. (2) has been used 
below for obtaining the distant field from the value of 


— 
K* at the face of the flanges of a two-dimensional array, 


ay 
or from the value of K* at the face of the array itself 
when no flanges are present. Therefore, its accuracy 
may be expected to be about the same as when used for 
a horn of the same width. While some of the results be- 
low are extended to a linear slotted array, the error in 
(2) is much greater for this case. 

The two-dimensional arrays under discussion will be 
like that shown in Fig. 4. It has two types of radiating 
elements, indicated by o and x, with equal spacings d 
and o in the Y and X directions. First to be considered 
will be two basic arrays having distant fields fo: and foe 
for the cases, respectively, of all elements identical in 
magnitude and phase and all elements identical in mag- 
nitude but with a phase reversal in going from one ele- 


28 IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


Fig. 4—A general two-dimensional array. 


ment to an adjacent element. That is, o= x in the first 
case, and 0= —x in the second. 


ik 
fin = DE, exp | - i (a:X + »¥) | (3) 


where (x;, y:) are co-ordinates of the 7th radiator, and 
(X, Y, Z) are co-ordinates of the field point in a right- 
handed system with the origin at the lower left-hand 
element. The index z will be used to enumerate the two- 
dimensional set of radiating elements. 

For the present, even numbers of radiators, respec- 
tively M and N in the X and Y directions, will be as- 
sumed. The summation in (3) gives® 


ik 
tage EXD {- —|(N — 1)dV + (M — 1yox]} 
2R 
; (= (a8 
SIMO ase | SIT 
2R 2R 
es ies 
SU eee SU 
2R 2R 


ik 
foo = Dy (—1)? exp | - a (a;X + ¥) | (5) 


Similarly, 


where P is the number of intervals traversed from the 
origin to the radiator 7. Completing the summation, 


6 [bid., p. 451. 
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foo = — exp |= [(M — 1)oX + (N — nav) 


_ (kMoX meee 
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(6.1) 
ea kd “ 
cos. | —— ]} cos 
2R . 2R 
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ik Re. 
foo = exp {- — [(M — 1)oX’ + (N — nar} 
2R 
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sin. sin 
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The dimensions of the array will be assumed such that 
h/2<d<d and A/2<a<X. for is a two-dimensional 
grating pattern for MN radiators having a single first 
order. fs: has the same structure about the directions 
CX ERS YOR) subject ta: (ees Y*) Lea: 

If the excitations of the individual elements are not all 
equal but are specified by the array factors, Vi(x, y) and 
V2(x, y), then the corresponding patterns will be 


f, = ue. Vi(%i, 9s) exp| = < (xX + y¥) | (7) 


tk 
fe mu (—1)?Vo(x:, yi) exp | - = (x:X + v¥) | (8a) 


LR 
os Vo(xi, Va) exp| = a (x:X’ + 4; v) | (8b) 


It is clear from (8b) that if an aperture function V’2(x, y) 
has a distant field centered about (X., Y.), then fo has 


maxima centered about, 

Xo = Xo +.(RA)/(2e) 
9 
Y= YER ee oy 


The field of an actual slotted array will be expressed 
in terms of the vector potential, 


ood > LR 
Fu 1/tr [ XB) SED AMIEO cae? 
ee 


where 


——- ert ate TH 
n X E = e(Vi/w) cos Fay” 
=e . 
e is a unit vector along the length of the slot, V; is the 


slot voltage, w the slot width, » the co-ordinate along the 
slot, and / the slot length. 
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The cases of inclined slots and longitudinal displaced 


slots will be treated separately. For displaced slots the 
a 


vector é is in the Y direction. The field in the plane of 
the array is a convolution of the slot field with the array 
excitation. Hence the vector potential in the distant 


field is given by, 
Fy = Foo me, Vii (as yi) 


ik 
“€Xp {- n3 Neo ak Gone Ost Gat yr} 


where 6; is the offset of the 7th slot and F,, is the vector 


potential in the distant field of a slot of unit voltage. 
Since k6; is small, it follows that, 


ik 
Fy = Foo 3 Vila, y;) exp| — R (1X = »¥) | 


1R.X F oo 
R 


D, (—1)?Vilai, ys)8(as, ys) 


ik 
-exp| - — (4.X + ¥) | 


= Fy + Fy, 
where Fy, and Fv, are fields of the types discussed above. 
In particular, 
Fy = Pao 1 
tkX Foo 


R 


Fo, ai aie fe (10) 


where, V2(x, y) = Vi(x, y)8(x, ¥). 
For inclined slots let the angle of inclination be 
(—1)?e;. If (R, y, x) are spherical co-ordinates about the 


Z axis, the field of a single slot equals Foo(W, x —Xo)e1 
where x., the orientation of the slot in the aperture 
plane, equals (—1)?e¢;. Expanding in a Taylor’s series 
and retaining only terms of first order in «:, 


OF oo 
Fool, 9, a Xo) oe Fooly, x) as a ) 
IXo X,=0,R,~, constant 
OF oo 
= Fad, x) ~ x0( =") 
Ox X,=0, RY, constant 
exp (ikR die an exp (tk Yn) 
Fool¥; x) ni sisal. cos dy 
4rR —y12 l R 
1 exp (ikR 
= — exp (ikR) c(u) (11) 
27? 
where 
cos u al 


c(u) S35 a Sea Mae x cos 6 and (R, 6, ) 


is a spherical co-ordinate system about the Y axis. The 
co-ordinate systems are related as follows: 
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X = Rsiny sinx = Rsin@ sin d 
Y = Rsiny cosx = Rosé 


Z = IR Cosy = Rsin 6 cos ¢. (12) 
Then 

OF 06 OF oo A(cos 8) 

( Ox ie) i Ge »)\ Ox Ma 
L RX 
Tiesidon 8(u) Foo 
where 
d 
g(u) = rae (c(w)) 
1 ih 
= — tan & (13) 


(n/2)— 4 (4/2) + 
. F ool, Xe om (i) e;) 


Gah WDE 
= Fo(t+(—0PS gay) am 


and, 
Fry = Fooht 
Foz = Foofs 
Py = ie (Ut) Foote (15) 
Za ae 
Eq. (2) may be rewritten, 
ua & 
E = 2(V X F) (2b) 
which in the distant field becomes, 
= SE 
E = 2ik(R1 X F) (16) 


— > 
where R; is the unit radial vector. 


— 

The second-order beam T will be defined as the ratio 
of the electric field of Type 2 to the maximum value of 
the electric field of Type 1. Using the approximation, 
(16), 


= > 

— Ri X Fs 

OT io te Fak, (17) 
(Ry x FP} aac 

=a . 

T comprises in general, a direct polarized component 


> _) 
gis(0, @), and a cross-polarized component 4,¢(6, ¢). 
The unit vector relationships between the relevant 
co-ordinate systems are given by, 
— => a 
7= VY = &y cos 6 — 6, sin 6 


_— 


— — ; 5 
i= VX = Risinésing+ 6, cos @sing + ¢i cos. (18) 


Then for longitudinal slots, 
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SSS > FS , 
| Ri X Fy, ee — | R X Fy pie = | sin OF oaft lee 
Ri X Fo = Ri X jFy = dil(ik sin? 6 sin PF oof2). 
Therefore, 
sin? 6 sin dF oofe 
s(6, ¢) =k Sen MOET 
| Ponta sin 6 | on. 


1, 6) = 9, (19) 


where 0=6, specifies the angle at which the main beam 
has its maximum value. 
For inclined slots, 


= => S>lUlC OF : 
| Ri x Fy hota | Ry x UP y oe = (sin OF oo 1) =60 


ll 


> > => ad 
R; X Fy, = (Ri x (iF oz + jF y)) 
oe ml : 
= g1Foof2 sin ¢ (cos 6 — oe g(u) sin? ) 
— 
i 1 cos OF oofs 


al 
sin (cos 6 — ae g(u) sin? a) F oof2 


e 0, = 
at @) | Poofx sin 6 a 
cos PF oof 2 
IROED) ene aot yet Te | (20) 
(Foofi Sin 0) 6—0, 
However, 


E c(u) 
(Foofs sin 0) 6=0. ss ee 


and if it is further assumed that /=/2, (19) and (20) 
reduce to the following: 


2m sind cos Ufe 


s(6, ¢) = bony 
16, ) = 0 (21) 
and 
T 2 
sin |= sin 4 — — uc(u) |p 
H0, 6) =§ (22) 
where 


Tv 
cos (= cos ) 
T 2 
“= — cos 8, c(u) = ———____—__ 
2 sin? 6 
Eqs. (21) and (22) lend themselves both to a useful 
physical picture of the nature of second-order beams 
and to an easy numerical estimate of their position and 
magnitude. In these expressions there is the term 
f2(0, ¢). The field fo is that of an array of elements of 
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alternated phase having an array function equal to that 
of the array multiplied by the excitation parameter. It 
therefore depends on the size of the array, the array 
function, and the excitation parameter. It can be visual- 
ized as a four-pronged pattern of lobe width basically 
determined by the size of the array, but widened due to: 
1) the additional taper resulting from multiplication by 
the excitation parameter; and 2) the oblique angle which 
the beams make to the array normal. The oblique angle 
is especially significant with respect to variation in 9; 
for if the main beam radiates in the plane ¢=0, the 
second-order beams will lie near ¢ = 90°. 

If the array is fed by radiation traveling in the posi- 
tive Y direction with propagation constant ky = (27) /,, 


Vi = | Vi | exp EG — =), 


and where (6., $0) specify the position of the main lobe 
of fi; and (6’, ¢’) the positions of the lobes of fe, then it 
follows that 


cos 09 = (A/A,) — (A/2d) (23) 
and from (9), 
cos 6” = (A/Ag), or (A/Ag) — (A/d) (24) 
and 
mf = — (25) 


For the higher mode array previously discussed 


d ae ds Pht 

- = I= O74), 

Ng 
and of the values of ¢’ which satisfy (25), the two in the 
forward direction (@<90°) are given by 


Tv 


= t— 
Zz 


The other two values are or are not possible, according 
to whether cos 0,20. 

The principal maxima of fe can be located now. 6’ is 
normally in the neighborhood of 45° and 135°. For the 
forward maxima (6’~45°), ¢’=+90°; that is, the 
maxima lie in the plane of the array for all slot spacings. 
The maxima to the rear for resonant spacing, 
1/(40*) +-1/(4d?) =1/2, are also given by ¢’=+90°. 
For 1/(4d?) +1/(4d?) <1/\2, there are two maxima to 
the rear at |¢’| <90°. If 1/(40*) +1/4d?) >1/\2, there 
are no maxima to the rear, and the second-order power 
is radiated mainly into the forward lobes. 

For a two-dimensional array using multiple guides, 
(23) to (25) must be used with the additional relation, 


: = 4/1 = \2/(4a?) 
re = — d*?/(4a?) 


g 


and the results obtained will be slightly different. 


Te Ve 


—rt 
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Since for practical arrays f, has the maximum value 
>»: Vid; for longitudinal slots and >: Vs tan e for in- 
clined slots, an estimate of the maximum value of the 
second-order beams may be obtained by substitution in 
(21) and (22). For the direct polarized beams, using a 
6=45°, 6=90°, 


6; 
ee 
oN 


t 


Smax ~ 2.8 ————_ on 
ae (27) 
for longitudinal slots, and 
Ly V; tane; 
er Oli Se (28) 


Da, 


t 


for inclined slots. 
No similar formula can be given, in general, for tmax. 
However, for a single row of slots, using 6=45°, 6=0°, 


pt V; tan €; 
bx 40.99 = 


Ses 


t 


(29) 


Eqs. (27) and (29) apply for slots in an infinite plane 


_ and are not directly applicable to an array of slots ina 


single waveguide. For the latter, (27) may be compared 
with the formula given by Gruenberg,’ 
6 


Smax =ls5 —- (30) 
Substituting 6=90°, ¢=45°, a single row of slots in 
the x direction, corresponding to an array of edge-cut 
slots, gives 
oo V; tan €; 
lmax = 0.71 — 


Dos 


i 


(31) 


ARRAY IN A PARALLEL-PLATE REGION 


The preceding discussion of the radiation field of an 
array has referred to a plane array without the flanges 


_ shown in Figs. 2 and 3. With the flanges the radiation 


field becomes a problem of an array radiating into a 
parallel-plate region of width Mo. The derivation of the 


- complete fields within the region (neglecting those gen- 


erated by currents on and outside the edges of the 


- flanges) is a straightforward but lengthy procedure, and 


the results will be quoted without derivation. The ex- 
terior fields which result (neglecting edge currents) 
_ when flanges of height w are introduced on arrays of 
- either longitudinal or inclined slots are obtained simply 
_ by making the following substitutions for the fields f; 


and fo, 


7H. Gruenberg, “Second-order beams of slotted waveguide ar- 


f rays,” Can. J. Phys., vol. 31, pp. 55-69; January, 1953. 
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free ris (= sin 6 sin é) 


4 To 
ji: ifsc (= sin @ sin 6) exp [ik(y — 1)w| (32) 


where 


s(u) = (sin u)/u, c(u) = (cos u)/1 — Gr 


y = Vsin?6 — (A/2¢)?. 


At the position of the second-order beams substitu- 
tion of @=@’ from (24) leads to 


y’ = V1 — (/,)? — (4/20)? or 


V1 — (A/d, — A/d)? — (X/20)? 


Examination of (33) will determine whether, through a 
suitable choice of parameters, the second-order beams 
can be suppressed by rendering p’ imaginary. It will be 
noted, incidentally, that (33) gives the attenuation con- 
stant of second-order beams for a linear array radiating 
into a parallel-plate region of width o. 


(33) 


EXPERIMENTAL RESULTS 


A broad waveguide, 3.6 inches X0.4 inches, was made 
up to accommodate a two-dimensional array, 4 slots by 
10 slots. Three interchangeable plates, two shunt-cut 
and one series-cut, were used with the assembly, various 
components of which are shown in the photographs, 
Figs. 2 and 3. The arrays are all resonant at the design 
frequency, 9270 mc. The feed is also a resonant section, 
four slots in length, with the slots radiating in antiphase. 

The use of flanges 1.1 inches in height was regarded as 
standard procedure. Patterns were also taken with no 
flanges, and with flanges of height 0.5 inch. 

Fig. 5 shows a typical curve of vswr vs frequency. No 


VSWR 


9300 9400 9500 


(me) 


9100 9200 
FREQUENCY 


9000 


Fig. 5—WSWR vs frequency (Plate No. 3). 
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attempt was made in the design of the array to obtain 
an exact match. The positioning of the feed need not be 
very precise. Its displacement by +0.025 inch produces 
only a slight change in the array performance. 

Plate No. 1, using displaced (shunt) slots, consisted of 
one slot with zero offset, followed by nine cut to a 7 per 
cent Dolph-Tchebycheff taper. The first slot was in- 
tended to explore the extent of extraneous modes; the 
radiation from it appeared to be very slight. Plate No. 2, 
using displaced slots, was cut to a cosine taper. Plate 
No. 3, using inclined (series) slots, was also cut to a 
cosine taper. 
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Patterns’ for the three plates with and without 
flanges are shown in Figs. 6 to 12. The theoretical beam- 
widths at half-amplitude for the cosine patterns are 
13.2° in the H plane and 24.6° in E plane. It will be 
noted that the measured beamwidths are about 0.5° less 
in each case. The side-lobe characteristics of the pat- 
terns in H plane differ appreciably from those based 
on the aperture design function. This is probably due to 
phase error since with inadequate information regarding 
resonant slot lengths, all slots were given the same 


8 One main division equals one-half inch on all original patterns. 
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Fig. 7—Radiation patterns, KE and H planes (Plate No. 1) 0.5-inch flanges. 
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Fig. 8—Radiation patterns, E and H planes (Plate No. 1) no flanges. 
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Fig. 10—Radiation patterns, E plane (Plate No. 2). 
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Fig. 12—Radiation patterns, E plane (Plate No. 3). 
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Fig. 13—Second-order beams, direct-polarized (Plate No. 2) normalized to main lobe amplitude equals 100 per cent, 6=36° and ¢=57° 


length. In £ plane the pattern is very close to the ideal 
for a uniform array in the case of Plate No. 2, but differs 
appreciably for Plate No. 3. The asymmetry of the 
latter would suggest that mechanical imperfections were 
present. 

Second-order beams, both direct-polarized and cross- 
polarized, were observed in substantial agreement with 
the preceding section. Typical patterns are shown in 
Figs. 13 toils. Eq, (27)gives a value of Sinax=14.7 per 
cent. The observed value was 10 per cent for the array 
without flanges and 19 per cent with flanges. In the latter 
case, the parallel-plate region is resonant to the mode 
from which the second-order beams originate. Distor- 
tion of these beams can, therefore, be expected. 
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Fig. 14—Second-order beams, direct-polarized (Plate No. 3), nor- 
malized to main lobe amplitude equals 100 per cent, ¢=60°. 
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CONCLUSION 


It is possible to construct a two-dimensional slotted 
array fed from a parallel-plate region, sub‘ect to the con- 
dition that the aperture function in one direction be 
uniform. 
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15—Second-order beams cross polarized (Plate No. 3) normalized to main lobe amplitude equals 
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Shunt and Notch-Fed HF Aircraft Antennas* 
ROBERT L. TANNER+ 


Summary—tIn the hf range radiation from aircraft must be ac- 


complished by exciting radiating currents on the airframe itself. 


One method of exciting such currents is by shunts or notches which 
electrically penetrate the airframe. 

The strength of coupling of such devices is analyzed and shown 
to be proportional to the square of the normal mode current which 
they interrupt. 

A theory is developed and substantiated by experimental data, 
which enables the prediction of the impedance characteristics of such 
antennas. It is shown that these antennas are most effective when 
located in a region of high current concentration, and that the current 
concentration which occurs in the fillet area of swept-wing aircraft 


_ makes this area particularly favorable for their installation. 


Shunt and notch antennas, when they can be used, have a number 
of structural advantages over cap-type antennas, and certain electri- 


_ cal advantages also. They require no special lightning protection and 


eliminate the need for special isolating devices. In general, they are 
capable of handling higher powers before encountering high-altitude 
voltage breakdown. 


INTRODUCTION 


N THE hf range the dimensions of most aircraft are 
comparable with a wavelength so that any type of 
antenna, including the fixed wire antennas which 


for many years were the standard hf aircraft antenna, 


tends to excite currents on the airframe itself. With the 


* Original manuscript received by the PGAP, October 4, 1956; 


revised manuscript received, April 11, 1957. This work was supported 


by the U. S. Air Force under Contract No. AF 19(604)-1296. 
+ Stanford Research Institute, Menlo Park, Calif. 


advent of high speed aircraft, the possibilities for re 
ducing drag which are afforded by an antenna which 
excites the airframe without resort to external structure 
have appealed strongly to aircraft designers. Basically, 
only two methods for accomplishing excitation are possi- 
ble. These may be compared with the voltage probe and 
the current loop used to feed cavity resonators. The 
counterpart of the voltage probe is the cap-type an- 
tenna which has been used successfully on several air- 
craft of recent design. In the cap antenna excitation is 
accomplished by isolating one of the extrem.ties of the 
aircraft and applying the driving voltage to the isolated 
portion. The principal characteristics of cap-type an- 
tennas are described by Granger.! 

Aircraft antennas in which coupling is accomplished 
magnetically, corresponding to the loop coupling used 
in resonators, are the so called shunt- and notch-fed 
antennas.?~4 


1]. V. N. Granger, “Wing-Cap and Tail-Cap Aircraft Antennas,” 
Stanford Res. Inst. Tech. Rep. no. 6, Proj. 188, AF Contract No. 
AF 19(122)-78; March, 1950. 

2J. V. N. Granger, “Shunt-excited flat-plate antennas with ap- 
plications to aircraft structures,” Proc. IRE, vol. 28, pp. 280-287; 
March, 1950. 

8 J. V. N. Granger and J. T. Bolljahn, “Aircraft antennas,” PRoc. 
IRE, vol. 43, pp. 533-550; May, 1955. 

4W. L. Jones, “Notch Coupling to the Electromagnetic Reso- 
nances of a Delta Wing Aircraft,” Stanford Res. Inst. Tech. Rep. no. 
53, Contract AF 19(604)-266; December, 1955. 
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Although most flush mounted hf antennas which have 
so far been installed on operating aircraft have been tail 
caps, shunt and notch-fed installations have been pro- 
posed from time to time. Unfortunately, an inadequate 
understanding of the true nature of the mechanism by 
which the notch or shunt couples to the airframe cur- 
rents has resulted in the proposal of feed configurations 
considerably less satisfactory than might otherwise have 
been achieved. Inadequate understanding has also been 
responsible for some inaccurate claims having been 
made for such methods of feed. It is hoped that the pres- 
ent paper will provide the information necessary to ar- 
rive at designs more nearly approaching the optimum 
and to appraise better the merits of shunt and notch-fed 
antennas relative to other types of antennas. 


CRITERIA FOR COMPARING HF ANTENNAS 


To evaluate different antennas, we must have a set of 
criteria by which they can be compared. One important 
criterion is radiation pattern behavior. For hf antennas 
pattern behavior can be compared on the basis of radia- 
_ tion pattern efficiency as defined by Moore.® The pattern 
efficiency of an antenna is a measure of the proportion 
of total radiated power directed by the antenna into 
useful angular sectors. 

Other quantities of importance in evaluating anten- 
nas are their efficiencies, the efficiencies of the circuits 
required to match them, and their relative susceptibili- 
ties to voltage breakdown. It can be shown that all of 
these characteristics are improved by increasing the 
ratio of antenna radiation resistance to antenna re- 
actance. Since radiation is due to currents excited on the 
airframe, it is evident that the radiation resistance is in- 
creased by increasing the degree of coupling between the 
antenna feed and the airframe currents. The reactance 
component of the impedance, on the other hand, is 
associated to a very large extent with the local fields in 
the vicinity of the feed. It follows, therefore, that the 
performance of the antenna will be improved in all the 
respects mentioned if the strength of coupling is in- 
creased. 


ANALYSIS OF COUPLING MECHANISM 


The mechanism of coupling in notch and shunt-fed 
antennas is most easily analyzed in terms of the two- 
terminal-pair equivalent network shown in Fig. 1. The 
admittance coefficients for the network, Yu, Yo, and 
Yi, are defined in the usual way: Yi: is the admittance 
at Terminals 1 with Terminals 2 shorted and similarly 
for Yo, while — Yj. is the value of J. with Terminals 2 
shorted and unit voltage applied to Terminals 1 or vice 
versa. It will be observed that if Terminals 1 are shorted 
and a current J, impressed at Terminals 2, that for the 
current directions and admittances as defined in Fig. 1, 


_°E. J. Moore, “Performance Specification and Evaluation of 
Liaison Antennas,” Stanford Res. Inst. Final Rep, Proj. 606, Task 
III, AF Contract No. AF 33(616)-83; November, 1953. 
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TERMINALS | TERMINALS 2 


Fig. 1—Equivalent circuit for analysis of coupling mechanism. 


we can write the relation 
--—. (1) 


To relate the equivalent circuit of Fig. 1 to the actual 


antenna feed, consider the notch-fed plate shown in — 


Fig. 2. The plate may be considered as an idealization of 
a notch fed wing for which Terminals 1 are the notch 
feed terminals. Assume that a total linear current J2 is 
excited on the plate by some outside agency. If the 
width of the plate is small relative to a wavelength, the 
current will distribute itself across the plate in a manner 
dictated by TEM field considerations, with concentra- 
tion at the edges as illustrated by the increased density 
of current lines. At the plane of the notch the current 


divides somewhat as shown, part flowing through ~ 


Terminals 1 which are short-circuited, and the re- 
mainder flowing through the unsevered portion of the 
plate. Now consider the situation illustrated in Fig. 2(b). 
The plate has been severed at the plane of the notch to 
form a second pair of terminals, and a generator has 


been applied to these terminals. It is assumed that the © 


generator is distributed so that it excites linear currents 
on the plate having the same transverse distribution as 
illustrated in Fig. 2(a). The linear currents shown in the 
diagrams of Fig. 2 represent the radiating currents 
excited on the plate; the situation of Fig. 2(b) represents 
the most efficient or tightest possible coupling to these 
currents—the entire plate is isolated and driven as an 
antenna. The problem of determining the coupling be- 
tween the notch and the radiating currents, therefore, 
is in essence the problem of determining the coupling 
between the two sets of terminals shown in Fig. 2(b). 
To determine this coupling, we make use of the equiva- 
lent circuit shown in Fig. 1. 

It is evident from the definition of the admittance 
coefficients given earlier that Yy, which is the admit- 
tance looking into Terminals 1 with Terminals 2 
shorted—thereby permitting linear antenna currents to 
flow on the plate—will be the total effective antenna 
input admittance, including radiation. On the other 
hand, if Terminals 2 are opened, blocking the radiating 
currents, the admittance seen looking into Terminals 1 
will be the self-admittance of the notch. This admit- 
tance, which we will call Y,,, is essentially a pure sus- 
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Fig. 2—(a) Notch-fed plate. (b) Definition of hypothetical 
coupled terminals for notch-fed plate. 
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_ ceptance and will not include any component due to 
y radiation. From inspection of the equivalent circuit = 
_ Fig. 1, it is evident that Y, is given by 
4 Vi2( V2 — Vis) 
’ Yn = Yu — Yu + , 

V2 


i 


_ which reduces to 


-Rearranging, we have 


Yi2\? 
Vu = Ka > i Yoo (>) . (3) 


22 


_ Eq. (3) states that the antenna input admittance is 
_ made up of two components, the first of which, Yy, is 
the admittance of the notch, while the second is V2 
: multiplied by a dimensionless factor. This second com- 
ponent represents the coupling between the notch and 

' the airframe currents. The strength of the coupling de- 

_ pends upon the magnitude of the factor multiplying Y».. 
Stated as it is in (3), the expression is not especially 
illuminating. Referring to (1), however, we see that the 
factor Yi2/ Yo, which measures the strength of coupling, 

is equal to the current division ratio illustrated in Fig. 
2(a). Eq. (3) can therefore be rewritten as 
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TERMINALS | 
Fig. 3—Shunt-fed plate. 


Yu=Y,+ ¥n(=) . (4) 
I» 
It is obvious that the technique of analysis applied to 
the notch antenna can also be applied to the shunt-fed 
antenna illustrated in Fig. 3. In the case of the shunt 
antenna, Y, represents, essentially, the susceptance of 
the section of the shorted transmission line formed by 
the shunt, while V2 is, as before, the admittance seen if 
the entire section outboard of the feed terminals is 
isolated and driven as an antenna. 

Eq. (4), which gives the input admittance of shunt 
and notch fed antennas, indicates several facts concern- 
ing the performance of such antennas and how the per- 
formance might be improved. In antennas of this type, 
the radiation conductance component of the input ad- 
mittance comes almost entirely from the coupled ad- 
mittance term, while the susceptance is largely due to 
Y,. It follows from the previous discussion, therefore, 
that any measure which improves the ratio of these 
terms will improve the electrical performance of the 
antenna, 


COUPLING IN TYPICAL AIRFRAMES 
General 


The coupling relationship just developed indicates 
several important facts concerning the use of notch and 
shunt feeds for aircraft antennas. The two of greatest 
importance are first, the dependence of the coupling 
upon the square of the current division ratio and, sec- 
ond, that the coupled admittance is closely proportional 
to the admittance obtained by severing the aircraft 
structure at the plane of the notch or shunt feed termi- 
nals. From the first of these it is evident that for greatest 
effectiveness, the feed must be located where current 
concentration is greatest. Fortunately, considerable con- 
centration occurs at the edges of airfoil surfaces, which 
are reasonably accessible from the structural standpoint. 
The second consideration, that the coupled admittance 
is proportional to the admittance which would be ob- 
tained by severing the structure at the plane of the feed 
terminals, means that the feed should be placed as far 
away from the extremities of the aircraft as possible in 
order that Vx be high. Both of these considerations indi- 
cate that from the efficiency and impedance standpoints 
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Fig. 4—Slot complement of notch-fed plate. 


the wing-root area is perhaps the most favorable spot 
on the aircraft.in which to install such an antenna. 


Flat-Plate Idealization of Airfoil Surface 


A feeling for the degree of coupling obtainable by 
notches or shunts in wings and other airfoil surfaces is 
gained by investigation of the current distributions on 
flat plates. In the wing section shown in Fig. 2(a), we 
desire to know the current division ratio /J2. This 
quantity can be calculated relatively easily if we assume 
that the actual wing can be approximated by a flat plate 
and that the width of the plate is small relative to a 
wavelength. If the latter assumption holds, we know 
that the current will take a distribution across the plate 
which is governed by the TEM wave conditions—the 
transverse distribution of currents and fields obeys the 
two-dimensional Laplace equation. This distribution is 
the same as the distribution of electric field between 
two semi-infinite plates as shown in Fig. 4. The con- 
figuration of Fig. 4 is essentially the slot complement of 
a notch-fed plate. The relation between the voltage, Vi, 
taken by the small isolated rectangular plate and the 
voltage, Vz, across the total gap is the same as the rela- 
tion between the current flowing through the antenna 
terminals and the total current flowing on the plate. In 
other words, 


de Vig 
Toy 5 

This ratio can be calculated by means of the reciprocity 
theorem using the voltage distribution in the gap in the 
absence of the small plate. The latter is well known; it 
is obtained by a simple conformal transformation. 
Fig. 5 is a plot of the current division ratio, and the 
square of this ratio as calculated in the manner out- 
lined, vs the fraction of total plate width occupied by 
the feed notch. 

The fact that we can calculate the current division 
ratio enables us to check experimentally the coupling 
theory developed earlier. To do this, a flat plate was 
placed in a shielded cage as indicated schematically in 
Fig. 6. Terminals were provided as shown in Fig. 6 to 
simulate complete isolation of the plate [Fig. 6(a)] or 
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Fig. 5—Calculated coupling factor and comparison with 
measured values of coupled conductance. 


(b) 


(a) 


Fig. 6—Measurements on flat plate in shielded cage to 
verify notch coupling relations. 


notch feed [Fig. 6(b)]. The plate was tuned at the far 
end for a series resonance of convenient peak conduct- 
ance when measured with the setup of Fig. 6(a). With 
the tuning unaltered, the plate was then shorted at the 
driving end and the admittance measured over a range 
of frequencies in the vicinity of resonance for different 
lengths of feed notches as illustrated in Fig. 6(b). 

In this latter condition, the measured conductance 
arises entirely from the coupling to the linear currents 
flowing on the plate. It therefore corresponds exactly to 
the radiation conductance of a notch-fed wing antenna, 
which is due to coupling to the linear radiating currents 
flowing on the wing. If the theory of coupling is correct, 
the relation between the conductance measured with 
different lengths of feeding notches and the conductance 
measured with the driven end of. the plate isolated 
should be the same as the squares ot the current division 
ratios for the same length notches. Points representing 
the measured conductance ratios are shown on the 
graph of Fig. 5 along with the curve representing the 
calculated values for (J:/J2)?. It is seen that the agree- 
ment is essentially perfect, substantiating the analysis. 

The flat plate model also permits easy investigation of 
the characteristics of shunt-fed antennas. For such an- 
tennas, where the length of the shunt is long compared 
to its transverse dimension, the current division ratio is 
governed by the two-dimensional Laplace equation and 
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can be investigated using electrolytic tank | or resistance 
paper techniques. 

In the consideration of shunt-fed antennas, an addi- 
tional factor affecting the efficiency of the feed system 
must be taken into account. If we are given a certain 
space at the edge of a wing in which to install the an- 
tenna, we must decide what proportion of the space will 
be conductor and what proportion will be dielectric. If 
we make the conductor very broad and the gap narrow, 
the coupled conductance is a maximum, but the sus- 
ceptance introduced by the shunting transmission line 
mode increases even more rapidly than does the con- 
ductance, so that the ratio of antenna susceptance to 
antenna conductance is higher than necessary. On the 
other hand, if the gap is wide and the conductor narrow, 
the shunt susceptance is minimum, but so also is the 


current division ratio. The optimum proportion exists 


somewhere between these extremes and can be deter- 
mined. It depends somewhat upon what fraction of the 


_ total breadth of the wing is occupied by the shunt feed. 
A figure of 50 per cent; 7.e., 


conductor width and gap 
spacing equal, is very close to the optimum for shunt 
antennas of practical dimensions. Assuming equal space 
devoted to feed conductor and separating gap, we can 
then determine the current division ratio as a function 
of the fraction of wing breadth occupied by the shunt 


_ feed. The coupling factor, or square of the current di- 


vision ratio, obtained using resistance paper (dry elec- 
trolytic tank) is shown in Fig. 7. The coupling data 
given in the figure as well as the validity of the coupling 


_ theory as applied to shunt fed plates were substantiated 


_by experimental measurements made on a setup equiva- 


lent to that for notch antennas shown in Fig. 6. 


Effect of Wing Sweep-Back on Coupling of Notches 


The foregoing analysis of the flat plate model, in 
addition to substantiating the theory of coupling, pro- 
vides a feeling for the degree of coupling which can be 
expected using notch and shunt feeds. The figures ob- 
tained apply quite accurately to shunt feeds or to notch 


_ feeds on straight wing aircraft over most of the hf fre- 


quency range. For swept-wing aircraft, and also to some 
extent for straight wing aircraft, the coupling at low fre- 
quencies of notch antennas at the wing roots is actually 


j considerably stronger than indicated by Fig. 5. 


The reason for the above is illustrated by Fig. 8. The 


_ diagram in this figure illustrates the main path of cur- 


rent flow at frequencies toward the low end of the hf 


_ range. The currents flow along the fuselage, divide at the 
_ wing junction, and flow out along the wing. At the trail- 


_ 


ing edge of the wing root the current flow lines tend to 
“cut the corner,” resulting in increased current concen- 


tration in the fillet area. A greater degree of sweep back 
results in a sharper corner and a correspondingly 


greater concentration of current. 


With swept-back 
wings, some concentration occurs also for the mode of 


current flow illustrated in Fig. 8(b). 


The current concentration which occurs in the fillet 
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Fig. 7—Coupling factor for shunt-fed wings. 
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(a) (b) 


Fig. 8—Concentration of current in fillet region of swept-wing aircraft. 


area for swept-wing aircraft enhances the coupling for 
notches in that area. Because of the complicated geom- 
etry, the coupling in such a situation cannot be calcu- 
lated exactly. It can be measured experimentally, how- 
ever, using a technique which will not be described here 
due to space limitations. The measured coupling factor 
(1;/I2)*, for both of the current flow modes illustrated in 
Fig. 8 is given in the curves of Fig. 9. The coupling fac- 
tor for a notch in a flat plate is replotted on the same 
chart for comparison. In the tests resulting in the curves 
of Fig. 9 the width of the wing dimension a is small 
relative to a wavelength, never exceeding \/8. 


EsTIMATED PERFORMANCE OF SHUNT AND 
Notcu ANTENNAS 


General 


To estimate the performance of shunt and notch an- 
tennas, it is necessary to have, in addition to the cou- 
pling factors given in Fig. 7 and Fig. 9, the admittance 
with the wing isolated at the root. It is also necessary 
to know the shunt susceptance, Y,, introduced by the 
shunt or notch. The measured admittance at the termi- 
nals of an isolated wing for a typical straight wing air- 
frame having a 150-foot wing span is shown in Fig. 10, 
above.* While these data might be construed as applying 


6 These admittance data were obtained by actual measurement 
ona full scale mock-up of a light aircraft with a wing span of 36 feet. 
The measurements were made with the aircraft mounted on an insu- 
lating tower 40 feet high. An appropriate scaling factor is used. 
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Fig. 9—Coupling factor for fillet notch in swept-wing aircraft. 
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Fig. 10—Admittance of isolated wing on straight-wing 
airframe: 150-foot wing span. 


only to a specific airframe, they are actually of consider- 
ably more general applicability. The isolated-wing ad- 
mittance of any airframe, whether straight wing or 
swept wing, is of the general form shown in Fig. 10. 

If scaling adjustments are made so that the lengths of 
the principal members correspond, good quantitive es- 
timates of notch and shunt antenna admittance can be 
obtained. For example, the admittance of a notch an- 
tenna in the Douglas YC-132, a large, swept-wing, tur- 
boprop aircraft, was predicted using the data of Fig. 10 
and the methods outlined in this paper. The predicted 
impedance characteristics were later compared with 
measurements on a 1/10-scale model of the aircraft. In 
the lower half of the hf range the predicted and meas- 
ured curves coincided almost exactly. In the upper por- 
tion of the hf range the measured and predicted curves 
diverged but were similar in form.’ 


7 This example is cited through the courtesy of the Douglas Air- 
Craft Co., Tulsa Division. G. A. O’Reilly of Douglas supervised the 
model measurements. 
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For the shunt antenna the shunting susceptance, Y,, 
is readily calculated or measured since it is the suscept- 
ance of the unbalanced transmission line forming the 
shunt. For the conductor configuration yielding opti- 
mum coupling efficiency ; 7.e., equal conductor width and 
gap spacing, the characteristic admittance is approxi- 
mately 0.005 mhos (Z)>=200 ohms). The length of the 
shunt is determined by the space available, but should 
not be so long that it becomes equal to d/2 in the fre- 
quency range over which the antenna will be used, since — 
at that frequency the susceptance of the line becomes 
very high, tending to short out the antenna.* 

The susceptance of a notch cannot be calculated as 
simply as that of a shunt, especially since the notch may 
be of irregular shape. It can be determined with ac- 
curacy, however, by simple mock-up measurements. 
Sufficiently accurate measurements can be obtained by 
mocking up only the structure in the vicinity of the 
notch. 
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Fig. 11—Comparison of predicted and measured values 
of wing notch admittance. 


Experimental Verification 


A further test of the accuracy with which the theory 
outlined is able to predict the impedance character- 
istics of notch antennas is provided by the data shown 
in Fig. 11. The two sets of curves shown in the figure are 
the admittance of a notch antenna predicted by the 
methods outlined in this paper and the admittance as 
actually measured. The data shown apply to a light air- 
craft having the dimensions indicated on the inset in the 
figure. The notch in this case extended the full breadth 
of the w-ng as shown. Equally good agreement was ob- 
tained with a notch cut half the breadth of the wing. No 
measurements were made for smaller notches because of 
the difficulty of obtaining accurate conductance meas- 
urements for the highly susceptive admittances which > 
the smaller notches present. 


* The simple theory as stated here neglects the radiation resist- 
ance due to the loop or transmission line mode. This component is the 


major contributor to the actual impedance at the frequency which 
makes the shunt \/2 in length. r ‘ 
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It is evident from the agreement between the two sets 
of curves shown that the theory is surprisingly success- 
ful in predicting the actual behavior. In particular, it 


should be noted that the agreement between predicted 


and measured values extends to a frequency at which 
the breadth of the wing is nearly a half wavelength. The 
theory thus appears to apply with reasonable accuracy 
to a much higher frequency than might be inferred from 
the fact that the breadth of the wing was assumed small 
compared to a wavelength in estimating the transverse 
distribution of current on the wing. It would be expected 


_ that the theory would apply less accurately at high fre- 


quencies for swept-wing than for straight-wing aircraft. 
The example of the YC-132 cited earlier would appear 
to substantiate this expectation. 


Performance of Shunt Antennas 


From the data given and methods described, it is 
possible to calculate the impedance to be expected from 
a shunt antenna on a representative airframe. Such cal- 
culations have been made for a shunt antenna installed 


on an aircraft having a 150-foot wing span with the 


shunt feed section 18 feet long and occupying 10 per 
cent of the wing breadth. The feed terminals are at the 
root of the wing. The resulting impedance is shown in 


_ Fig. 12. From the calculated impedance, together with 


available data on the loss characteristics of typical di- 
electric materials likely to be used in fabricating the 


antenna, the antenna efficiency can be calculated and 


the matching efficiency estimated. The calculations 


_ indicate that the over-all power transfer efficiencies 


averaging 80 per cent can be obtained. For the example 
of Fig. 12 the efficiency at 2 mc is approximately 60 per 


cent. At higher frequencies the efficiency tends to drop 


due to increasing dielectric loss as the length of the 

shunt begins to approach a half wavelength. 
Radiation patterns for a shunt antenna on a C-54 

aircraft, representative of the straight-wing airframe, 


were taken, and the radiation pattern efficiency was 


evaluated according to the method given by Moore. 


_ The pattern efficiency obtained was comparable to that 


of a tail-cap antenna on the same aircraft, both having 


efficiencies near 50 per cent. 


Performance of Notch Antennas 


One would expect the performance of notch antennas 
to be considerably inferior to that of caps or of shunt- 
fed antennas. This is because the susceptance of the 


notch is high relative to the coupling which can be ob- 


tained with notches of sizes compatible with structural 


- requirements. On large swept-wing aircraft similar to 


the Boeing 707 or the Douglas DC-8, however, the en- 
hancement of coupling due to current concentration in 
the fillet area suggests that notch antennas installed in 


that area might be satisfactory. Approximate calcula- 
_ tions indicate that this is true. As indicated previously, 
- the admittance which would be measured with the wing 


severed at the root on such an aircraft is similar to that 
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Fig. 12—Calculated impedance of shunt antenna on 150- 
foot span straight wing aircraft. 
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Fig. 13—Computed admittance of 1- by 4-foot notch on DC-8. 


shown in Fig. 10. Using these data and a coupling factor 
obtained from Fig. 9 the impedance of a notch 4 feet 
deep and 1 foot wide was calculated. The slant breadth 
at the wing root was taken as 28 feet. The computed 
admittance curve for the notch antenna is given in Fig. 
13. The computed admittance shown in the figure will 
quite accurately represent the true admittance at low 
frequencies. For the reasons mentioned earlier, however, 
the values at high frequencies, although representative 
of the true values, are not as good an approximation. 
Computation of the over-all power transfer efficiency 
indicates that for the examples shown the notch antenna 
is somewhat superior to the shunt, averaging approxi- 


42 


mately 90 per cent. At 2 mc, however, the notch has an 
efficiency of only 45 per cent compared with 60 per cent 
for the shunt. The superiority of the notch at all but the 
extreme low frequency is, in this instance, principally 
due to the enhancement of coupling mentioned. The per- 
formance of a notch of this size on a straight-wing air- 
craft or one installed at a point other than the wing root 
area would almost certainly be inferior to the shunt 
antenna. 

In discussing notches vs shunts, some comment is 
appropriate regarding their relative structural merits. 
It has been pointed out that the best place for installa- 
tion from the standpoint of electrical efficiency is the 
trailing edge of the wing near the root. For notch an- 
tennas, in fact, this appears to be the only acceptable 
place. On modern aircraft, this area is occupied by flaps 
and it would seem improbable that compatible designs 
for shunt antennas, which require substantial distance 
along the trailing edge, could be worked out. It seems 
entirely possible, however, that a notch only 1 foot wide 
could be installed in the fillet area. 

Radiation pattern data for a wing-root notch installed 
on a DC-8 aircraft indicate that the pattern efficiency 
of the notch is also comparable to that of a tail-cap 
antenna. 


Multiple Turn Notches 


Worthy of comment in connection with the discussion 
of notch antennas is a suggestion by Dr. A. Weissfloch of 
the Societé Technique d’Application et de Recherche 
Electronique (STAREC) to use multiple turn loop 
coupling instead of a simple notch (see Fig. 14). 

This case has been analyzed and it has been shown 
theoretically and substantiated by experiment that the 
admittance of a two-turn notch (one loop plus the notch 
itself) of the type illustrated is 


Yo 
cos Bl +7 ie sin fl 


a 


Var poe Me (5) 


ie 
2(1 + cos sl) + 7 —sin 61 
Yo 


where 


Y;,=input admittance of two-turn notch 

Y,=input admittance of simple notch 

Y)=characteristic admittance of transmission line 
formed by feed loop and wall of notch 

6l=electrical length of transmission line formed by 
feed loop and wall of notch. 


The transmission line for which the quantities Yo and 
6 in (5) apply may either be open as illustrated in Fig. 
14, or coaxial. 

Consideration of (5), above, makes it clear that use of 
multiple turns does not increase coupling. The principal 
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effect at low frequencies is merely an impedance trans- 
formation equivalent to that obtained by using a trans- 
former having a 2:1 turns ratio at the input of a simple 
notch. At higher frequencies the effect, while much 
more complicated, is, in general, to degrade the imped- 
ance characteristic by increasing the ratio of reactance 
to resistance. Also, when the length of the peripheral 
transmission line becomes \/2 the antenna is effectively 
shorted out. 
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Fig. 14—Miultiple-turn loop coupling in fillet area. 


CONCLUSION 


We have explored the nature of the coupling of 
notches and shunts to airframe radiating currents and 
have shown that if properly designed, antennas using 
these feed methods should be comparable in electrical 
performance to cap antennas. In particular, the in- 
vestigation of the coupling in the wing root area indi- 


cates that in large swept-wing aircraft, current concen- 


tration at that point leads to enhanced coupling which 
makes feasible the use of relatively small notches. On 
small aircraft notches appear to be of dubious value. 
Nothing authoritative can be asserted regarding the 
relative structural advantages of shunt fed and notch 
fed antennas. It would appear, however, that notches 
in particular, when they can be used, should have sig- 
nificant structural advantages over both shunts and 


caps. Both the notches and shunts have the advantage > 
that they avoid the necessity of severing main spars as is- 


required in cap antennas, although the interference with 
the landing flap installation which*occurs with shunts 
may present even more serious structural difficulties. 
The leading edges of wings, while less satisfactory for 
the installation of shunt antennas than the trailing 


edges, nevertheless might be used for shunt antennas 


although achieving structural compatibility with the 
de-icing systems which occupy the wing-leading edges 


of almost all modern aircraft would undoubtedly pre- | 


sent serious problems. 
An undisputed advantage of shunt or notch antennas 


is that they avoid the necessity of using the special iso- | 


lating devices required with cap antennas when the iso- 


| 
; 


} 
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lated section contains other electrical devices such as 
navigation lights or higher frequency antennas. They 
also avoid the necessity for special lightning protection 
measures required with cap-type antennas. A character- 
istic of both shunt and notch antennas that may be a 
significant advantage, although it poses special prob- 
lems in the design of antenna couplers to match them, is 
the fact that their impedance levels are relatively low. 
This means that voltage breakdown of the antennas 
is not a serious problem even with high radiated powers. 
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On the Fresnel Approximation* 
R. B. BARRAR}# anv C. H. WILCOXt 


Summary—The purpose of this paper is to show the power of the 
Sommerfeld expansion in computing Fresnel and near fields of an- 
tennas, a matter which has become of increasing importance in high 


_ resolution antennas. A connection is shown between the Fresnel and 


_ Fraunhofer approximations for radiation fields which is derived by 
using Sommerfeld’s expansion of the field in inverse powers of radial 
distance. This expansion permits an estimate of the error incurred in 
using the Fresnel approximation. Higher-order corrections to the 
phase and amplitude portion of the Fresnel approximation are also 
exhibited. By way of illustrating the power of the Sommerfeld ex- 


4 pansion of the fields in the Fresnel (intermediate) region of a radia- 


_ tion source, numerical calculations of amplitude, phase, and power 
_ patterns have been made for a finite line source of length D with an 
equiphase cosine-on-a-pedestal current distribution. It is found that 
the first five terms of the series are sufficient to obtain accurate re- 
' sults when r>D2?/2), as compared with the Fraunhofer approxima- 
— tion which is usually considered valid for r>2D*/y. Non-Fraunhofer 
_ zone effects on the power pattern and phase front are discussed as a 
function of distance r and the type of current distribution. 


INTRODUCTION 


NCREASED resolution requirements on micro- 
| wave antennas have led to the use of long linear 

arrays at very short wavelengths. The possibility 
exists that such antennas will be tested and even used at 
_ closer range than their Fraunhofer regions. Thus, it has 
_ become increasingly important to be able to compute 
_ the Fresnel and near fields. 

The computation of Fraunhofer fields can be done in 
many cases since the computation involves Fourier 
transforms for which many excellent tables exist. How- 
ever, the computation of Fresnel and near fields can 
only be done in relatively few cases where the integrals 


* Manuscript received by the PGAP, October 10, 1956; revised 
; 2) Sabet ce May 10, 1957. Much of the work described in 
this paper has been reported more fully in Hughes Aircraft Co. Sci. 
Rep. No. 4 on AF Cambridge Res. Ctr. Contract AF 19(604)-1317, 
February 15, 1955, and was presented at the URSI-Michigan Sym- 
posium on Electromagnetic Wave Theory, June, 1955. 

+ Hoffman Labs., Inc., Los Angeles 7, Calif. ; 

t Microwave Lab., Hughes Aircraft Co., Culver City, Calif. 


can be reduced to tabulated Fresnel integrals. The pur 
pose of this paper is to point out that the Sommerfeld 
expansion is a promising method of computing these 
near and Fresnel fields. ( 


THE SOMMERFELD EXPANSION 


Although in spherical coordinates a solution of the 
scalar wave equation 


VU + BU = 0 (1) 


is usually given in terms of an infinite series involving 
products of spherical Bessel functions and tesseral har- 
monics,! Sommerfeld? has suggested that the expansion 


U = 1 exp (—jhr) Do an(6, 6)/(—jkr) (2) 


n=1 


be considered. 

Concerning this expansion, Barrar and Kay? have de- 
rived the following theorem :4 

Let U 


1) bea solution of (1) for real k; 

2) be twice continuously differentiable on, and ex- 
terior to, a sphere S, of radius 79; and, 

3) satisfy the radiation condition r(@U/dr+jkU)—0 
uniformly with respect to @ and @ asr> ~&. 


Then, when 7>7o+e, for arbitrary e, the expansion (2) 
converges uniformly and absolutely and may be differ- 


1 J. A. Stratton, “Electromagnetic Theory,” McGraw-Hill Book 
Co., Inc., New York, N. Y., sec. 7. 3, 7.4; 1941. 

2A. Sommerfeld, “Partial Differential Equations in Physics,” 
Academic Press, Inc., New York, N. Y., p. 191; 1949. 

3 R. B. Barrar and A. F. Kay, “A series development of a solution 
of the wave equation in powers of 1/r,” Paper presented at the URSI 
meeting, Washington, D. C.; May, 1954. = 

4 Similar results have been obtained by W. Magnus, “Uber Ein- 
deutigkeitsfragen bei einer Randwertaufgrabe von Au+ku=0,” 
Jahresber, Deutschen Math. Vereinig., vol. 52, pp. 177-188, 1943, and 
F. V. Atkinson, “On Somerfield’s radiation condition,” Phil. Mag. 
vol. 40, pp. 645-651, 1949. 
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entiated any number of times with respect to 7, 0, and ¢. 
Any series resulting from such differentiations will also 
converge uniformly and absolutely. 

If the expansion (2) is substituted into the scalar wave 
equation (1), written in spherical coordinates, and like 
powers of 1/7 are equated to zero, one obtains the re- 


cursion relation 
1 0 ( ’ =) 
—j| sin @ 
sin 6 06 00 


1 07a 
Se) 
sin? @ dd? 


1 
Oni. = =| mn — 1)a, + 
2n 


These formal manipulations are justified by the theorem 
of Barrar and Kay. 


CONNECTION WITH THE FRAUNHOFER 
AND FRESNEL EXPANSIONS 


In order to see the connection between the series (2) 
and the Fresnel and Fraunhofer approximations, let us 
compute the field of the finite line source shown in 
Fig 1. 


D/2 
(r, 8,9) 


” dz 
-D/2 


Fig. 1—Geometry for line-source calculation. 


In terms of the Hertz potential I., the formal solution 
to this problem is given by° 


D/2 
Il, = (—j/41we) I(z)R™ exp (—jkR)dz (4) 
—D/2 
A = jwe curl(II,z) (5) 
E = (—j/we) curl H (6) 


where the factor e’””* has been suppressed, J(z) is the cur- 
rent, and z is the unit vector in the z direction. The 
Fraunhofer and Fresnel approximations to II, are, re- 
spectively, 

TES eas TB oumboter 0 (1777) Si with 


I Fraunhofer 


Be tog era fe) le. 


D/2 


I(z) exp( jkew)dz (7) 


D/2 


II,Fresnel = (—j/4wer) exp (—jkr) if T(z) [exp( jkew) | 


—D/2 
-[exp (—jkz2(1 — w?)/2r) |dz, (8) 
with w=cos @ in both (7) and (8). 
On the other hand, II, is a solution of (1); hence, the 
expansion (2) and (3) applies. Thus, 


5 Stratton, op. cit., sec. 8.7. 
6 0(1/r?) means all other terms vanish at least as fast as 1/r?. 
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{ 
Il, = r-1 exp (—Jkr) >> b,.(0, &)/(—jkr)”" (9) 
and the 6,(0, @) satisfy the recursion relation (3). 
By compar’ng (7) and (9), it can be seen that 
D/2 
60, 6) = (—i/toe) fF 10) exp (jkew)ds, 10) 
—D/2 


or that 6:(6, ¢) is just a constant eh by the 
Fraunhofer field. 

The connection between the expansion (9) and the 
Fresnel approximation was first pointed out by Logan.” 
He observes that if one uses the series expansion for 
exp |—jkz?(1—w?)/2r] and (10) for 5,(8, ), one obtains 
for the Fresnel approximation (8): 


II ,Fresnel 


D/2 


= (=j/4er)lexp (=jk)] [ 1(@) exp Gest) 


—D/2 


-exp [(ikz)?(1 — w?)/2(—jkr) |dz 


= (—j/4wer) [exp (—Jkr)] 27 [1 — w?)"/2"(—jkr)"n}] 


n=0 


D/2 
: f I (2) (jkz)?” exp (jkzw)dz 


—D/2 
= (=9/40e) [exp (=F) ) TES) 


2n tant 


bi(w). (11) 


7 dw?” 
On the other hand, if one uses the exact formula (3) 
with w=cos 9, one obtains 


qd?" 


anes taah arm'y| ( — wtp — 


bi(w) 


ne be) | 


= en net 


qq?" 
+7( 


dw2n-2 


dw?! 


bi), 


da? 1 
Te bi(w 
(Ss i( )) 


means other terms that involve, at most, the (2n—2) 
derivative with respect to w. 

On comparing (11) and (12), one sees that the Fresnel 
approximation corresponds to the exact series (9), if the 


term 6,41(w) is replaced by the leading term in its de- 
velopment (12), 2.e., 


(12) 


where 


2n 


bn4i(w) es agg a wp) rl 9 bi(w). 
| wen 


Perhaps a better way to see that the term 


7 N. A. Logan, AF Cambridge Res. Ctr., private communication, 


bi ee oT 


eh ie) 
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1 qn A | w rw(1 — w? 
(1 — w?)” bi(w) _ Le | es 
2"n! dw D|\2q¢ 8q? 


should be the leading term in bn4:(w) is to note first 


that 6:(w) is actually a function of (kDw), for ex- 
ample, c(kDw), so that the nth derivative b,™ (w) 
= (kD)"e™ (RDw). Hence, bny1(w) is a polynominal in 
(RD) of degree 2n, and for large (RD), the term in 
(kD)?" is the most important one. This was found to be 
definitely so in the calculations described below. 


AN IMPROVEMENT ON THE FRESNEL 
APPROXIMATION 


It is always difficult to decide what is the range of 
validity of the Fresnel approximation and what is the 
next best approximation to that of Fresnel. The series 
(11) and (12) furnishes a partial answer to these ques- 
tions. If the Fresnel approximation is 


2n 


iS Pe gegr = [(1 ae w?)"/2"n!| 


bi(w), (13) 


dw 


then the next approximation should be 


Qn 


Le ga = (2° [a a5 w?)” b1(w) 


dw” 
2n—1 
— 2n?w(1 — w?)! 


bw) | 14 


dw?n-1 


If (14) is inserted into (9), the resulting series can be 
summed as follows: 


m.Prseett = [rt exp (—jkr)] Do [arn'(—jhr)s}-4| 1 = wy 


n=0 


2) The next best approximation to that of Fresnel is 
obtained by inserting the amplitude factor 


[1 + 2w/r — jkw2'(1 — w?)/2r?| 


in the Fresnel integral. 

3) The next approximation to that of Fresnel must 
improve on both the amplitude and phase approxi- 
mations. 


THE FIELD OF A FINITE LINE SOURCE 


The theory developed above resulted from an at- 
tempt to compute the field of a finite line source by 
means of the exact (9). For the calculations, the current 
distribution assumed was of the form 


TQ) As AncastGe Dy. (17) 


where A was chosen to give a 10-, 15-, or 20-db power 
taper. The power taper T is related to the coefficient A 
in (17) by 


T = 10 logio(i + A)?. (18) 


The calculations were performed by using five terms in 
the series (9) to find II., and then by applying (5) and 
(6) to find E and H. To apply these equations one must 
first express Hy in cylindrical coordinates: 


Qn 2n—1 


=< bi(w) — 2n?w(1 — w?)r! .T EEA bu) | 


“ D/2 
= [Fresnel 4 [(j/4wer) exp (—jkr)] >> [2nw(1 = w?)"1/2"(—jkr)"(n — 1)!] | f I(z)(gkz)?”~* exp (jhewds |. (15) 


n=] 


Now, by letting m=n—1, (15) becomes 
D/2 


T1,Fresnel+ = J] ,Fresnel + [(j/4wer) exp (—jkr)| i 


—D/2 
D/2 


= (—j/Awer) [exp (—Ftr)] f 


—D/2 


These correction terms which should be added to the 
Fresnel amplitude approximation are easy to interpret; 
the wz/r term comes from the next approximation to 
1/R, and the term jkw2*(1 —w?)/2r? comes from the next 
approximation to exp(—jkR), as follows: 


—D/2 


(T(z) exp (jkzw) | a [(m + 1)w(1 — w?)™(jkz)24/2—+1( — jkr)! |dz 


m=0 


GN i + (wz/r) — jkwe3(1 — w?)/2r?] exp [jkew — jko2(1 — w?)/2r|dz. (16) 


Hs 


ee 
Sr odo (19) 


H,=0 H,=0 


_ Roexp (—jkR) = (1/r)[1 + we/r + (2%) [exp (— Jk) (7 — aw + 2°(1 — w)/2r + w(1 — w?)28/2r? + 04) 
= (1/r)[1 + w2/r — jko(1 — w?)z*/2r?| [exp (—jk)(r — sw + 2°(1 — w*)/2r)]. 


Thus, according to the above theory: 


1) The Fresnel approximation is good for 


ee | Dw jkwD*(1 — w°) 
| d 


: fe or. r= 9D*)r, 
ri qi: 


Now, changing to spherical coordinates, (19) becomes 
' ‘ MOE: 4 cos 8 =| 
- sin 
sa | Or r 06 


Hy = 0 


Hs 


(20) 
H, = 0 
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Fig. 2—Power patterns as a function of q for 15-db power taper. 


Since H is given by (20) in spherical coordinates, (6) can 
be applied in spherical coordinates to yield 


1 (6) oll, 0? 
Ey= — —| sino r ) + cos6 Wie 
r or or oroe 
1 On /n8 oll.\ Oo vesin= Geolle (21) 
jj R= E sin” 6 ) + 
ry sin @0L0@ or 00 ar 00 
E¢ = 0 


By the theorem of Barrar and Kay,’ it is permissible to 
perform all the differentiations indicated in (20) and 
(21) on the exact series for II.. 

In the course of the numerical computations it was 
found that (13) was very good, which shows, at least in 
the present case, that the term in (kD)*” is the dominant 
one in bn4i1(w). Using (13) in the present calculation is 
equivalent to using the Fresnel approximation for the 
computation of II,, and then evaluating the Fresnel 
integral asymptotically. Actually, the present example 
is one for which the results of Lechtreck* may be used to 
compute II,¥re"e!, However, the method developed in 
this paper will apply to any problem for which one can 
compute the Fraunhofer field, and thus is applicable to 


8L. W. Lechtreck, “Fresnel antenna patterns,” IRE TRAns., 
vol. AP-3, pp. 138-140; July, 1955. 
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Fig. 3—Far-field patterns as a function of power taper. 


problems which cannot be handled by Fresnel integrals. — 


By carrying out the steps, one can either first perform 
the differentiations (20) and (21) on the integral repre- 
sentation (4) for II,, and then make the Fresnel ap- 
proximations in the integral representations for E and H 
to compute the series answers; or one can perform the 
indicated differentiations on II,Fe"*' to obtain E and 
H directly. The latter would have to. be done to Lecht- 
reck’s results* to make them apply to the vector case. 

In the illustrations, 7 is replaced by the dimensionless 
quantity g by means of 


r = qD?*/X. 

Fig. 2 is a graph of the power pattern as a function of 
qg (or distance). This calculation has been made for a 
15-db power taper, and all curves in this and the suc- 
ceeding figures have been normalized to the far-field 
coefficient | b1(w) | *. As the distance decreases from the 
far field (¢= ~) to fractions of D2/\, the following ef- 
fects are evident. First, as g decreases from ~ to 2, there 
is an appreciable change in the depth of the first mini- 
mum. Second, at a given q, the first sidelobe is more 
affected than the second. Third, the main beam maxi- 
mum decreases as g decreases, though this effect is small 


1 


Or 8A 8, 
4% Nahe yi 
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Fig. 4—Power patterns as a function of power taper for g=1. 


_ until g<0.5. Note that even at g=0.25 the first Fresnel 


_ minimum has not yet been reached. Fourth, the main 
_ beam is slightly broadened, and the loss of the first mini- 
' mum effectively broadens the beam still further. This 
_ broadening is small, however, at the 3-db point. Fifth, 
_ the first sidelobe has disappeared at g=1, and the second 


ratio decreases as g decreases. This statement loses 


_ meaning, however, when the sidelobes disappear. The 


sidelobes also shift position slightly toward broadside. 
It is evident that these results are least accurate for 


: 

| 

4 . 

_ sidelobe at g<0.5. Sixth, the main-beam-to-sidelobe 
: 

; 

| 

; 


ve oe Se Tee ee ee Te Le . 


fe aa 


wa De 


—— 


values of RD cos 6/2 near the far-field minima. To check 
the accuracy of the computation using five terms, addi- 
tional power patterns were calculated in the neighbor- 
hood of the far-field minima using seven terms of the 
expansion. In Fig. 2, the dotted lines for the cases in 
which g=0.5 and 0.25 show the corrected patterns. It is 
seen that at g=0.5 the correction is negligible at the first 
minimum, and barely noticeable at the second mini- 
mum; hence, the first five terms are sufficient. At 
q=0.25, however, even the first seven terms are not 
enough to give three-figure accuracy, as was evident 
from the relative magnitude of the seventh term, The 
“curve shown for g=0.25 based on five terms is an indi- 


cation only and is not quantitatively correct. 
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Fig. 5—Power patterns as a function of power taper for g=0.5. 


Fig. 3—Fig. 5 show the radiation patterns as a function 
of aperture-distribution power taper for three values of 
g. Fig. 3 shows the normalized far-field patterns for 10-, 
15-, and 20-db tapers. Fig. 4 and Fig. 5 show the same 
patterns for g=1.0 and 0.5, respectively. All curves are 
normalized to the far-field values. 

Several conclusions can be drawn. First, Fresnel ef- 
fects occur more markedly at a given gq for the smaller 
power tapers. This phenomenon has been known for a 
long time in connection with phase-error effects in aper- 
tures.® It does not matter whether the phase difference 
at the field point is due to the geometry or to improper 
aperture illumination. The more peaked the aperture 
distribution, or the greater the illumination taper, the 
less the phase errors that are produced by off-center 
currents will be at a given field point. Second, the main- 
beam-to-side lobe ratio is a sensitive function of taper, 
especially as the taper approaches zero and the distribu- 
tion becomes uniform. Third, although it is difficult to 
state that this conclusion is valid for arbitrary current 
distributions, in the present calculation the patterns for 
differing taper become more similar as g decreases. This 


9S, Silver, “Microwave Antenna Theory and Design,” McGraw- 
Hill Book Co., Inc., New York, N. Y., pp. 186-199; 1949, 
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Fig. 6—Phase variation across the main beam as a function 
of g for 15-db power taper. 


a*® conclusion suggests that inferring far-field patterns from 


Fresnel field measurements would require very accurate 
knowledge of the Fresnel field and, hence, would be 
impractical. 

For g= ©, the phase variation would be zero across 
the main beam, and then alternate 7 radians in each 
successive sidelobe. As g decreases, it is natural to ex- 
pect that the phase fronts would no longer be planes. 
The phase was calculated by noting that, although H is 
real in the far zone, for finite g it is complex;in general, 
and may be written 

Hev= Fr 7p, (22). 
where a, 8 are positive or negative real numbers. Then 
the phase angle is 

=‘tany (6/e? (23) 
The relative sign of a and 6 determines the quadrant of 
®. Fig. 6 presents the calculated relative phase variation 
across the main beam as a function of g. Notice that 
even at g=2 the phase variation has departed con- 
siderably from the uniform phase front characteristic of 
the true “far zone.” 
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The Approximate Parameters of Slot Lines 
and Their Complement* 
G. H. OWYANG} anv T. T. WUt 


Summary—An approximate attenuation coefficient due to ohmic 
loss is derived for both parallel slots and parallel strip lines. The 
capacitance per unit length, as well as the inductance per unit length 
of the lines are also obtained. The properties of a transmission line 
immersed in a lossless dielectric are thus completely determined. 
The attenuation coefficient due to lossy dielectric may be approxi- 
mated by similar procedure. 


I. INTRODUCTION 


LOT ANTENNAS are usually fed by waveguides. 
A main disadvantage of this method of driving is 
the bulkiness of the waveguide. As an alternative, 


slot transmission lines as shown in Fig. 1 are being 


studied. The specific purpose of this report is to investi- 


_ gate properties of complementary wire and slot trans- 


mission lines. 


The rigorous solution of the transverse problem en- 
countered with parallel transmission lines constructed 
of strips with finite thickness involves very complicated 
functions such as hyperelliptic integrals. However, for a 


_thickness very small compared with the width and the 


separation, an approximate answer may be obtained by 
a first-order perturbation method. 

The contour of the conducting strips is transformed 
by the Schwarz-Christoffel mapping into infinitely thin 
strips whose properties are already known. The actual 
distribution of current density is then calculated ap- 


- proximately from the known current density on the 


infinitely thin strips and the mapping factor. From the 
current density and the surface resistance of the ma- 
terial, the ohmic loss, and hence the attenuation, is 
obtained. The line constants are obtained as part of the 


analysis. 


The problem of parallel slots is solved by a similar 
procedure in Section IV. 
- Original manuscript received by the PGAP, October 22, 1956; 
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II. INFINITELY THIN STRIPS 


It is well known that by means of the Schwarz- 
Christoffel transformation! 


dz 
—=C, [] @ —w,)~% 
dw (a) 


(1) 


the interior of the rectangle bounded by 1-2-3-4-1 in 
the z plane can be mapped onto the upper half w plane 
(Fig. 2). In the above equation, yam is defined as the 
change in direction of progression along the correspond- 
ing regions in the z plane. Since the strips are symmetri- 
cal with respect to the y axis in the z plane, by proper 
choice of the origin in the w plane, the planar parallel 
strips can be made symmetrical to the v axis. The trans- 
formation is found to be 


dz 


= = Cale = 49 = DY 
Ww 


The constant C; acts as scale and rotation factor. 


Fig. 2. 


In Fig. 2, it is assumed that the vertical sides 1-2 
and 3-4 are electric walls and the horizontal sides 1-4 
and 2—3 are magnetic walls (in the z plane). Therefore, 
all E-field flux lines are s’raight and parallel to the 
x axis and all equipotential lines are parallel to the 
y axis. Consequently, in the w plane, the segments be- 
tween 1-2 and 3-4 on the wu axis are occupied by perfect 
electric conductors, and perfect magnetic conductors fill 
up the rest of the wu axis. From (2) with the proper factor 
the E-field distribution exterior to the electric conduc- 
tors and the current distributions in the electric con- 
ductors may be obtained. This is also true for the case 
of two planar strips placed in air, since in the w plane, 
the removal of the perfect magnetic conductor will not 
disturb the field. 

The rms potential difference is obtained by integrat- 
ing (2) in the space between the strips, 


1E. Weber, “Electromagnetic Fields,” John Wiley and Sons, Inc., 
New York, N. Y., vol. 1; 1950. 
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(1) 
veal Eo| dz | 
(0) 


= 28 f | dw[(w? — A®)(w? — D%)]1| 
0 


_ 2s 
3 
K(k), (3) 


where R=A/D=a/b, Ey is a scalar factor, K(k) is the 
complete elliptic integral of the first kind and & is the 


modulus. 
The total charge per unit length is obtained by inte- 
grating the surface density of charge 7,” 


=> 
Lip Re eon: E, 


over the surface of the strip, 


(2) 
=— Deak f | dz | 
(1) 


=— 2eoBo [| dw| (w? — A%)(w? — D?)]-1/21 


re 2eoEo K b (4) 
at Wee D ( 1) 


where 
= (1 — k?)!”, 
The factor 2 is due to the integration over both the top 
and bottom surfaces of the strip. 
The total rms current may be obtained by integrating 
(2) over the surface of the strip. 


(2) Qio 
i=l): io| dz| = —— K(hi), (5) 
(1) D 


where io is a scale factor. 
The capacitance per unit length is 


January 

Maximum stored magnetic energy per unit length is 
Py = = Vina! = “< poK (k) K (ha). (8) 

The maximum stored electric energy per unit length is 


1 4V. 
P,y=— CV ee = 
gy) b? 


" oK(®K(h). > (9) 


In order that the maximum stored electric energy 
equals the maximum stored magnetic energy, it is nec-: 


essary that 
Vo (=) 
—_—_ = — see £0 
1o €0 ‘ 


which is true for TEM modes. 


Yj 


y 
Z- PLANE 


Fig. 3. 


III. Strips witH FINITE THICKNESS 


Let us consider two parallel strips of infinite length 
perpendicular to the paper, with a thickness 2¢ and 
width (b—a), and placed at a distance 2a apart as 
shown in Fig. 3 in the z plane. By applying equation (1), 
the upper z plane exterior to the strips may be mapped 
into the upper half w plane. The transformation is 

dz 
<= [(w*— BY) (w*—C)}1[(w*= 42) (wt — 


Dye, (10). 


q K (ki) (6) 
CN Ne ie eNG ) ‘ i < 
V , K(k) Since the constant C;in (1) isa magnitude factor and may 
page Velbdacranrelpercanitledctacis be chosen to be independent of the thickness t, it is set 
equal to unity in the above expression. 
jy i a" K(k) In the following investigation, it is assumed that in- 
bo , (7) ee 
0926 K(k) equalities 
where 
1 i<Ka and t<(b— a) (11) 
Uv t-—4 == FO 
; +/ Lo€o are true. 
Integration of equation (10) between points (5) and (6) in the gz plane gives 
(6) B 
im fda fer — BI GW — cH}se[cw? — 4 (w* — DNPH 
(6) A 
DY hae cal C'’— M M + B’ 1/2 
B’ / 1/2 (142) (14 =) i a 
if [=| ard ae 2a 
. At M = oe Av 


SARE Veale BsShoteg. at A Re: Engineering,” McGraw-Hill 
Book Co., Inc., New York, N. Y.; 


(HY 


M+ D’ D’— M Sd | 
ie 
Ce = b b—a | 


For a first-order theory, the higher-order terms in the — 
brace are neglected so that 


1 
4 
4 
: 
r 
| 
2 


SP ee ee ee ae 


ee ee ee 
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(13) 


wT 
ref sri iis aby ay 
ys Meat i 2 


The above result is attained by making the following 
substitutions in (12); 


A= A’+a, 

B= B’+4a, 

Cc=C'+), 

D-= Di 8, (14) 
and then setting 

M=w-a. (15) 


Note that A’, B’, C’, and D’ are small quantities for 
small values of ¢, since as ¢ approaches zero, A and B 
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approach a, and C and D approach 6 (see Fig. 3). In- 
tegrating equation (10) from points (7) to (8) in the 
z plane gives 


(8) 


ais: 
(7) 


dz = [colo — A*)(w* — D?)|1? 
c 


[ot — BY(w* — CD} 


or 
D’'TN—C’ 
jf | 
» LD'—-N 
A similar procedure is followed here except that the 
variable is replaced by 


N=w-—b8. 


]vax re 7 (D’ pi Or; (16) 


(17) 


The integration of equation (10) between the origin and point (5) gives 


A 
‘a e dw|(w? — A*)(w? — D*)}-1/2[(w? — B%)(w® — C2) ]/2 


eatin eg L(G; +1) +1) (5 +1) @tantes Bo] + (5+ +torant(Z+1)e' +a 
= [at ae tape+4}|/2——) mi . Silt 2. 
ris me 
+1 2[ (= ‘CS ieatel '+(F+1)e+ars (G41) @ +3 
: a+1 se), 
FPLC DO-Dermeenp OH t-Hweel) 
OD A(1+2 
6 7 


_ where A=b+a, 6=b—a, and equations (13) to (16) are used in obtaining the above equation. 


Integration between points (6) and (7) in the z plane gives 


b-a= J, “Tw? — B*)(w? — C2)}}/2[(w? — A2)(w® — D*)]-2dw 


a ana ae BA eee | 
B fouls lod w}i+ Tyo 4b Nb — a NW 42d 
(D’ — g'*# - (C’— 9) 


=[(c -g'-—9ye4— fai 


1/2 


(C’ = g)8 + (D! = gy" 


+i)w-o+(Gt 


ic -8 


41) (2+ eS 


D' 
+1) @'- 9) +(F+ 


1) (C= 9) 


af (S +1) (> +1) @- cre 29] ‘+ (S+1)o-0+(F iyi-o 


2t g sk 
aq toarg 1 


(19) 


| 
(aes) | 
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where g = B’—6. Equations (13), (14), (16) and (17) are The leading term in the integrand of 2 when w is far 
used in obtaining the above equation. With equations away from both B and C is | (w?—A?) (D? —w?) |-1. This 
(13), (16), (18), and (19), it is possible to determine the suggests that p2 may be evaluated by adding two suit- 
TOME UN KnOWMsSe4. fi tO and. able correction terms to the integral 

The ohmic loss per unit length is 


Cc 
typ = =f ec es dz | ? if deo|(w? i? mx ia ¥ Ze) 


where tma, is the peak current density, and R*is the sur- ag follows: 
face resistance’ of the strip. The rms current density dis- 
tribution on the strips in the w plane is given by equa- 


Cc C 
tion (2): %.e., ps =| P(w)dw = f dw|(w? — A?)(D? — w?) I-21 
B B 
i = to[(w? — A?)(w? — D%)]-1”, 


where 7 is a scale factor. This may be transformed into ie fat [(D? — w)?(w? — A®)(w? — B) 72 
z plane by dividing it by the mapping factor as given B 

by equation (10). Thus, 

= [(w* = 49)(D* = wt) >} 


dw 
ea [ (w? = A?) (w? =; D?) |? 
dz 


1 —— 19 a 
c 
d 2 42)2(C2 — 2\(D? — 2) [—1/2 
This is the distribution of current density for the right- a ay a [(w *¢ w*)( w')| 
hand strip in the z plane of Fig. 3. 
The integral for P; may be expressed as follows: —|(w? — A*)(D? — w?) |} : 


2 


dig 


I 


dw 
io (fu? = 42)(w* — DN 
dz 


4R° i | dz | In this equation, € is a positive quantity which is small 

- compared with the width of the slot and very large 

4ig?R® if P(w)dw, compared with ¢. Further evaluation yields the following 
A to a first order: 


l| 


oie | 1 a 1 | 1 ieee f[ A B)|-12 A 
ee eer | Ota u aoe eam ee } 
1 c 


Pe UMD me a 


il fe (= —*) 1 4or b— a 
net tata 
Db = Wa Rigi alge BS aes payee 


where Lastly, 
P(w) = |[(w? — A2)(w* — BY)(w* — C%)(w® — D%»)]=1 


1 
2b(b? — a?) 


D 
: Ps =| P(w)dw = 
and I is the contour (5)—(6)—(7)-(8) in the z plane of 7 
Fig. 3. Using the equations (14), (15), and (17), these “w > 

integrals may be evaluated. es éN|(N — C’)(D! — N) 18 = 


The first integral is 


Tv 
2b(b? — a?) 


The ohmic loss per unit length is, therefore, 


B 
- J, hs Pr = Aig®R'[py + Po + Pl 
= eee fo autor — A’)(B' — My Pe: {=|«+ In (= as “) 
2a(b? — a’) Jy, ; bea" Na t b+a 
T fi 4br b-— a 
SS 2a(b? 2) : : at +|* an (= fae “) | : (20) 
*R. W. P. King: “Transmission-Line Theory,” McGraw-Hill The attenuation constant per unit length due to 


Book Co., Inc. New York, N. Y.; 1955. ohmic loss is given by 


g 
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4 = eee He AegEy 
Be aP yates q=- K(k). (25) 
4 = Pe {— E neg (= b= *) The total current is 
850(b? — a?) K(k) K (ki) La Pee tee re 

1 4br b — a Us ee K(k). (26) 

+ —| «+ In( — \|} : (21) 
b t b+a 


The capacitance per unit length is 


where 
2 q K(k) 
0 c= — = 4e) — ) (27) 
£0 = a V K(Ri) 

€0 

and py is obtained from equation (18). This is permissi- LOA EMIS CRC UNE: 

ble because the total charge and the potential difference 1 uo K(ky) 

are the same before and after the mapping. To express (28) 


the attenuation constant in terms of the separation and vc 4 K(k) 


width of the strips, : 
P The total stored energy per unit length is 


(A + 8)2R° { 2 [ 2sn(A — 2 ; : i 
(Che, OP eee ee ee NT LE n= — 
325A K(k) K (ki) fo Aes, tA i rman baat 2 Wee = 2 CV — a wok (#) K(k). (29) 
2 26r(A + 6) 
Cee In ———_—_ 22 
bona 1A } (22) : 

where ae wh 

| ‘ YY Yy YY YH 
his ae ky = [1 — 2?)}? Mi VM“ 
as before. peer 


ie Fig. 5. 


w- PLANE 


Gy YH Y V. PARALLEL SLOTS ON METAL SHEET 
; i Z j WITH FINITE THICKNESS 
: “Fe Lat ° 
oa 


The parallel slots under consideration are on metal 
screen with a thickness 2¢ as shown in the gz plane (Fig. 
Fig. 4. 5). In the solution of this problem almost exactly the 
same procedure is followed as in the case of parallel 
strips with finite thickness. It is assumed that the in- 
equalities [equation (11)] are true. 

The transformation of upper z plane exterior to the 
conductors into the upper half w plane is 


Sh ac ie hk il i a en Bs A hk i ta BN Ta at dal fe ll ee il 


c=b 


IV. PARALLEL SLOTS IN INFINITELY THIN SHEET 


4 This is the complementary case of the infinitely thin 
_ strips and therefore the various quantities may be ob- 
- tained by duality (Fig. 4). The transformation is 

dz 
ae a [(w? — B)(w? — C2) |-1/2, (23) one = [(w? eS D?)|"?[w — B\(we Cre. (30) 
dw 
This expression is normalized as before. 

The unknowns A, B,--- in the w plane may be de- 
termined by integrating equation (30) along specified 
paths in the z plane. In evaluating these integrals, the 
integrands are first written in factors of first degree, then 
where equations (14) and (15) or (17) are substituted. The 

B a following integrals are sufficient for evaluating a first- 
Real Wyo? ee (24) order solution. 
: G y Integration of equation (30) from point (5) to point 

The total charge per unit length is (6), in the z plane gives 


The potential difference across the strips is 


Eo 
V=- a K(), 
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—-—-—lIn 


BY 4 A if 1 
So | aggre ah AOL ne f Pelee to ie ee 
-1(C2 — w*)(B? — w?) |-12, 


Bi T 
B! — 4lai/2 p BS f P(w)dw pS oe Se ee 
or t =| E = | dM = (B' — A’) = - (31) TNS: 2a(b? — a’) 


Bien 


ss 7 
And integration of equation (30) from point (7) to point p; = f P(w)dw = ————) 
(8) in the z plane gives c 2b(b? — a?) 


D 
sh { jdw|(D? — w?)(w? — A?)]}/? and 
i aie 1 Heatran < 
Plies Dawe ON (ra gtoee er (ato) 1/9 = =e n ae is 
le ge eb Sy i Sean 2(b? — a?) \b t ae eS 
D'T DPD’ — MAP T 
fs: GM OD OU eas 
_ Je F _ = ( 2 82) Therefore, the ohmic loss per unit length is 


Integration of equation (30) between point (0) and point (5) in the z plane gives 


yi [Catia gt w?)(D? =a w?) }1/2[(B? = w?)(C? — w?) Jnr 
0 


Ale Al — M12 1 /DY es 1 Dees Ucn) 
-f{ ai | au }i+ oe eee 
eee Dib ee be eM 20 


A’ 1/2 
~(4'+ oe tom+ (GT) | (a— a)’ — 4) aeons 
y iS : ae In | a[(A’ + a)(B’ + a)(A’ + 2a)(B’ + 2a) |"? + (A’ + 20)(B’ + a) + (B! + 2a)(A’ + a) 
B’ +2a a(B’ — A’) | 
8—A’\V2 1 2[(A’ + a)(B’ + a)(5 — A’)(6 — B’)]/2 + (6 — A’)(B’ + a) + (6 — BY)(A’ F a) 
1659) in| re (5 +.a)(B’ — A’) t. (33 


Integrating equation (30) from point (6) to point (7) in the z plane gives 


be [dolor — w*)(w? — A?) 1/2[(C2 — w*)(w? — B?) |-1/2 
B 


A a D! — N\}/2 dep Al—B Al — BY ep eC 
Full aN (Sy) }! odes GaN capa 
t D’ EES 1/2 ys ta 1/2 
= [(D' EC ie g)}? 13 C }2 In a ey an z " et al 
3 ee (le aC -o9m +c +aret+ Mm +anc -o9+(C +a’ - 2! 
CEA (A + g)(D’ — C’) 
ee in | 2” = OC = D+ MC + HPPA + DO + NC -— gH) + (C+ 4’ =e 
(One By = 
te + oa i : 2[(D' — g)(C’ — g)(D' + 28)(C’ + 26) ]¥2 + (D! + 28)(C’ — g) + (C+ 2b)(D! — g) 
C’ + 2b (g + 2b)(D’ — C’) i sais 


The ohmic loss per unit length is Py = 4ie’R*[pi + po + ps + pal 
1 2 te 
ers f Reine? | da| = 4ig2R* ip P(w)dw, Pages { : | oe (= aS 
= —— | ee 
: 4 (b? — a*) la t BAe 
where | 
see 2 2 2 2 2 2 9 1 4br b— a 
P(w) = [[(w pet eee — C2) (io — Dayan oer a+ In paieae \. (35) ¥ 
t a 
The rms current density is given by equation (23) with : 
a scale factor 1, and the mapping factor is from equa- The attenuation constant per unit length due to — 


tion (30). Let ohmic loss is, from equations (29) and (27), 


eee 
> 


Me 


ee eee ee 


Fe OS Se ee ee ee NC eee ty eT Ne 
sj rg , ™ ”" , \ STreaae BS “a . —— 


1958 Owyang and Wu: Approximate Parameters of Slot Lines and Their Complement 55 
aha ms Pr K(k) K(k) 
c Te ) = 5 aes as 
200 Pat max " K(®) eM 
b2Rs 1 ypu ais Sag for parallel slots 
EG val ndGe eal : 
8(6? — a?)¢)K(k)K(hi) la i b+a K(k) Mo K(h:) 
= de ) = — : 
” K(k) 4 K(k) 


+ =| +n(— 36 
Briers feel Be) 


The attenuation constant may be expressed in terms of 
the separation and the width of the slots. 


(A + 6)2Rs 2 25r(A —'8) 
Gee ee et ln | 
325A¢.K(k) K(k) (A — 5 tA 


2 26r(A + 8) 
— In ———————_ ) 
ene oP AL } Ce 
where 


k=a/b, kix=[1—k?]!/2, A=a+5 is the center-to-center 
separation, and 6=0)—a is the width of a slot. 


VI. SUMMARY OF FORMULAS 


The attenuation constant per unit length for the slot 
lines or their complement due to ohmic losses in the 
conductors is 


(A + 6)R° 2 25r(A — 6) 
EEE Ball aa 
326At0.K(k)K(ki) (A — 8 tA 
25n(A + 8) 
rad +5 [= 2 tA i 


where A is the center-to-center separation, and 6 is the 
width of the slots or the strips. This formula is a good 
approximation when the thickness 2¢ is very small com- 
pared with the width and the separation of the strips 
(or slots), but large compared with the skin depth so 
that the surface resistance R* is meaningful. The capaci- 
tance and inductance per unit length are: 

for parallel strips 


In the above formulas k = (A—6)/(A+4). The conduct- 
ance per unit length in either of the above cases is zero 
since the dielectric is air. For a slightly conducting di- 
electric with dielectric constant € and conductivity o, 
the capacitance per unit length is as given above with e 
substituted for €9; the conductance g per unit length is 
given by the formulas for capacitance per unit length if 
€) is replaced by co. In this case a=a,+aqg where ag 
=gR,/2. The resistance per unit length of transmission 
line can be calculated from 


r = 2a,R., 
where 


VII. CoNCLUSION 


It has just been found that the first-order solution of 
attenuation per unit length is the same in form for both 
strip lines and slot lines. 

With the capacitance per unit length, inductance per 
unit length, and the attenuation per unit length, the 
resistance per unit length can be calculated from the 
relation a,=r/2R,. or r=2a,R,, where R,=-~/i/c is the 
characteristic impedance of the transmission line. Since 
the lines are assumed to be in air, the conductance per 
unit length is zero in both cases. Thus the properties of 
the strip lines and slot lines are completely determined. 
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Propagation of Electromagnetic Pulses Around the Earth* 
B. R. LEVY} anv J. B. KELLER{ 


Summary—The propagation of electromagnetic pulses around 
the earth is investigated analytically. The pulses are assumed to be 
produced by a vertical electric or magnetic dipole. The earth is 
treated as a homogeneous sphere of either finite or infinite conduc- 
tivity and the atmosphere is assumed to be homogeneous. It is found 
that very short pulses become longer the further they propagate, in 
addition to diminishing in amplitude. The duration of a pulse which 
is initially a delta-function increases as 6°, where 6 is the angle be- 
tween source and receiver. The results are represented as products 
of several factors, which we call the amplitude factor, the pulse- 
shape factor, the time-dependent height-gain factors for the source 
and receiver, and the conductivity factor. Graphs of these factors 
and of the pulse shape for several cases are given. 


I. INTRODUCTION 


UPPOSE an electromagnetic pulse of given shape 
S and amplitude is emitted by a source on or near 
the ground. We wish to find its shape, amplitude, 
and arrival time at any point beyond the horizon on or 
near the ground. In particular, we wish to determine the 
effects of the ground conductivity along the propagation 
path. We will assume that the source is a vertical dipole 
of either electric or magnetic type and that the earth is 
a homogeneous sphere. By a slight modification of our 
procedure, we could also treat the case in which the 
ground conductivity varies along the propagation path. 
The method of solution consists of two steps. First, 
we must obtain the Hertz vector which represents the 
field due to a time harmonic or periodic source. Then, 
by Fourier superposition of these periodic fields, we can 
obtain the Hertz vector for a delta-function source. 
Other pulse-type sources can be treated by superposition 
of delta-function fields. Wait! also has analyzed the in- 
version of the resulting Fourier integrals by several 
methods for various types of time dependence of the 
source. 

Since the field due to a periodic source has been de- 
termined by numerous authors, our first step is simple— 
we need merely copy the Hertz vector of this field. This 
is done in Section II, the books of Fock? and Bremmer? 
being used as sources. In Section III, we write the 
Fourier integral representing the Hertz vector of the 
field due to a delta-function source. Then we evaluate 
this integral by the saddle point method and obtain a 

* Manuscript received by the PGAP, March 29, 1957; revised 
manuscript received October 1, 1957. The research reported in this 
document has been sponsored by the AF Cambridge Res. Ctr., Air 
Res. and Dev. Comm., under Contract No. AF 19(604)1717. 

{ Inst. of Mathematical Sciences, Div. of Electromagnetic Res., 
New York University, New York 3, N. Y. 

1J. R. Wait, “Transient fields of a vertical dipole over a homoge- 


neous curved ground,” Can. J. Phys., vol. 34, pp. 27-35; January, 
1956. : 


, “A note on the propagation of the transient ground wave,” 
Proc. Symp. on Very Low Frequency Propagation, Nat. Bur. Stand- 
ards, Boulder, Colo.; 1957. 

——, “The transient behavior of the electromagnetic ground 
wave on a spherical earth,” IRE TRrans., vol. AP-5, pp. 198-200; 
April, 1957. 

2V. A. Fock, “Diffraction of radio waves around the earth’s sur- 
face,” Acad. Sci. USSR, Moscow, Russia; 1946. 

3H. Bremmer, “Terrestrial Radio Waves,” Elsevier Pub. Co., 
New York, N. Y.; 1949. 


simple formula as the result for each type of dipole. In 
Section IV, some graphs based on these formulas and a 
discussion of the results are given. 


IJ. THe Fre_p oF A PERIODIC SOURCE 


Suppose a vertical electric dipole is located at the 
point r=p, 9=0 of a polar-coordinate system with the 
origin at the center of the earth. Then its field can be 
expressed in terms of a Hertz vector having only a 
radial component rU,(r, 9, t), by: 


E=VXVX (Us 
t= (e240) VX CD). (1) 
at 


Similarly, the field of a vertical magnetic dipole at 
r=p, 6=0 can be expressed in terms of a radial Hertz 
vector rUn(r, 0, £) by: 


) 
E=—p—VX FU nm) 
ot 


H=VXVX (Un). (2) 


In these equations e, u, and a are the dielectric constant, 
permeability, and conductivity, respectively. These 
quantities are assumed to have the constant values 
€1, Mi, 01 inside the earth (r <a) and the constant values 
€, u, ¢=0 outside it. 

If the field is time harmonic with angular frequency 
w, then 


= tire Ble. Om = Ahn(#, O)e—2". (3) 
We now define the propagation constants k and k; by 
R= w/e, Ry? = wre + iniow. (4) 
It is convenient also, to define 6, and 6, by 
iky?/k? 
6. = = (5) 
(ha) */(h2/) — 1 
f 1 
mi — 6 
(Ra)'/84/(ky?/k?) = 1 (6) 


For large ka both the electric and magnetic Hertz 
potentials u.(r, 8) and u,,(r, 8) can be expressed in terms 
of a single function f(r, 0, 5) 


u(r, 9) = fr, 0, de), Um(r, 8) = f(r, 0, dm). (7) 
The function f(7, 8, 6) is defined by 
= oe (ka)}/6 s ee ena 
w(2'!3r, — yi) w(2!/8r, — yo) 
: w(2'8,) -w(24/8r,) i 8) 


bl a a eG ih lal ee ee ed oe 


1958 


This function also can be written in the form 


_ [2ni sin 6]"/? (ka)/® © exp [i{ kad + 7,(ka)!/9} | 


27a sin 6 DANS. ba 27,62 — 1 
[— — 1) w(2!/87, — yp) 
Leas aes i; (9) 
The quantities yy, and yz in (8) and (9) are defined by 
1/3 
Mure alka rn, —i9) (10) 
a 
21/8 
Dees NH) Cp = 1d). (11) 
a 
The function w(x) is the Airy function 
w(x) = wa f eed (12) 
Vardr 


_ Here T is a contour going from infinity to zero along the 
_ ray arg z= —27/3 and from zero to infinity along the 


positive real axis. The numbers 7,, which depend upon 
6, are the roots of 


w’ (21/87,) 1 


Gh ; (13) 
w(2/r,) 21/85 


It is easily seen, by use of (13), that (9) follows from (8). 
For a perfectly conducting earth, o1= ~, it follows 
from (4), (5), and (6) that 6.= © and 6,,=0. The roots 


ts are denoted by 7,” when 6= » and by 7,° when 6=0. 
~ Upon expanding 7, in powers of 6—! for 6 large, and in 
- powers of 6 for 6 small, one obtains 


i 1 
27,76 87,76" 


iv 2) 


fee (14) 


Tar <> Te 


2 
ee ade he ts (15) 


t= 


_ The numbers 7,” and 7,° are complex, lying on the ray 


arg tT =7/3. The 7's of smallest absolute value are 
To” = 0.808 e**/8 
0 = 1.8560'/8, 


(16) 
(17) 


For a highly conducting earth a; is large so 6, is large 
and 5, is small. Therefore, the series (14) is useful for 
computing Tr; in the electric case and (15) is useful in the 
magnetic case. For the same reason, (8) is more conven- 


- ient for computing f in the electric case, and (9) is in the 
- magnetic case. 


Ill. THe FIELD oF A DELTA-FUNCTION SOURCE 
The Hertz potential U(r, 0, #) of the field due to a 


vertical electric or magnetic dipole having any time 
_ dependence can be obtained by Fourier superposition 
of the periodic potentials u(r, @)e~**' described above. 
Since k=w/c, where 1/c=~/eu, we can integrate with 


respect to & instead of w and obtain 


U6) == f “A(Bulr, ede. (18) 
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In (18) the Fourier amplitude A(k) is determined by 
the time dependence and amplitude of the source. With 
the function u(r, @) defined as in the preceding section, 
a delta-function source has the amplitude A(R) =1. 
In the absence of the earth, the Hertz potential of the 
field due to such a dipole would be 


Uy = (19) 


4rR 
Here R= (r?+p?—2pr cos 6)1/? is the distance from the 
source to the receiver. Thus with A(k)=1, (18) will 
yield the diffracted pulse due to the incident pulse (19). 
To evaluate (18) we introduce the time T defined by 


(=) + 9 cos~! (=). (20) 


This time TJ is just the time measured from the arrival of 
the diffracted wave front at the point (7, 0), assuming 
that the source starts at +=0. We now insert (8) or (9) 
into (18) and set A(k) =1. Let us consider first, the case 
of a perfectly conducting earth. In this case, 7 is inde- 
pendent of & and 64 is either infinity or zero. Then for 
T >0 the contour in (18) can be closed in the upper half- 
plane to yield the value zero for U. Of course, this is to 
be expected from the definition of 7. For T>0 we evalu- 
ate (18), by the saddle point method. This yields the 
first term in the asymptotic expansion of the diffracted 
field as T tends to zero. In the electric case we use (8) in 
(18), set 6,= © and obtain 
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In the magnetic case we use (9) in (18), set 6,,=0 and 
obtain 
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The function v in (21) and (22) is the imaginary part 
of the Airy function, »=Imw. For large positive z, v(z) 
is asymptotic to $2~!/4 exp [ —3z*/?] while for large nega- 
tive z, v(z) is asymptotic to 


(—2)-1/4 sin | = (—2)/2 + =| 


In the intermediate region the values of v(z) have been 
tabulated by Fock.’ 

Now let us consider the case of a finitely conducting 
earth. In the electric case we will use for 7, the first two 
terms of (14) with 6=6,. Upon inserting (8) into (18), 
with this value of r;, and putting A(k) =1, we obtain an 
expression for U,(r, 6, t). For T<0 this expression is 
zero, as before. For T>0 we again use the saddle point 
method. Since 6, is a function of k, determination of the 
saddle point is more complicated than in previous cases. 
Thus, we neglect the term —1/(27,%6.) compared with 
7,* in determining the saddle point. Then we obtain 
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Here 6»* is the value of 6, at the stationary point and 


[5n*| is given by 
1/2 
») / a 
(= 


Sol 
18m | = 
1V. Discussion OF RESULTS 


We have calculated the Hertz vector of the field due 
to a vertical electric or magnetic dipole with a delta- 
function time dependence. For a perfectly conducting 
earth we obtain (21) and (22), while for finite conduc- 
tivity we obtain (23) and (25). Of course (23) reduces to 
(21) and (25) to (22) aso: ©. These results are useful 
at points beyond the horizon and, therefore, only the 
first term (s=0) in each result need be retained. This is 
so because the other terms have relatively rapidly de- 
caying exponential factors. Consequently, our results 
are rather simple formulas. 
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In (23), 6.* is the value of 6, at the stationary point. Its 
absolute value is given by 
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Let us examine U.(r, 0, ¢) for the perfectly conducting 
case when both the source and observation point are on 
the ground (e=a@ and r=a). Then (21) becomes 


U.(a, 0, t) = A-(0)S(T/T 0). (27) 


Here the amplitude A,.(@) is the maximum value of U,, 
the build-up time 7..o(@) is the time at which the maxi- 
mum occurs and S(7‘/T.o) is the pulse-shape factor. A, 
Teo, and S are given by 


3% 1 
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Here 7,=6a/c is the travel time for the pulse to reach | To [5211/2 re3q? /6" sin 6 
the point 6 from the source at 6=0. 1 
In the magnetic case we use the first two terms in (15) = (1.64 96 107°) ae (1 62x 10 *) see 
for 7, with 5=6,. Then using (9) in (18) with A(z) =1 V6" sin 6 64 
we obtain an expression for U,,(r, 0, ¢#). As before, this 4| ro. |*a 
expression is zero for T <0, while for 7 >0 we obtain Teo = 35; OF = (18a TO et eoy 
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Fig. 1—The pulse shape factor S(x) =x~4/? exp [3(1—x-"/2)]. 


S(T/T eo) = (Teo/T)*? exp 3[1 — (Teo/T)/?]. (30) 


A graph of the pulse shape factor S is given in Fig. 1. 
U. is obtained from this graph by multiplying the ver- 
tical scale by A.(@), which is given by (28). 

If the observation point is above the ground (r><a), 
U, is obtained by multiplying (27) by the time depend- 
ent height-gain factor H.(T/T.1(r)) defined by 


TE »[Tea(r)/T — 21/8 | T° | | 
H. im ae a Ra CPscaee 31 
cS o[—21/3 | ro | ] (31) 
In (31) the time T.4(r) is defined by 
Ta(r) = 21/8| 79*| O(r — a)/3c. (32) 


A graph of H.(T/T.1(r)) is shown in Fig. 2. If the source 


_ is above the ground (p>a) a similar height-gain factor 


must be introduced. Thus in general we have for the 
perfectly conducting case 


U.(r, 8, t) 
= A,(0)S(T/T o)H(T/Tea(r)) HT /T er(p)). 


A graph of U, is shown in Fig. 3. 

If the times 7.1(7) and T.1(p) are both small compared 
to the build-up time 7, both height-gain factors are 
effectively equal to unity. Then U, is essentially the 
same as it is for both source and receiver on the ground. 
On the other hand, if T(r) and T.(p) are large com- 
pared to 7.0, the maximum of U, is less than its value 
for r=a, p=a by the factor H.(T0/Ta(r))H.(T0/Te(p)). 
In this case the shape of the pulse is also slightly altered. 

In case of finite conductivity, (23) shows that U, is 
obtained by multiplying (33) by the conductivity 
factor C.(T/T.o, T/T2). This factor is given by 


c= en[xrvn"(1-[1+5-Sapat] )] 
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‘The quantity |6.*|, which depends upon T/T» and 
upon oi, is given by (24) with s=0. Thus we have, de- 
noting by U.” the result (33) for perfect conductivity, 
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Fig. 2—The time dependent height-gain factor H,(x) 
for the electric dipole case, from (31). 
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Fig. 3—The Hertz potential U.(T) for the electric dipole case, based 
on (33). The source and receiver are both 25 meters above the 
ground, which is assumed to be perfectly conducting, and the 
angle @=3/8. The vertical scale is the value of U.(T)/A.(3/8), 
where A, is given by (28). 
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If we insert (33) for U.* this becomes 
U(r, 0, t) = A(9)S(T/T 0) H (T/T a1(r)) 
‘H(T/Ter(p))Ce(T/Teo, T/T2). (36) 


A graph of C, is shown in Fig. 4 and one of U, in Fig. 5. 

A quite similar analysis is also possible in the mag- 
netic case. From (22) we find that the analog of (33) for 
Um in the case of perfect conductivity is 


Um(r, 6, t) 
= An(0)S(L/Tmo)Hm(T/Tmi(r))Bm(T/Tmi(p)). (37) 


The shape factor S is the same as in the electric case but 
the amplitude A,,(0), the build-up time To, the times 
Tmi(r) and Tmi(p) and the height-gain factors H,, are 
slightly different. These quantities are given by 
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Fig. 4—The conductivity correction factor C.(T) for the electric Fig. 6—The time dependent height-gain factor H,,.(x) for the mag- 


dipole case, based on (34). The conductivity o:=4 mho/meter, netic dipole case. The graph, based on (41), is for a height of 25 
appropriate to sea water, while 9=3/8, «/e=81 and w=47: 107 rae 
henry /meter. 


Fig. 7—The Hertz potential U,,(T) forthe magnetic dipole case. The — 
source and receiver are both 25 meters above the ground. The 


Ray oh Tay We Big a he OES graph is based upon (37) for a perfectly conducting earth and 
upon (44) for a finitely eo ae ae nor o1=4 mho/meter. 
Fig. 5—The Hertz potential U.(7) for the electric dipole case and a The two results are indistinguisha e. The vertical scale shows 
e anitely Piucting earth. The source and receiver are both 25 the value of Un(T)/Am, for @=3/8 with An given by (38). For 
meters above the ground, the conductivity o1:=4 mho/meter, any other value of 6, say @=3/8a, the vertical scale must be 
6=3/8, a/e=81 and »=47- 1077 henry/meter. The vertical scale multiplied by a7’? and the horizontal scale by a7, 
is the value of U.(T)/A.(3/8) with U. given by (36) and A, by 
(28). 


In the case of finite conductivity, we find from (25) 


that Um can be obtained by multiplying the result (37) 
=e (3.78°X% 107%) 
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It is given by (26) with s=0. If we denote the result (37) 


A graph of the height-gain factor H,, is given in Fig. 6. for perfect conductivity by Um® we now have 


This height-gain factor is zero at the ground. Therefore, 


graphs of Um are given for >a and p>a in Fig. 7. Unl(r, 6,2) = Un?(r, 8, NO TPE; Tyas (43) 
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_ If we replace U,,* by means of (37) this becomes 


Unt, 8, f) = Am(9)S(T/Tmno)Hm(T/Tmi(r)) 
‘Hy(T/Tmi(p))Co(T/ Tmo, T/T). (44) 


If o,=4 mhos/meter, which is the conductivity of sea 
water, C,, differs from unity by less than one per cent for 


all values of 9. Therefore in this case Um is essentially 
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the same as U,,”, which is shown in Fig. 7. 

The field components can be found from the Hertz 
vector by (1) in the electric case and by (21) in the mag- 
netic case. In the electric case E,=0, and E,=0 at 


_r=a in the perfectly conducting case. The main non- 


zero component of £ is E,. By using (1) and (18) we 
find, for finite or infinite conductivity, that 
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In the magnetic case E,=E,=0. From (2) and (18) 
we find for the only nonzero component of E, 
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E, = (45) 


(46) 


When the source has a time dependence f(t) instead 
of 6(¢), the result for the Hertz vector or the field com- 
ponents can be obtained from those for the delta-func- 
tion source. If Uf denotes the Hertz vector (electric or 
magnetic) due to the source f, and U® the corresponding 
Hertz vector due to the delta-function source, then by 
superposition 

Ul (r, 0, t) = f f(r) Ue, 0,4 — r)dr. (47) 
From this equation we see that the minimum resolution 
time in U/ is the appropriate build-up time 7% or Tmo. 
Thus frequencies higher than 1/7. or 1/7mo are essen- 
tially lost from the pulse. We may describe this by saying 
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that diffraction has the effect of a low-pass filter. This is 
understandable since high-frequency fields do not so 
readily diffract around the earth. 

An alternative to (47), which may be easier to com- 
pute from, is 


US (r, 0, t) = FcR) Ur(r, 6, ¥). (48) 


Here f is the Fourier transform of f(t) and k* is the 
value of k at the saddle point. It is given by 
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Here 7 is To in the electric case and 79? in the magnetic 
case. Although (47) is valid for arbitrary f(t), (48) 
applies only when f() represents a pulse. This limitation 
results because the phase of f was ignored in determining 
the saddle point. 

Finally we must point out a limitation on our result 
(33) in the electric dipole case for a finitely conducting 
earth. This limitation pertains to small values of T. For 
such values of T the stationary value of k or w is large 
in the integral (18) for U.. But our approximate calcu- 
lation of 7,, which occurs in that integral, is based on an 
expansion for large o and it is not valid when w is also 
large. Therefore, the result (23) is not accurate for small 
T. However this range of T is confined to a small inter- 
val which terminates long before the maximum occurs, 
in the case we have considered. No such limitation oc- 
curs in the magnetic dipole case, however, since then 
the expansion for large o becomes more accurate when 
w is large. 


(49) 
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Scattering of Electromagnetic Waves in Beyond-the-Horizon 
Radio Transmission* 
DAVID I. PAUL} 


Summary—A formula is developed for the cross section in elec- 
tromagnetic wave propagation beyond the horizon. The theory as- 
sumes that the propagation is the result of scattering by ellipsoidal 
shaped inhomogeneities in the atmosphere causing variations in the 


- dielectric constant. The method of derivation is straightforward and 


gives a clear physical picture of the nature of the process. Simplifica- 
tions concerning the geometric shape, size, and distribution of these 
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inhomogeneities yield 1) the semi-empirical formula of Norton and 
2) the formula derived by Gordon for large sized inhomogeneities. 
Thus, the physical implications contained in these formulas are 
clearly demonstrated. 


N recent years, the phenomenon of electromagnetic 
hes propagation beyond the horizon in the uhf 
range of the frequency band has assumed increasing 
importance. It is agreed generally that this propagation 
is the result of a single (nonmultiple) scattering of the 
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incident electromagnetic wave by inhomogeneities in 
the region of the atmosphere defined by the intersection 
of the transmitting and receiving beams. These in- 
homogeneities manifest themselves by variations in the 
dielectric constant of the atmosphere. 

It is the purpose of this paper to develop a formula 
for the scattering cross section in beyond-the-horizon 
radio transmission. It is felt that the method presented 
is straightforward and gives a clear physical picture of 
the nature of the process. A general formula for the 
cross section is obtained. Then, by making various sim- 
plifications concerning the geometric shape, size, and 
distribution of the inhomogeneities in the atmosphere, 
we obtain 1) the semi-empirical formula given by 
Norton [1] which has had some success in predicting 
median values of signal intensity, and 2) the formula de- 
rived by Gordon [2]. Thus, the physical implications 
contained in these formulas are clearly demonstrated. 

First we consider the effect of an electromagnetic 
wave incident on a single blob of atmosphere, distinct 
from its surroundings by virtue of its dielectric proper- 
ties. The blob is chosen as ellipsoidal in shape with ar- 
bitrary semi-axes (h, /2, 13). Using the methods of quan- 
tum mechanics we obtain a first Born approximation for 
the electric vector and compute the intensity. Then we 
assume a random distribution of such blobs (i, k, Js) 
in an arbitrary region of the atmosphere and obtain the 
total scattered intensity and thus the cross section for 
scattering from blobs of this size. Finally, we recognize 
that there is a distribution of blob sizes centered about 
some mean size. Assuming a Gaussian distribution of 
blob sizes centered about (h, Js, /3), we add up the con- 
tribution from each blob size and obtain the formula for 
the scattering cross section in beyond-the-horizon radio 
transmission. 

Applying Maxwell's equations where the dielectric 
constant, €, is a function of position and assuming time 
harmonic dependence, we obtain as the differential 
equation satisfied by the electric vector 


— — = 
(V+ R)E= — PB(r)E+ V(V-E), (1) 
where 
€ 
[oJ Me ot (2) 
€0 
Wheelon [3] has shown that if the change of the dielec- 
tric constant, G(r), is less than its rms value in one wave 


— 
length, the term V(V-£) is small. Thus, this term may 
be neglected in the first Born approximation which we 
now write as 


vs = # f Clr) ros vata, (3) 
> => 
where E=ye, G(r] ro) /is the ‘Green’s function for the 


Helmholtz equation, and y,(r) is our first trial function. 
The quantity §(r) is used to define our ellipsoidal blob. 


The evaluation of the integral in (3) is performed in the 
Appendix. We obtain the result 
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where 
B? = 1;2(sin a — cos 4)? + J2°(cos a cos $; — Sin 9 Cos go)? 
+ 1;?(cos a sin ¢; — sin 4 sin $0)”. 


The angles (00, ¢o) define the direction of the scattered 
_—_ 


(F-##) 
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ee 


define the direction of the incident wave k; with respect 
to the coordinate system of Fig. 1 [see (26) ]. The quan- 
tities 1, J, and Js are the semi-axes of the ellipsoid along 
the z, x, and y directions, respectively, while 7 is an 
additional parameter which varies the over-all size of 
the blob [see (23) and Fig. 1]. The quantity Eo sin x is 
the absolute value of the incident wave where sin x 
compensates for deviations from 47 in the angle be- 


ee 
tween E£, in the blob, and in the direction from the blob 
to the receiver. 


wave fo, while 


Fig. 1—Ellipsoidal shaped blob. 


The intensity from a single blob with respect to free 
space intensity is given by I,= | y.| 27 Fiat: hus; 


“ (Ac)?n®(Uilols)*ark4 sin? x 
1670? 


Ty 


exp —377k?B?, (5) 


To find the total intensity, I;, for a random distribution 
of such blobs, we merely sum the intensities of the in- 
dividual blobs, Jy, in the scattering volume Vj; i.e., if 
N is the number of blobs in V;, 7; = NJ. If »v is a factor 
<1 indicative of the closeness of the blobs to each other 
and V;, is the volume of an individual blob, z.e., Vi= 
(4/3)an hilels, then N=vV,/ Vy. 
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The cross section for a random distribution of blobs 
of size (1, Jz, J3) in the region V; may be approximated as 


a1 aT yro?/V; 


3 
ve 64 (Ac)?n*Iilolsvk4 sin? x exp — 497k? B?, 


where the assumption is made that the angles do not 
vary considerably in the scattering region V; (see F ig. 
2). Thus, @, 00, ¢o, and ¢; are now average or mean 
values in the scattering region. Eq. (6) is equivalent to 
(17) and (21) of Booker [4] for an anisotropic medium, 
_ and to (23) of Wheelon [3] for an isotropic medium 
where Gaussian autocorrelation functions were assumed. 

In accordance with our general plan outlined above, 
we now assume a Gaussian distribution of blob sizes 
centered about a predominant size (h, l2, J;) and sum 
the contributions from each different size. Thus, using 


the density function 


p(n) = exp — (1-— »)?/6? 


f p(n)oidn 
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Substituting (6) and (7) into (8), we get 
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where due to the nature of the density function (see 
Fig. 3) it is permissible to extend the integration to in- 
clude the entire real 7 axis. The integration may be per- 
formed exactly, and we obtain the expression 
9 (Ac)*vR 4110136? sin? 
Pe) ees X exp — 342B2/(1 + 42°6?B?) 
128 [1 + 4767B?]5/ 
-{1 + 25-2(1 + 14252 B?)-1} , 


(10) 


SPHERICAL BLOBS 


We now consider, as a special case, spherical blobs 
(J, =l,=13=1) and obtain a formula for the cross section 
which is identical to that obtained by Norton [1] except 
for a constant factor. Thus, recognizing that for spheri- 
cal blobs B?=4/? sin? 4y, where y is the angle between 
the incident beam and the receiving beam (i.e., the 
scattering angle, see Fig. 2), we obtain 

9  (Ac)?vk4/°5? sin? x 
0A ip oamras S01) oaks OU POL es 
128 [1 + 28/6? sin? 4y]*” 


{4+ 36-2(1 + 28267? sin? dy)—1}.. 


2k]? sin? 47 


1 + 2k176? sin? 4y 
(11) 


(6) 


(7) 


where 6 is a measure of the width of the size distribution 
(see Fig. 3), we write as our formula for the scattering 
cross section in beyond-the-horizon radio transmission 
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Fig. 2—Geometry of beyond-the-horizon scatter transmission. 
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Fig. 3—Distribution of blob sizes. 


Applying the condition 


267/?k? sin? dy >> 1 (12) 


analogous to that used by Gordon and letting sin 4y = 

37, (11) may be written as 

p(Ae)?A sin? as v2 +4 
1616%y° 127641? sin? a eis 


Osp “™ 


where J is the wavelength. Again applying (12), we get 
v(Ae)?A sin? x 


el for ; 
16/2535 ? ty) 


osp ™ 
Except for two extra parameters v and 6 contained in 
our formula, which emphasize the density and size dis- 
tribution of the blobs, (14) is the same as the formula 
given by Norton [1] which has had some success in pre- 
dicting median values. If we choose »=6=0.6 and an 
average radius /=20 meters, (14) and Norton’s formula 
are identical. We note the sensitivity of o,, to the two 
parameters v and 6, and suggest that variations in these 
parameters might account for the slow fading (as dis- 
tinguished from the Rayleigh fast fading) observed in 
scatter propagation. 


ELLIPSOIDAL BLOBS 


Experimental evidence indicates that the inhomo- 
geneities in the atmosphere are not spherical. On the 
contrary, measurements by Wong, Herbstreit, and 
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Norton indicate that the blobs are more ellipsoidal in 
shape with the semimajor axis parallel to the earth’s 
surface and the semiminor axis in the vertical direction. 
Thus, we return to (10) giving the scattering cross sec- 
tion for ellipsoidal-type blobs which we now approxi- 
mate as! 

9 (Ae) ?vk4lyl2/36? sin? x 

C™ 
128 {1 + 44262[12y? + 31276,?]} 5? 
$h2[D12y? + $12700?| 

Lee £h6* [Ly 2 410," | 


-e€xp —— 


{1 + 3o-°[1 + $8267 2y? + Ble?) (15) 
where @, is the beamwidth. 
Imposing the condition analogous to (12) 
4R°8*(Li2y? + $1200) > 1 (16) 


and assuming J,=/;, i.e., assuming neither direction is 
preferred in space, we obtain 
y(Ae)?Al ql? sin? x 
ion ~~ 
1655[1,?7? + 2152642 |5/2 


1787 


(17) 


A functional dependence on the beamwidth for aniso- 
tropic media was noted in (27) of Norton [1]. 
Using the relations 


d 


a 


1 1 
a 20; + in = -+- 9 0, 64° ~ 69d/D, 


where D is the diameter of the antenna dish, a is the 
radius of the earth, and d is the distance between the 
transmitter and the receiver, we see that for f= 300 mc, 
d=600 miles, D = 60 feet, the factor y? is approximately 
340 times 6;?/8, while at d=200 miles, y? is approxi- 
mately 52 times #®/8. Thus, we note that if J, is of the 
same size as , then 1,°0,?/8<l,?y?, and (17) reduces to 
(14) for a spherical blob. However, if J, is large compared 
to 1,; 7.e., lz~10h, these terms will be approximately the 
same order of magnitude and an additional factor of 10 
may appear in the denominator or numerator of the 
right-hand side of (17) (depending on the size of #, com- 
pared to y and /, compared to /,). The parameters », 6, 
l,, and J,, of course, are functions of the atmospheric con- 
ditions prevalent during the time of propagation. Scat- 
tering amplitude predictions (except for average values 
based on experimental observation) await the deter- 
mination of precise relationships between the atmos- 
pheric environment and these parameters, and the 
ability to determine or predict such environment at the 
altitude wh’ re scattering occurs. 


1 Referring to Fig. 2, we note that the angle of the incident wave 
a is small and thus cos a~1. Further, the angles 0, oo, and ¢; are 
close to $7; (4.e., Povatdr, do=srt¢0', d:=37+¢,'). From Figs. 
1 and 2, we see that the average values of go’ and ¢,’ are functions of 
the half-beamwidth 46,; 7.e., do’ =¢:’ =00/4./2, while a=4y. Thus, 
the term (sin a—cos 6)?~y?’, the term (sin 0) cos ¢9— cos a@ cos ¢;)?~ 
67/8, and the term (cos a sin ¢;— sin 60 sin 0)? is of order 4,4 and 
may be neglected. 
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DERIVATION OF GORDON’S FORMULA 


It is of interest to note that by assuming a constant 
density function (z.e., assuming that all size blobs are 
present in equal amounts in space) we can derive 
Gordon’s formula [2 | for large J. Thus, we write in place | 
of (7) 
(18) 


pm) = 1, O<n SL, 


where L is determined by the maximum range of blob 


sizes. Then 
1 E 
?¢=— ody, 
=> J 


where / is a very small number close to zero. Since we 
merely desire to obtain Gordon’s formula we can sim- 
plify the writing by immediately assuming spherical 
blobs (4, =l,=/;=1) in (6) and substitute the resultant 
value in the above expression, obtaining 


(19) 


3 
oG = 2a (Ae)*/5vk4 sin? x 


fi L 
is f n? exp — 2n7k?/? sin? 4ydn. (20) 
h 


The integration may be performed exactly yielding 
1 — exp — 4/?k?L? sin? 4 
SH4RAL sin* $y 
Lexp — 4k? L? sin? $y 
7 i } kee 
Al*k? sin? 4 


3S 
¢ = oF (Ac)*/8vk4 sin? x} 


Since obviously the size of the blobs are limited, we may 
put L equal to unity; 7.e., 0<71<1. / must then be asso- 
ciated with a large size blob. Applying Gordon’s con- 
dition 2k7/? sin? }y>>1, the exponential terms can be 
neglected, and we obtain 

3 (Ae)?v sin? x 


CE Se sa SS See 


- (22) 


If we choose v=43, (22) is equivalent to Gordon's 
formula [2]. 


APPENDIX 


In this Appendix we evaluate the expression 
v= # | GO| eB Oy.rar 


given in (3). If we examine Fig. 2 showing the geometry 
of beyond-the-horizon scatter transmission, we note 
that a plane wave constitutes a satisfactory approxima- 
tion for ¥;(r). The quantity B(r) given by (2) is now used 
to define our ellipsoidal shaped blob. Let us take the 
origin of our coordinate system as coincident with ‘the 
center of the blob. The yz plane will be parallel to the 
plane defined by the line joining the transmitter and the 
receiver, and the center of the earth, while the g axis is 
perpendicular to this line and passes through the center 


aes oe ee ee 


Fa Seat 


OY ee ee Oe ee eee Tee Te eee eee ae 


equation - 


42 y? 
Bore 


1? 


See ee (= zt (23) 


| n° Vie 
vhere /;, J2, and /; are the semi-axes of the ellipsoid along 
te z, x, and y directions respectively, and 7 is an addi- 
tonal parameter for the over-all size of the blob which 
wil prove useful. 

Jtilizing the coordinate system of Fig. 1, we may ex- 
panl the Green's function, G(r| ro), where the distance 
fron the blob to the observer is considered large with 


_ respict to the size of the blob. Thus, we obtain 


4 eikR 


G(r |ro) = = 
| ®) 4rR 


etkro—ikr cos ¢ 


Arro 


—> 
wher 7 is the vector from the origin to the variable 
—>, 


pointof integration in the blob, 7» is the vector from the 
ss 


— 
origin to the receiver, ¢ is the angle between 7 and ro, and 


R= |y—ro| . The plane wave Wy; may be written as 
W; = Ey sin xe*i'? = Ey sin xe*r 8 es (25) 
where sin x compensates for deviations from 47 in the 


—_a 
angle between £ in the blob and the direction from the 
blob to the receiver, and & is the angle between the in- 


cident beam and the vector r (see Fig. 1). Noting that 


cos ¢ = cos 6 cos 6) + sin @ sin 4 cos (¢ — do) 


cos § = cos@sina+ sinécosacos(¢— ¢;) (26) 


arid recognizing that 7 sin 6 cos ¢=x, 7 sin 0 singd=y, 


and r cos @=z, we can substitute (23), (24), and (25) into 
(3) and obtain 
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(Ae) Eok? sin xe**r0 ie 2 2 
y= [ffew-G+5+2 
: Anro n 1? 14” 13? 


“exp tkz(sin a — cos 0) + ikx(cos a cos ¢; — sin Oo cos go) 


+ iky(cos @ sin $; — sin 4 sin $o)dxdydz. (27) 


Although the integral in (26) is to be taken over the 
volume of the blob, the limits of integration may be ex- 
tended to cover all space because of the strong zero be- 


havior of §(r) outside of the blob. Thus, recognizing 
that 


nln! exp — F(aln)?, 


f exp — (u\7/?) + iaudu = 


—o 


we may integrate directly and obtain (4) given in the 
text of this paper. 
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Radio Echoes from Auroral Ionization Detected at Relatively 
Low Geomagnetic Latitudes* 
R. L. LEADABRAND}# anp A. M. PETERSONt 


Summary—High-frequency radio echoes from ionization associ- 
ated with the Aurora Borealis have been identified at Stanford Uni- 
versity (geomagnetic latitude 43.75°). The echoes occur at ranges 
between 1400 km and 4700 km corresponding to reflection from 


‘ionization in the zone of maximum auroral occurrence located far to 


the north of Stanford. The formation of the ionization is attributed to 
the bombardment of the upper atmosphere by high-speed charged 
particles emitted from the sun. The echoes have great amplitudes 
with duration times between one second and one hour. Their ap- 
pearance and disappearance is quite similar to the behavior of visual 
auroras; the occurrence of the echoes has been found to be related 


* Manuscript received by the PGAP, June 9, 1956; revised manu- 


script received August 5, 1957. : 
+ Stanford University, Stanford, Calif. 


to geomagnetic disturbances. The heights of reflection appear to be 
between 100 km and 1200 km above the surface of the earth. The 
paths which the auroral signals travel over the relatively enormous 
distance from Stanford to the auroral zone (and back) are greatly 
influenced by the presence of the normal ionospheric layers. The 
echoes have been observed at ranges and bearings which indicate 
reflection from ionization at points along the auroral zone all the way 
from eastern Canada to Alaska. 


INTRODUCTION 


URING studies of the ionosphere by means of 
1.) the long-distance back-scatter technique (oes 
a new type of echo has been observed at Stan- 

ford University [2]. It is believed that these echoes are 
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the result of reflections from ionization associated with 
the Aurora Borealis. The echoes are detected at ranges 
of 1400 km to 4700 km in the direction of geomagnetic 
latitude of Stanford (43.75°) and place the reflection 
centers well within and to the north of the zone of 
maximum auroral occurrence. 

These reflections were first noticed at Stanford at a 
frequency of 6.425 mc. Subsequent examinations of 
continuous scatter-sounding records, made at frequen- 
cies of 17.31 mc and 30.66 mc, have resulted in numer- 
ous instances in which these echoes have been found to 
occur under suitable conditions at 17 mc. Until recently, 
the fall of 1955, none have been identified on the 30-mc 
records. Additional investigations using a frequency of 
12.8625 mc also have resulted in echoes of this type. 

The majority of previous radio investigations [3-20 | 
of auroral ionization have been carried out at geomag- 
netic latitudes (53-67°), which place the observers with- 
in or very close to the auroral zone. This is in contrast 
to the Stanford investigations, which are made at a 
location several thousand kilometers south of the 
auroral zone at the relatively low geomagnetic latitude 
of 43.75°. Also, previous investigations of the auroras 
by radio techniques generally have been made at fre- 
quencies above 30 mc, while at Stanford frequencies of 
6 mc to 30 mc have been used successfully for these 
purposes. 


EXPERIMENTAL RESULTS 
Equipment 


The equipment used to detect the auroral echoes at 
Stanford was developed primarily for the study of the 
ionosphere by the long-distance back-scatter technique 
[21]. 


Echo Characteristics 


The echoes observed at Stanford have a number of 
unique characteristics which distinguish them from the 
usual ground-scatter echoes. 

Depth of Range and Echo Shape: One of the most 
striking characteristics of these reflections is the shape 
of the echo when observed on an A scope. It is about 
1 pulse-width (1.5 millisecond) in range with a rapid 
rise and decay as illustrated by Fig. 1. Thus, it is easily 
distinguishable from the slow decay with range exhib- 
ited by the usual scatter echo. On occasion, closely 
spaced groups of echoes are observed, each 1 pulse- 
width and separated by less than the width of the trans- 
mitted pulse. Examples of such groups of auroral 
echoes are shown in Fig. 2 for 6 mc. 

At times, a more diffuse form of echo is observed. It is 
spread in range by as much as 2 to 3 pulse widths and is 
characteristically lower in amplitude. This echo usually 
is observed shortly before and shortly after the occur- 
rence of the discrete type of echo. An example of a dif- 
fuse echo is shown in Fig. 3. 

Range and Variations in Range with Time: The echoes 
are observed at ranges between 1400 km and 4700 km. 
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Fig. 1—A-scope displays of auroral-zone echo with phase de- 
tector to illustrate rapid Doppler frequency at 6.425 mc. 


Examples of echoes at 17 mc are shown in Figs. 4 and 5, 
p. 68. In Fig. 4, the echoes are shown on a ppi display 
and are at a range of 1600 km; in Fig. 5, they are ata 
range of 3800 km and 4300 km. At 17 mc, sufficient data 
are available to illustrate the distribution of relative oc- 
currence with range; this is shown in the form of a histo- 
gram in Fig. 6. The maximum number of echoes occurs 
at ranges between 3500 km and 4000 km. The range of 
maximum echo occurrence, as shown in Fig. 6, coincides 
with the range from Stanford to the zone of ‘visual 
auroral occurrences. 

During active periods, a change in echo range with 
time has been observed. A frequent form of this change 
in range consists of a series of echoes occurring first at 
relatively long range and then at successively shorter 
ranges in discontinuous steps. During one such example, 
the echo first appeared at a range of 2800 km and then 
moved in a step-like manner to 2300 km in a period of 
15 minutes. Less frequently, an echo is observed to 
move continuously to a shorter range through approxi- 
mately 200 km. The apparent velocities represented by 


the changes in range are frequently as high as 1500 km 
per hour. 
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Fig. 2—Range-time display of auroral-zone echoes at 6.425 mc. 
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Fig. 3—A scope and Doppler display of a diffuse-type auroral-zone echo at 6.425 mc. 
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ARROWS 


_ INDICATE 
AURORAL 
ECHO 
Sos mess IT. 3iMC/s 30.66MC/S 17.31MC/S 
Fig. 4—PPI scatter-soundings showing auroral-zone echo Fig. 5—PPI scatter-soundings showing auroral-zone echoes 
at 1600-km range at 17.31 me. at 3800 km and 4300-km range at 17.31 me. 


Direction of Occurrence: The bearings of the echoes are, 
in most cases, somewhat east of north, which corre- 
sponds roughly to geomagnetic north at Stanford. Occa- 
sionally, echoes are seen in directions other than geo- 
magnetic north; they appear at azimuths as much as 45° 
east and west of geomagnetic north, corresponding to 
reflection over northeastern Canada to Alaska. 

On infrequent occasions a discontinuous change in 
range with azimuthal direction is found to occur. A jump 
of 200 km or more in range has been observed with a 30° 
change in azimuth on 6.4 mc. 

Amplitude Fluctuations and Doppler Shifts: The dis- 
crete echoes appear suddenly and rise in a fraction of a 
second to full amplitude, remain for a length of time, 
varying from a few seconds to many minutes, then dis- 
appear. Fig. 2 is a good example of this behavior. The 
echo usually is found to vary rapidly and discontinu- 
ously in amplitude and Doppler shift of the returned y 2 3 4 ) 6 
energy. The availability of Doppler detection (phase- RANGE IN THOUSANDS OF KM 
path) equipment greatly facilitates the separation of Fig. 6—Minutes of occurrence of auroral-zone echoes at 17.31 mc 
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Fig. 7—Auroral-zone echo occurrence at 17.31 mc compared with 
F-layer criticals at Winnipeg, Man., Can., for the period between 
October, 1952 and March, 1953. 


- ent at the same time. The Doppler shift of the auroral 
echo is much more rapidly varying and erratic than 


that of the usual ground-scatter echo. Ground-scatter 
echoes seldom are observed with Doppler shifts exceed- 
ing 5 cps, while the auroral echoes have Doppler shifts as 
great as 100 cps. These differences are illustrated by the 
phase-coherent detector output shown in Fig. 1. An 


_ auroral echo, superimposed on a ground-scatter echo, is 
_ easily identified when using phase-path recording. 


~The amplitude variations and Doppler shifts of the 
diffuse echoes are quite similar to those of the discrete 
echo. The diffuse echo generally"%s of smaller amplitude 
than the discrete echo. 

The amplitude fluctuations and Doppler shifts are so 
rapid that they appear on the customary A scope dis- 


_ plays as discontinuous jumps at the prf used. In order 


to resolve the fading frequency of the echoes, a high prf 
would be required. This is not practical because of the 
long range at which these echoes appear, and the simul- 
taneous presence of ground-scatter echoes. However, an 
effect similar to a high prf may be obtained by trans- 
mitting, at the customary prf, groups of two pulses 
which are separated by a small time delay. By varying 
the spacing between these two pulses, it is possible to de- 
termine the separation at which successive echoes begin 
to differ appreciably in amplitude. Results from this 
double-pulsing technique have indicated that the am- 


plitude fluctuations occur at rates as high as 100 to 


200 cps. 
Time of Occurrence: At 17 mc, the echoes are found to 


occur mostly during daytime hours. The relationship 


between the rate of occurrence at 17 mc and time of day 
is shown in Fig. 7. The average value of F-layer-critical 
frequencies for Winnipeg, Can., during the same period 
also is shown in Fig. 7. Comparison of the two curves 
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Fig. 8—Histogram showing minutes of auroral-zone echoes as a func- 
tion of the month of the year, for the period between October, 
1952°and October, 1953. 


suggests a possible relationship between F-layer ioniza- 
tion and the occurrence of echoes at 17 mc. At 6 mc the 
echoes occur at nearly all times of day. The hours of 
maximum frequency of occurrence are between 1700 
and 2300 PST. 

The seasonal variation of these echoes has been ob- 
tained from the continuous 17-mc scatter-soundings and 
is shown in Fig. 8. The echoes appear to be observed 
most frequently during the equinoctial and winter sol- 
stice periods. Very few auroral echoes are detected dur- 
ing the summer months. In Fig. 9, the number of min- 
utes of auroral echoes seen at 17 mc are shown for each 
day for a period of one year between October, 1952 and 
October, 1953. 

Occasionally, echoes have been found to occur simul- 
taneously on 17 mc and 6 mc. More frequently, simul- 
taneous occurrence is detected at 6 mc and 12 me. In 
several instances, it has been found that rapid increases 
in amplitude of the echoes (bursts) occur at identical 
times on both frequencies, suggesting that both the 
6-me and 12-mc echoes are the result of reflection from 
the same auroral form. 


Observations at Other Locations 


Observations of these auroral-zone echoes have been 
made at locations other than Stanford. During the 
period between March 19 and March 30, 1954, a field 
station was operated at a location near Tacoma, Wash. 
Also a portable scatter-sounder was operated at Spo- 
kane, Wash. from February 20 to April 20, 1955. Nu- 
merous auroral-zone echoes were recorded simultane- 
ously at Spokane and Stanford during this period. 
These simultaneous occurrences were useful in the de- 
termination of propagation paths. 

The characteristics of the auroral echoes observed at 
these more northern locations were similar to those seen 
at Stanford. More recently, such echoes have been ob- 
served as far south as Sacramento Peak, N. M. (geo- 
magnetic latitude 40°). 
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Fig. 9—(a) Histogram showing minutes of occurrence of auroral- 
zone echoes for each day of the one year period between October, 
1952 and October, 1953. (b) Histogram showing minutes of oc- 
currence of auroral-zone echoes for each day of the one year 

period between October, 1952 and October, 1953. 


Correlation with Auroral Activity 


The seasonal variations in the echo occurrence rate as 
observed at 6 mc and 17 me are consistent with the 
seasonal variations of visual auroral activity. The time 
of occurrence at 6 mc appears to be in excellent accord 
with visual auroral activity. Differences in occurrence 
times at 6 mc and 17 mc appear inconsistent, but this 
may be justified by the mode of propagation. 

A correlation of magnetic activity (R figures) with 
frequency of echo occurrence has been investigated. The 
coefficient of correlation has been found to be 0.85. The 
result of the correlation indicates a close relationship 
between the auroral echoes and magnetic activity. 

The sudden appearance and disappearance of these 
echoes, as illustrated in Fig. 2, is typical of visual auroral 
behavior. The multiple echoes occasionally observed 
can be explained by the presence of several auroral 
forms at different magnetic latitudes. Visual auroras are 
known to show apparent motion, thus giving a possible 
explanation for the echoes which exhibit changes in 
range. 
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It also should be pointed out that the rapid-amplitude 


fluctuations, high-Doppler shifts, and direction of ocy 


currence of these echoes gave the first clues to their ori- 
gin. In these respects, the echoes detected at Stanford | 
are similar to auroral echoes observed at more northern 
latitudes. Workers using vhf radio waves have shown 
the relation between vhf radio echoes and visual 


auroras [7]. 


EXPLANATIONS OF THE OBSERVATIONS 


It has been possible for workers using frequencies in. 
the vhf range at locations close to the auroral zone to 
determine propagation paths and to offer explanations 
of the reflection mechanisms [14], [16], and [19]. Since 
the auroral-zone echoes at Stanford are observed on fre- 


quencies in the hf range, the normal ionospheric layers” 
and sporadic-E ionization have great influence on the 


propagation paths of the auroral signals. Possible reflec- 
tion mechanisms and propagation paths are discussed 
in this section. 


Reflection Mechanism 


The great amplitude of the auroral echoes and the re- 
tention of the transmitted pulse shape by the reflected - 
signals (as illustrated by Fig. 1) suggest specular reflec- . 
tion from a relatively large ionized surface. Such ionized 
surfaces might be related to auroral arcs which are_ 
known to lie along the earth’s magnetic field lines. 
Auroral arcs are, perhaps, a kilometer thick and extend | 


many hundreds of kilometers along the auroral zone. 


In order to determine the electron density of the — 
auroral form necessary for reflection, some reflection — 
' s . ‘ : 
mechanism must be visualized which produces echoes 


with the rapid amplitude fluctuations and Doppler shifts 
observed experimentally. The actual reflection mecha- 


nism for auroral echoes is not definitely known, although | 


several mechanisms have appeared in the literature 
[14], 
plains the rapid Doppler shifts is the one described by 
Moore [24], who proposes that the ionization consists of 


[16], and [19]. The mechanism which best ex- | 


many small ionized trails formed by bundles of incoming | 


auroral protons. 


For the auroral echoes observed at Stanford, the re- | 
flecting surface is visualized as an ionized surface made > 


up of many of these small ionized trails. Thus, the Dop- 
pler frequencies and amplitude fluctuations of the echoes 


may be explained by the rate of formation of ionization | 


in the reflecting surface. 
There have been many cases of auroral echoes which 
occur at 6 mc and 17 mc simultaneously, but more have 


been seen on a frequency of 30 mc at this same time; | 
this allows an upper limit to be placed on the density of | 


auroral ionization assuming a critical reflection mecha- | 


nism. For the 17-mc frequency, an ionization density of 


3.72 X 108 electrons per cc is obtained, and for 30 MC,.aia| 


density of 1.1107 electrons per cc. Thus, the ionization 


density of the auroral forms must lie between these two. 


values: 
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Since the occurrence rate of auroral echoes is greater on 
the lower frequencies, many of the auroral forms must 
have ionization densities which are smaller than 


_ 3.72 X10 electrons per cc. Only 5105 electrons per cc 
are required for critical reflection at 6.4 mc. 


If it is assumed that the auroral reflector is a plane- 
ionized surface having unity coefficient, then the re- 
flector, of one Fresnel zone diameter, would give the 
maximum obtainable amplitude of reflected signal. 

Calculation of the Fresnel-zone diameter for frequen- 


cies of 6 mc, 12 mc, and 17 me give values between 


7 km and 22 km for the frequencies and ranges involved 
at Stanford. 

The amount of power available at the receiver aun- 
tenna terminals after reflection, from a reflector with 
unity reflection coefficient, may be calculated using the 
familiar radar equation 

5 WP GS (1) 
a ak ee gaan 
(4:r)*R4 
The symbols have the following meanings: 


Pr=received power in watts, 
Py=transmitted power in watts, 
G=antenna gain, 
S=radar cross section in meters? (I? for a Fresnel- 
zone reflector), 
R=range in meters, 
\= wavelengths in meters. 


The auroral-zone echoes quite frequently are observed 
to be as great as ten times the noise level of the receiving 
system when observed on A scope. The sensitivity of 
the 17-mc equipment is limited by the atmospheric 
noise level. The average noise level was found to be ap- 
proximately 6X10-“ watts. The calculated values for 


received power are considerably above the noise level 
- for all ranges. Assuming a Fresnel-zone reflector, the re- 


flection coefficient is smaller than unity. Also, the ioniza- 
tion densities would be less than the values necessary for 


critical reflection. An alternative interpretation would 


be that the reflector is a perfect reflector much smaller 
in size. However, the relatively enormous size of auroral 
forms would tend to favor the partial reflection in- 
terpretation. 

The sensitivity of the radar is such that a Fresnel-zone 
size sheet of auroral ionization with a very small re- 


flection coefficient may be detected. The reflection co- 


efficient px, is defined as the ratio of actual received 
power (P4) to the calculated received power for a perfect 
Fresnel reflector. 


The value of this reflection coefficient has been calcu- 
lated for observed values of received signal (P.) equal 
to 10 times and 100 times the noise level of 6X10-"! 
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watts. For 17 mc, it was found that px, the reflection 
coefficient, may vary between 310-8 and 1.51073 
for the ranges and signal strengths involved. 

Assuming partial reflection, it is possible to calculate 
the ionization densities implied by the above reflection 
coefficient. For 17 me, the ionization densities implied 
by reflection coefficients of 10-4 and 10-8 are 1.510! 
and 1.4 X 10% electrons per cc, respectively. 

Also it is conceivable that increased signal strengths 
may be obtained at times on account of the geometrical 
configurations of the aurora. Such increases could aid the 
detecting of very weak auroras. It is well known that 
visual auroras tend to lie along lines which are coinci- 
dent with geomagnetic latitude lines. Although these 
forms appear convex in the horizontal direction, some 
focusing may be possible because of folds appearing in 
the surfaces. Such folds are commonly observed by 
visual means [22 ]. 


Propagation Paths' 


The paths that the transmitted signals travel from 
Stanford to the auroral reflector and back are very diffi- 
cult to determine precisely because of the great distance 
from Stanford to the auroral zone. Workers located at 
more northern latitudes, using vhf radars, can easily 
determine propagation paths by the consideration of 
antenna patterns and angles of arrival. At these more 
northern locations, the propagation paths generally are 
straight lines from the transmitter to the auroral ioniza- 
tion. At Stanford, the auroral investigations are made 
on frequencies (6 mc to 30 mc) that are affected ap- 
preciably by the normal ionospheric layers. It is found 
that the existence of the normal ionospheric layers plays 
an essential part in the observation of the longer range 
auroral echoes. No single model will explain adequately 
the transmission paths of all the long-range auroral- 
zone echoes seen at Stanford. It appears that several 
models are necessary, depending upon the range of the 
echoes and the ionization density existing in the normal 
and sporadic ionospheric layers. 

For the majority of the echoes detected at ranges of 
1400 km—1800 km, a simple straight-line propagation 
path is believed to exist. Reflection occurs at the point 
where a ray from Stanford is incident on the earth’s 
magnetic field lines at right angles (see Fig. 10). 

At times there is sufficient F-layer ionization in the 
direction of geomagnetic north to return the transmitted 
signal to the earth. Auroral echoes observed during these 
times appear to involve an F-layer reflection followed 
by an earth reflection in propagating the signal from 
Stanford to the auroral ionization. Such a propagation 
path is illustrated in Fig. 11. 

Quite frequently, at 17.31 mc, there is not sufficient 


1 Additional transmission modes of importance in the production 
of Long Distance Auroral Echoes have been reported. See S. Stein, 
Stanford University, Stanford, Calif., Radio Propagation Lab., Tech. 
Rep. No. 21, August 20, 1957 and O. Stark, Geophysical Inst., Final 
Rep., Task B, Contact DA 36-039-SC-71137, October, 1957. 
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Fig. 10—Sketch showing typical straight line propagation 
path for auroral-zone echoes. 
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Fig. 11—Sketch showing F-layer-ground reflected propagation 
path for auroral-zone echoes. 


F-layer ionization present in the direction of geomag- 
netic north to return the transmitted signal to the earth. 
However, auroral echoes are seen frequently during 
these times at ranges as great as 4700 km. On first in- 
spection, a straight-line path for such echoes does not 
appear realistic, as the point of reflection for zero take- 
off angle would be located 1800 km above the earth’s 
surface. Also, intersection of such a long-range straight- 
line path with the earth’s magnetic field lines does not 
satisfy the perpendicularlity requirement. The scatter- 
sounding records for the times when auroral echoes oc- 
cur under these conditions indicate that sufficient F- 
layer ionization is present to bend the ray path and thus 
lower the height of reflection. A propagation path in- 
volving ionospheric bending is depicted in Fig. 12. 

Straight-Line Path: Auroral echoes occasionally have 
been observed at Stanford at ranges as short as 1400 km. 
For echoes observed at these ranges, a simple straight- 
line propagation path has been found to exist. 

If it is assumed that reflection occurs at perpendicular 
incidence with the earth’s magnetic field lines, then it is 
possible to determine the height of reflection. In Fig. 13, 
the locus of all points of perpendicular intersection of a 
ray from Stanford and the earth’s magnetic field is 
shown. For echoes appearing at ranges less than 1850 
km, the perpendicularity requirement may be satisfied. 

As seen from this geometry, the height of reflection is 
near 300 km for ranges between 1400 km and 1800 km. 
Angle-of-arrival measurements using variable-height 
antennas have shown that reflection is actually taking 
place at F-region heights. 

These reflection heights are considerably above the 
reflection heights (Z region) reported by workers at 
more northern locations using radio waves in the vhf 
range [7], [8], and [19]. However, the ionization densi- 
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Fig. 12—Sketch showing F-layer deviated propagation path 
for auroral-zone echoes. 
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Fig. 13—Locus of those points at which a line of sight from Stanford 
intersects the earth’s magnetic field lines at perpendicular inci- 
dence for the magnetic north direction from Stanford. 


ties required (in the F region) for the reflection of the 
Stanford signals are several orders of magnitude less 
than those required at very high frequencies for E-region 
reflection [13]. It is known [22] that ionization formed 
by positive particle bombardment is directly propor- 
tional to the luminosity produced. Luminosity as a func- 
tion of height has been determined by Vegard and 
Krogness [25] for various auroral forms, showing that 
the luminosity of the #-region aurora is several orders of 
magnitude greater than luminosity of the aurora at 
higher F-region heights. Thus, the ionization density re- 
quired for reflection at F-layer heights appears to be con- 
sistent with the density required for vhf reflection at 
F-layer heights. 

Ground Reflected Path: The auroral echoes detected at 
Stanford at frequencies of 6 mc and 12 mc are observed 
nearly always at times when F-layer ground-scatter 
echoes are seen in the direction of geomagnetic north. 
This condition is occasionally satisfied on 17 mc but very 
rarely satisfied on 30 mc. The auroral echoes seen during 
these ionospheric conditions are visualized as having 
propagation paths which consist of an F-layer or spo- 
radic F-layer reflection with a subsequent ground reflec- 
tion. A sketch showing an F-layer ground reflected path 
is shown in Fig. 11. 

In this section, the propagation paths of auroral 
echoes consisting of reflection from the E and F layers 
with subsequent ground reflections are discussed. It is 
evident that many different combinations of such re- 
flections are possible depending upon the normal and 
sporadic ionospheric conditions existing at the times of 
auroral occurrence. During certain of these conditions, 
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the end points of these paths and hence, auroral reflec- 
tion, appears to lie within the & layer. During other con- 
ditions, the end points appear to lie within the F layer. 
As direct auroral reflections from the E layer of the 
ionosphere are fairly well known the particular example 
chosen for discussion in this section appears to have a 
reflection height coinciding with the upper F layer. 
However, the discussion, except for the height of reflec- 
tion, will apply equally as well to those echoes having 
E-layer reflection heights. 

In order to test for the existence of this type of propa- 


gation path, an additional experiment was performed. 


The experiment consisted of locating a monitor receiver 
at Tacoma, Wash., approximately 1150 km to the north 
of Stanford. This distance corresponds roughly to the 
distance from Stanford to the ground-reflection point 
for F-layer ground-scatter echoes seen at 6 mc during 
the hours of maximum auroral occurrences (2000 to 
2300 PST). Thus it was possible to monitor the pulse 
transmission from Stanford in order to detect any 
auroral echoes at Tacoma which are propagated over 
the proposed F-layer ground-reflected path shown in 
Fig. ff. 

The monitor receiver was operated during the period 
between March 19 and March 30, 1954, a period of high- 
auroral activity. During that period, many echoes were 
observed at Stanford and Tacoma simultaneously. The 
simultaneous occurrences had time delays which indi- 
cated reflections from a common auroral reflector. The 
auroral echoes seen at Stanford, and not at Tacoma, do 
not necessarily disprove the F-layer ground-reflected 
path. These auroral echoes may have had propagation 
paths in which the ground-reflection point does not co- 
incide with Tacoma location. | 

Additional experimental evidence for the existence of 
the F-layer ground-reflected path has been obtained 
more recently. A 17.31-mc scatter-sounder (the fre- 
quency of the Stanford equipment) was located at 
Spokane, Wash. Spokane is 1200 km from Stanford in 
the direction of geomagnetic north. The equipment was 
operated continuously between February and May, 
1955. 

During the period of this test, numerous auroral echoes 
were observed at Spokane and Stanford. There were 
simultaneous occurrences which have aided appreciably 
in verifying the F-layer ground-reflected propagation 
path. 

The majority of the simultaneous occurrences were 
observed when F-layer ground-scatter echoes seen at 
Stanford indicated that the Stanford signals were being 
returned to the earth in the geomagnetic north direction. 
At this same time there were no F-layer ground-scatter 
echoes seen in the geomagnetic north direction on the 
Spokane records. 

From a typical simultaneous occurrence it is possible 
to reconstruct the probable propagation paths of the 
auroral echoes. The paths are shown in Fig. 14 for both 
Stanford and Spokane echoes. The Spokane propagation 
path must be a straight-line path if it is assumed that 
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Fig. 14—Cross section of earth’s surface and magnetic field lines 
showing probable propagation path of a typical simultaneous oc- 
puters of auroral-zones echoes seen at Stanford and Spokane 
atrl/.31 me, 
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Fig. 15—Cross section of earth’s surface and magnetic field lines 
showing probable propagation path, including F-layer deviation, 
for a typical simultaneous occurrence of auroral-zone echoes seen 
at Stanford and Spokane at 17.31 me. 


there is no F-layer or sporadic-E ionization in the direc- 
tion of geomagnetic north from Spokane. A ray path, 
tangent to the earth’s surface at Spokane, is seen to be 
at a height of 450 km for a range of 2400 km. Thus, the 
reflection center must have been above a height of 
450 km. 

The Stanford propagation path in this case is believed 
to consist of reflection from the F layer and then the 
ground (near the edge of the skip zone) as shown in 
Fig. 14. The range of the Stanford echo (3400 km) allows 
the reflection center for the Stanford echo and the Spo- 
kane echo to coincide at a height greater than 450 km. 
Such great heights do not appear unreasonable, because 
visual auroras are known to occur at heights up to 
1200 km [22]. 

The absence of F-layer ground-scatter is evidence 
that insufficient F-layer ionization is present in the geo- 
magnetic north direction to reflect the Spokane signal 
to the earth. Also, it does not appear likely that the 
Stanford signal is returned to the earth a second time. 
However, it is possible that enough F-layer ionization is 
present to the north of Spokarie to cause these signals 
to deviate appreciably. The deviation (based on calcula- 
tions in a later section) is illustrated by the ray paths 
shown in Fig. 15. It is seen that there is sufficient devia- 
tion to allow the ray path to be incident upon the mag- 
netic field lines at more nearly perpendicular incidence. 
For the particular example shown in Fig. 15, the ray 
path intersects the magnetic field lines at an angle of 
10° from the perpendicular. Also, as a result of devia- 
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tion, the height of reflection has been lowered to that 
determined by the tangent ray at Spokane. 

The nature of the auroral ionization would indicate 
that an appreciable amount of energy is scattered at 
angles near perpendicular incidence. Dyce [11] has 
shown that off-perpendicular angles as great as 6° to 8° 
will allow an auroral echo to be detected with vhf 
radars. 

F-Layer Influenced Paths: Many auroral echoes have 
been observed at Stanford at 17 mc during periods when 
the F layer was not of sufficient density (in the geomag- 
netic north direction) to return the radar signals to the 
earth (see, for example, Fig. 5). It does not appear 
realistic to assume that straight-line propagation paths 
exist for these echoes since the great ranges (up to 
4700 km) place the reflecting centers up to 1800 km 
above the earth’s surface. Thus, propagation paths are 
sought which have reflection centers not higher than 
the height of the F-layer maximum since the Stanford 
short-range auroral echoes are known to occur at these 
heights. Such paths would then undergo bending in the 
F regions; suitable bending could possibly lower the 
height of reflection. 

The scatter-sounding records showing the auroral 
echoes also give an index of the F-layer ionization pres- 
ent in the direction of geomagnetic north. It is seen 
from Fig 5 that no F-layer ground-scatter echoes are 
present in the geomagnetic north direction; they do ap- 
pear, however, in directions slightly away from geo- 
magnetic north. Thus it is not unreasonable to assume 
that there may be sufficient density to cause bending of 
the ray path in the geomagnetic north direction. 

F-Layer Deviated Paths: The F-layer deviated path is 
depicted by the geometry in Fig. 12. This path is one in 
which the F-layer ionization density is too low to reflect 
the ray back to the earth’s surface. In such a case the 
path is only deviated by the F layer. The effect of devia- 
tion, as far as geometrical relationships are concerned, 
is the same as that of being able to radiate at a vertical 
angle less than the zero take-off angle. This would place 
the ray path at an angle much more favorable for its 
intersection of a magnetic field line at perpendicular 
incidence and would allow a lower height of reflection. 

In order to evaluate the effect of deviation, two limit- 
ing cases of F-layer ionization distributions have been 
considered. The actual F-layer ionization distribution 
lies between these two limiting cases. In one case, the 
F-layer deviation is a minimum, and in the other the 
deviation is a maximum. The actual deviation is be- 
tween these two limits. 

The first ionization distribution considered (para- 
bolic F layer) is one in which the deviation is less than 
the actual case. The deviated path is described in terms 
of the geometry of a curved earth and ionosphere 
(Fig. 16). The derivation of the equations describing 
ionospheric deviation is given in Appendix I. 

The results of the calculation of ionospheric deviation 
described in Appendix I are presented in Fig. 17 for the 
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Fig. 16—Geometry of curved-earth curved-ionosphere F-layer 
deviated propagation path. 


4700 KM 


NORMALIZED FREQUENCY RANGE 


p=3.5 


<( ZERO ANGLE 
of TAKE OFF 


OS ANFORD 
DISTANCE IN KILOMETERS FROM STANFORD IN THE DIRECTION OF GEOMAGNETIC NORTH 


Fig. 17—Sketches of F-layer deviated ray paths for 
normalized frequency of p=3.5. 


ionization density profile in Fig. 18(a) and in Fig. 20 
for the profile shown in Fig. 18(c) and Fig. 19. The 
two figures represent the maximum amount of deviation 
(g=3.5) for the two electron density profiles shown in 
Fig. 18(a) and Fig. 18(c). The ionospheric portions of 
these paths are shown in the drawings as straight lines 
for the sake of convenience. 

Thus, even with bending (parabolic case) we are left 
with ray paths of which the lowest or most horizontal 
corresponds nearly to the tangent ray. Paths for the 
echoes at ranges of 4700 km have their end points at 
heights greater than 1500 km above the surface of the 
earth. Also, these paths do not intersect the earth’s mag- 
netic field lines at right angles, but at an angle of 20° off 
perpendicular incidence. For the ionization density pro- 
file in Fig. 19, there is considerably more bending than 
for the simple parabolic layer. Such bending places the 
height of reflection as low as 800 km above the earth’s 
surface, 

The actual deviation due to an ionization profile as 
‘shown in Fig. 18(b) (Chapman layer) lies between these 
two examples calculated (Fig. 17 and Fig. 20). This 
places the lowest possible height of reflection between 
800 km and 1200 km. The angle at which the ray path 
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Fig. 18—Sketches of F-layer ionization density distributions. 
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Fig. 19—Sketch of F-layer deviated ray path for the 
limiting ionization distribution shown. 


intersects the earth’s magnetic field lines is between 10° 
and 20° away from perpendicular incidence. 

The fact that reflection does not occur at right angles 
to the earth’s magnetic field lines for these very long- 
range auroral zone echoes is not difficult to justify. 
There are several possible interpretations. 

One interpretation is that given by Chapman [26]. 
He has stated that there is apparently no reason to be- 
lieve that the auroral particles are precisely constrained 

by the earth’s magnetic field at all heights above the 
surface of the earth. For the great heights of reflection 
found at Stanford, the auroral ionization may not be in 
alignment with the magnetic field lines. 

Another interpretation considers the possibility of a 
distorted magnetic field. As pointed out by Harang [22], 
there is evidence that the earth’s magnetic field is dis- 
torted during an auroral display. The distortion consists 
of depression of the earth’s field towards the south. Such 
distortion would allow a signal from Stanford to be inci- 
dent upon the auroral forms at more nearly perpendicu- 
lar incidence. 

It has been shown by Chapman [26] that auroral 
echoes would not be expected at geomagnetic latitudes 
above 64° because the perpendicular reflection points 
lie below a height of 80 km, which is the lowest known 
height of the aurora. However, auroral echoes are seen 
consistently at such locations as College [7], Tromso 
[14], and Point Barrow [11], which are at geomagnetic 
latitudes of 64°, 67°, and 68°, respectively. All these lo- 
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Fig. 20—Sketches of F-layer deviated ray paths for normalized fre- 
quency of p=3.5, assuming a limiting ionization distribution. 
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Fig. 21—Geometry of transequatorial auroral echoes for a location 
at 45° geomagnetic latitude (approximately Stanford University). 


cations lie in the forbidden region. However, due to the 
high sensitivity of the radar equipments and the nature 
of auroral ionization it appears that echoes may be de- 
tected at reasonable off-perpendicular angles. It has 
been shown by Dyce [11] that near-perpendicular inci- 
dence is obtained for the auroral echoes seen at College 
and Point Barrow. Auroral echoes are seen quite regu- 
larly at both locations, and are most frequently found 
when the angle of incidence on the auroral ionization is 
most nearly perpendicular. Echoes are seen at these lo- 
cations with angles of 6° to 8° from the perpendicular. 

The long-range auroral echoes seen at Stanford are 
believed to be due to near-perpendicular reflections from 
ionization aligned with the magnetic field lines. 

The extreme heights of reflection associated with the 
auroral zone echoes (1200 km) suggests that reflections 
may take place from streams of primary auroral parti- 
cles. In a discussion of the detection of such streams, 
Chapman [26] also has discussed the possibility of de- 
tecting transequatorial echoes. Such echoes, as ob- 
served in the northern hemisphere, would be reflections 
from the primary auroral particles causing the Aurora 
Australis. The geometry of the echoing streams is 
shown in Fig. 21 for a location of 45° geomagnetic lati- 
tude (approximately the same location as Stanford). 
The detection of echoes corresponding to transequatorial 
reflection would be positive evidence that the Stanford 
echoes, occurring at great heights, are due to reflection 
from primary auroral particles. 

The 17-mc and 30-mce radars, with three-element yagi 
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antennas, 1 and 1.7 wavelengths above ground, respec- 
tively, have been in continuous operation for a period 
of three years (October, 1952 to September, 1955). No 
echoes of this type have been observed even during 
magnetically disturbed periods. It does not seem likely 
that such echoes can be seen from Stanford with such 
low-power radars. The optimum parameters for a radar 
which could be used to search for such streams are given 
in the next section. 


RECOMMENDATIONS FOR FURTHER STUDY 


There are several aspects of the long-range auroral- 
zone echoes which need further investigation. The most 
important of these appears to be the determination of 
the exact origin of the echoes occurring at great heights 
(apparently as great as 1200 km above the earth’s sur- 
face). The detection of transequatorial echoes [26], 
would be evidence that these echoes are due to reflection 
from the primary auroral streams producing the Aurora 
Borealis. Although no transequatorial echoes have been 
detected at Stanford during the three years of continu- 
ous investigations, their detection may be possible with 
a suitably designed radar. The range at which trans- 
equatorial echoes would occur, for a geomagnetic lati- 
tude such as that of Stanford, would be approximately 
15,000 km [2]. The height of reflection would be above 
6000 km. Based on the detection of 4700-km echoes at 
Stanford, using a radar operating with 2-kw peak power, 
a radar which could be used to detect 15,000 km echoes 
should have at least 20-kw peak power. The pulse 
length, prf, and receiver bandwidth may be adjusted to 
optimum values for the detection of echoes at these 
ranges. The frequency which should be used for the 
search of transequatorial echoes must be above the muf 
for F-layer propagation. A frequency in the range be- 
tween 15 mc and 30 mc would appear to be above the 
F-layer muf for the majority of the time. The radar an- 
tenna should have a low radiation angle, the lower the 
better. 

Another aspect of the long-range aurora-zone echoes 
which needs further investigation is related to their 
fading rates and Doppler shifts. Measurements made by 
Bowles [7] show that echoes from the rayed structures 
of the aurora, which are the highest of any of the auroral 
forms, have negative Doppler frequencies. The negative 
Doppler frequencies have been interpreted to indicate 
upward discharges. Also, the measurements of the H, 
spectal line in the aurora by Meinel [27 | have suggested 
that the rayed structures of the aurora are not due to 
proton bombardment inasmuch as H/, spectral lines are 
not found in aurora with rayed structure. 

In the case of the auroral-zone echoes at Stanford, 
the small off-perpendicular angle of intersection with a 
magnetic field line indicates that a Doppler shift should 
be observed. The detection of positive Doppler shifts 
associated with the Stanford echoes would be evidence 
that reflection is from the primary auroral streams 
rather than from auroras with rayed structures. 
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The long-range auroral-zone echoes also will come 
under study during the International Geophysical Year — 
[28]. It is not possible to predict the results of such — 
studies at this time, except that many statistics con- © 
cerning their behavior should be obtained. The in-— 
creased number of observations during IGY should © 
make it possible to correlate the echoes more closely © 
with the occurrence of visual auroras. Also, it is not | 
possible to determine, at this time, the geomagnetic ij 
latitudes for the stations which may detect these echoes. | 
It is known that they are detectable from Spokane with ~ 
much the same characteristics as at Stanford. The fact 
that Spokane is 1200 km to the north of Stanford gives 
an indication of the wide latitude spread of locations 
that are useful for these studies. 


CONCLUSION 


The characteristics of the auroral-zone echoes, occur- 
ring at great ranges from Stanford, have been described. 
These echoes are similar in many respects to auroral 
echoes seen at locations with geomagnetic latitudes 
closer to the auroral zone. The occurrence of the auroral- 
zone echoes, seen at Stanford, have been found to be 
correlated with magnetic disturbances. The Stanford 
echoes have been observed at locations along the west 
coast of the United States which are separated by 
1200 km (Spokane, geomagnetic latitude 44°). 

The reflection mechanism of the auroral-zone echoes 
has been discussed on the basis of a partially reflecting, 
semi-infinite, ionized sheet. The ionization densities re- 
quired for reflection are consistent with previous radio 
measurements and also with the values obtained from 
absolute auroral brightness measurements. 

No single propagation path model will fit all the ex- 
perimental data. Instead, it is necessary to consider — 
several such models, depending upon the conditions of 
the normal ionospheric layers at the times when the 
auroral echoes are found to occur. 

For the shorter range echoes (1400 to 1800 km), the 
propagation path is a straight line from Stanford to the 
auroral form. Reflection occurs at right angles to the 
earth’s magnetic field lines, and the reflection centers 
are located at heights of approximately 300 km. 

When there is sufficient F-layer ionization in the di- 
rection of geomagnetic north to return the transmitted 
signal to the earth, the auroral echoes are propagated 
over paths involving an F-layer reflection, followed by 
an earth reflection. The majority of the auroral echoes 
seen at 6 mc and 12 mc and some of the 17-mc echoes 
appear to have such propagation paths. When this 
propagation mode is involved, reflections are believed 
to sometimes take place in the E and sometimes in the 
upper F layer. 

The intersection of the ray path and the earth’s mag- 
netic field lines does not always form a 90° angle. In- 
stead, auroral echoes apparently may still be observed 
with off-perpendicular angles as great as 10°. 

At 17 mc, there quite frequently are times when there 
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is not sufficient F-layer ionization present in the direc- 
tion of geomagnetic north to return a transmitted signal 
to the earth. Auroral-zone echoes seen during these 
times apparently have paths which are nearly straight 
lines from the transmitter to the auroral ionization, with 
deviation occurring when the signal passes through the 
F layer. Such paths appear to be the only ones possible 
for the ionospheric conditions involved. Under these 
conditions the heights of reflection seem to be in excess 
of 1000 km for the 4700-km echoes. Such great heights 
of reflection have never before been obtained, although 
it is well known that sunlit auroras are seen at heights 
of 1200 km [25]. 

It is considered possible that reflection at great 
heights takes place from streams of primary auroral 
particles. However, during the three years of continuous 
observations, made at 30 mc and 17 mc, no echoes of this 
type have been seen in the direction of geomagnetic 

' south. Such echoes would correspond to reflection from 
the primary auroral particles producing the Aurora 
Australis; the height of reflection, assuming perpendicu- 
lar incidence on magnetic field lines, would be in excess 
of 6000 km. The detection of these echoes would tend 
to confirm the hypothesis that the Stanford echoes, oc- 
curring at great heights in the magnetic north direction, 
are due to reflection from the primary auroral particles. 


APPENDIX [ 


CURVED-EARTH CURVED-IONOSPHERE 
Ray Patu DERIVATIONS 


These ray path derivations are made for the purpose 
of evaluating the amount of deviation that a signal 
undergoes in passing obliquely through the F layer. 
Deviation is important in the investigation of the prop- 
agation paths for the auroral zone echoes detected at 
Stanford. In particular, it is important for those echoes 
occurring when there is not sufficient F layer present in 
the direction of geomagnetic north to return the Stan- 
ford signal to the earth. 

The desired ray paths are described in terms of the 
ground distances D,; and D, (see Fig. 16) for the non- 
ionospheric and ionospheric portions of the path, re- 
spectively. 

The nonionospheric portion, D,, is obtained from 


Yl 
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The incremental angle dé may be expressed in terms of 
a, r, and Y,, by consideration of the incremental tri- 
angle in Fig. 16. Thus, 


De aR if ee ae (4) 
ie. m To 

0 rV/1— sin? a s 
where y; is the normalized height corresponding to in- 
tegrating over an angle ¢;. Applying Bouguer’s rule 
(Snell’s law for spherical geometry) 


ur sin a = pwoRo sin ao, 


where yp is the index of refraction in the layer and pp the 
free-space value (u)=1), we obtain 


yi sin ao 
Dz = RRVm f dy. (5) 


0 Vert — r? Ro? sin? ao 


A parabolic distribution of ionization density with 
height is assumed and is given as 


rempt-(} 


where N,, is the maximum ionization density of the 
layer. The index of refraction of an ionized region may 
be expressed in terms of the ionization density as fol- 
lows: 


Ne? 


of (7) 


where e is the electron charge, m the mass of the elec- 
tron, and f the wave frequency. Defining the critical, 
or penetration, frequency of the layer as 


Nime? 


Seve (8) 


mr 


we may describe the index of refraction in normalized 
form as 


1 
pres Dire (29 ay) 2 (9) 

p 
where p=f/f, is the normalized frequency variable and 
y= Y/Y~m is the normalized height variable. Noting that 


r=(Rot+tYny), we may express D, as 


dy 


D> = pRRo Von sin ao 


(Ro + Ymng)? {o* Spe a 


simple geometrical relations and is 
T Ro. 
Di =R E Pie + cos“! & sin as) | (2) 


The ground distance for the ionospheric part of the 
path is 


A 
ss 3 
De if Rd. (3) 


arr (10) 
Ro’p” sin” ao | lig 

(Ro+ Yoav)? f 

Writing (Rot Ymy) =Ro(1—£y), where = Ym/Ro, and 
obtaining the binomial expansion of [Ro(1—&y)]-? we 
have 


: 9 
[Rofl = elt = 5 a 28 + Sey on). 


Neglecting third and higher-order curvature terms, be- 
cause they are of order less than 107°, D» is then given 
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by 
ES hey i SES + 3£*y? 


D2 = M Liga, ene (11) 
where 
b = 1 — Ep? sin’ ay 
o” COs” ao 
De Sotieinlan 
M= r= Vm sin ao(1 — 3p7&? sin? ay)—/?. 
0 


Eq. (11) may now be integrated readily as the sum of 
three standard integrals. Performing this integration 
and neglecting second-order curvature terms, because 
their contribution is of order 10-?, we obtain 


R 
De = — pY¥m Sin ao 
Ro 
—b+ 2— 2by, + ¢ 
fa — 2£) log stag Mea EY act el Me Ee es vi ob 
\ Wicaec AD 


+ 2&[Ve — (yi? — 2by1 + apt ay (les 


The constants m, 6, and c have also been reduced by 
' neglecting second-order curvature terms and they are 


b = 1 — &p? sin? ap 


Cc = p* cos? ag 


mM R, pVm Sin ao. 
In the case where the ray is not returned to the earth by 
the ionized layer, the end point of the path describing 
the ground distance D, is at the top of the layer, or at 
y,=2. This gives an expression for Ds, the ground dis- 
tance, such that 


January 


come infinite; 7.e., when the denominator in the logarith- 
mic term goes to zero, or 


p COS aoe + 0.1523p? sin? aoe — 1 = 0. 


(15) 


Thus, the value ap in (14) must have the following 
limits: 

0 < ao < Qe, 
where ap, is determined from (15). 

In order to determine the amount of deviation, (2) 
and (14) were evaluated by means of the IBM card 
programmed calculator of the Stanford Computation 
Center for various values of the frequency variable p 
and for all applicable a. 

The arguments presented have been based upon ray- 
path derivations in which it has been assumed that the 
F-layer ionization density varies parabolically with 
height as given in (6). This parabolic ionization dis- 
tribution, shown in Fig. 18(a), is a convenient first ap- 
proximation to the actual ionization distribution in the 
layer. Although the actual distribution of the F layer is 
not completely known, the most probable ionization 
distribution of the F layer is that given by Chapman 
[see Fig. 18(b) ], and is known as a Chapman layer [23]. 
The lower half of the Chapman layer has been shown to 
be a good approximation to the actual distribution by 
experimental measurements. However, for the Chap- 
man layer, the ionization distribution lying above the 
layer maximum is obtained from calculations based on 
the theory of production of the F layer. No experimental 
evidence is available to substantiate this ionization dis- 
tribution. 

Ray path results based upon parabolic-layer assump- 
tions, in which only reflection is considered, have been 
shown to be in good agreement with experimental re- 
sults. The use of the Chapman distribution in such cal- 
culations has been limited by the mathematical diffi- 
culty involved in the ray path analysis. For ray paths 
which penetrate the maximum of the F layer, it is 


1 + &p* sin? ap + ~/4Ep? sin? ap + p? cos? ag 
g 


R 
Ds == pY¥m sin col ( — 2) lo 
Ro 


p COS ao + Ep? sin? ay — 1 


+ 2&(p cos ay — +/4ép? sin? ay + p? cos) | . 


Evaluating the constants, D, reduces to 


Dz = 94p sin ap log ( 


(13) 
1 + 0.01523 sin? ap + +/0.06092p? sin? ay + p? cos? ay 
p COS a + 0.01523p? sin? ao — 1 
+ 2.953p sin ao(p cos ay — +/0.0692p? sin? ay + p” cos? x). (14) 


The values which a may take are limited by that ay 
which corresponds to the ray being reflected from the 
layer. The value of a corresponding to reflection is ao, 
and is determined by that value which makes D, be- 


necessary to carefully evaluate the limitations involved 
in using the parabolic-layer assumptions. 

This may be accomplished by considering the ioniza- 
tion distribution shown in Fig. 18(c). This distribution 
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makes use of the parabolic assumption for the part of 
the layer below the maximum. For the portion of the 
layer above the parabolic maximum, a constant dis- 
tribution of ionization density with height is assumed 
to be a limiting case. The true distribution, no doubt, is 
not constant but resembles the Chapman distribution, 
Fig. 18(b), more or less closely. However, inasmuch as 
the actual distribution is not definitely known, it is be- 
lieved that this limiting case is useful in showing the 
maximum amount of F-layer deviation that may be ob- 
tained. Re-evaluation of the ray path tracings shown in 
Fig. 17 are made, using this limiting case distribution 
shown in Fig. 18(c). 

For the distribution shown in Fig. 18(c), the deviated 
ray path will resemble that shown in Fig. 19. The non- 
ionospheric portion of the path is given by the length 
OA. The ray will be made to deviate, as in previously 
calculated examples, by the lower half of the layer, and 
_ is shown as path AB. In reaching the maximum of the 
layer, the ray will no longer be deviate, but will continue 
in a straight line until it strikes the hypothetical auroral 
reflector C. The angle a; between the ray and the radius 
vector at the layer maximum may be computed by using 
the relations developed in Appendix I. That is, the angle 
a, may be expressed in terms of ay by means of Bouguer’s 
rule (Snell’s law for curved geometry) as 


Ro sin 
Molto ao (16) 


sin ay = 
Milt 


where 


fo =index of refraction of free space (=1), 
fi = index of refraction at the maximum of the layer, 
Ro=radius of the earth plus the height of the bottom 
of the layer, 
r1=Ro plus Ym, the half-thickness of the layer. 


The index of refraction at the maximum of the layer is 
given in normalized form by 


wr = V1 — 1/¢° (17) 


where 


ui =index of refraction at the maximum of the layer, 
p=normalized frequency variable (f/f:). 


Thus, the a, is given by 


a =e | in 
a) 
where 


Ry = 6367 + 200 km, 
r,; = 6367 + 300 km. 


Ro sin ag 


(18) 


The angle a: is calculated for the applicable values of 
ao and p. 


Leadabrand and Peterson: Radio Echoes from Auroral Ionization 79 


BIBLIOGRAPHY 


[1] Peterson, A. M. “The Mechanism of F-layer Propagated Back- 
Scatter Echoes,” Journal of Geophysical Research, Vol. 56 (June, 
1951), pp. 221-237. 

[2] Peterson, A. M. and Leadabrand, R. L. “Long Range Radio 
Echoes from Auroral Ionization,” Journal of Geophysical Re- 
search, Vol. 59 (June, 1954), pp. 306-309. 

[3] Aspinall, A. and Hawkings, G. S. “Radio Echo Reflections from 
the Aurora Borealis,” Journal of the British Astronomical Asso- 
ciation, Vol. 60 (April, 1950), pp. 130-135. 

[4] Booker, H. G., Gartlein; C. W., and Nichols, B. “An Interpreta- 
tion of Radio Reflections from the Aurora,” Journal of Geophysi- 
cal Research, Vol. 60 (March, 1955), pp. 1-22. 

[5] Bowles, K. “The Fading Rate of Ionospheric Reflections from 
the Aurora Borealis at 50 Mc/s,” Journal of Geophysical Re- 
search, Vol. 57 (June, 1952), pp. 191-196. 

[6] Bowles, K. “Doppler Shifted Radio Echoes from the Aurora,” 
eeu of Geophysical Research, Vol. 59 (December, 1954), pp. 

[7] Bowles, K. “Some Recent Experiments with VH Radio Echoes 
from Aurora and Their Possible Significance in the Theory of 
Magnetic Storms and Auroras,” Ph.D. dissertation, School of 
Electrical Engineering, Cornell University, Ithaca, N. Y., June 


[8] Bullough, K. and Kaiser, T. R. “Radio Reflections from Auro- 
rae,” Journal of Atmospheric and Terrestrial Physics, Vol. 5 (Sep- 
tember, 1954), pp. 189-200. 

[9] Currie, B. W., Forsyth, P. A., and Vawter, F. E. “Radio Reflec- 
tions from the Aurora,” Journal of Geophysical Research, Vol. 58 
(June, 1953), pp. 179-200. 

[10] Davidson, D. “Reflexion of High Frequencies During Auroral 
oe Nature (London), Vol. 167 (September, 1951), pp. 
277-278. 

[11] Dyce, R. “Communication Aspects of VHF Auroral Reflec- 
tions,” Ph.D. dissertation, School of Electrical Engineering, 
Cornell University, Ithaca, N. Y., June 1, 1955. 

[12] Flood, W. A. “lIonospheric Fading-Measurements,” Master’s 
thesis, School of Electrical Engineering, Cornell University, Ith- 
aca, N. Y., June, 1952. 

[13] Forsyth, P. A. “Radio Measurements and Auroral Electron 
Densities,” Journal of Geophysical Research, Vol. 58 (March, 
1953), pp. 53-66. 

[14] Harang, L. and Landmark, B. “Radio Echoes Observed During 
Aurorae and Geomagnetic Storms Using 35 and 74 Mc/s Waves 
Simultaneously,” Journal of Atmospheric and Terrestrial Physics, 
Vol. 4, (January, 1954), pp. 332-338. 

[15] Harang, L. and Stoffregen, W. “Echoversuche auf Ultra Kurz- 
wellen,” Hochfrequenztech. und Electroakust, Vol. 55 (1940). 

[16] Hellgren, G. and Meos, J. “Localization of Aurorea with 10-mm 

High-Power Radar Technique Using a Rotating Antenna,” 

Tellus, Vol. 3 (March, 1952), pp. 249-261. 

Lovell, A. C. B., Clegg, J. A., and Ellyett, C. D. “Radio Echoes 

from the Aurora Borealis,” Nature (London), Vol. 160 (Septem- 

ber 13, 1947), p.°273. ; 

McKinley, D. W. R. and Millman, P. M. “Long-Duration 

Echoes from Aurora, Meteors, and Ionospheric Back-Scatter,” 

Canadian Journal of Physics, Vol. 31 (February, 1953), pp. 

171-181. 

[19] McNamara, A. G. and Currie, B. W. “Radio Echoes During 
Auroras,” Journal of Geophysical Research, Vol. 59 (June, 1954), 
pp. 279-285. par 

[20] Thayer, R. E. “Radar Echoes from the Aurora Borealis, Mas- 
ter’s thesis, School of Electrical Engineering, Cornell University, 
Ithaca, N. Y., June, 1952. : 

[21] Peterson, A. M. A Scatter-Sounder for the Study of Sporadic 
Ionization in the Upper Atmosphere, Stanford: Stanford Univer- 
sity, Radio Propagation Laboratory, Technical Report 1, Con- 
tract DA-04-200-ORD-181, September, 1953. 

[22] Harang, L. The Aurorae. New York: John Wiley & Sons, Inc., 
if 


(17 


7 


[18 


paes, 


951. 

[23] Mitra, S. K. “The Upper Atmosphere,” The Asiatic Society of 
Calcutta, (June, 1952), pp. 419-420. : , 

[24] Moore, R. K. “Theory of Radio Scattering from the Aurora, 
IRE Transactions, Vol. PGAP-3 (August, 1952), pp. 217-229. 

[25] Vegard, L. and Krogness, O. “The Position in Space of the Au- 
rora Polaris,” Geophysical Publication (Oslo), Vol. 1 (1920). 

[26] Chapman, S. “The Geometry of Radio Reflections from Auro- 
rae,” Journal of Atmospheric and Terrestrial Physics, Vol. 3 
(January, 1952), pp. 1-29. ie 

[27] Meinel, A. B. “Doppler-Shifted Auroral Hydrogen Emission, 
Astrophysical Journal, Vol. 113 (January, 1951), p. 50. 

[28] Peterson, A. M. and Villard, O. G., Jr. A Preliminary Proposal 
for Fixed-Frequency Back-Scatter Sounding During IGY, Stan- 
ford: Stanford University, Radio Propagation Laboratory, Mem- 
orandum, February 18, 1955, 


80 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


The Geometry of Auroral Communications* 
R. L. LEADABRAND} anv I. YABROFFt 


Summary—As early as 1939, radio amateurs found auroral ioniza- 
tion useful for communication purposes. Such ionization makes hf 
and vhf propagation possible over paths as great as several hundred 
kilometers when other more normal ionospheric propagation modes 
do not exist. The geometry of reflection is investigated for a variety 
of transmitter locations based upon the assumption of specular re- 
flection from columnar ionization aligned with the earth’s magnetic 
field lines. The results of the investigations outline the region of use- 
ful auroral ionization and the regions on the earth within which the 
auroral propagation is possible. The probability has been determined 
of obtaining propagation from a particular transmitter location to any 
receiver location within the region of propagation. These geometrical 
studies allow the communicator to predict the most useful transmit- 
ter and receiver locations in utilizing auroral ionization for communi- 
cation purposes. The studies also may suggest methods of minimizing 
the effects of auroral propagation when it is considered a detrimental 
propagating mode, for example, when it results in undesirable multi- 
path effects. 


I. INTRODUCTION 


HIS REPORT deals with the geometrical aspects 
Abe radio communication by means of reflections 

from auroral ionization. Based upon the results of 
these geometrical calculations, interpretations are given 
of the possible modes of propagation for previously re- 
ported auroral communications. 

Many investigators!—!” of the ionosphere have estab- 
lished that radio propagation by means of reflection 
from auroral ionization is possible. This phenomenon, 
first observed by radio amateurs in 1939,1! has been in- 
vestigated more recently at several locations by Dyce!-3 
and was reported by Bailey, ef al.4 The geometry of 
radio reflections from the aurora was discussed by Chap- 
man’? for the case in which the transmitter and receiver 
are at the same location (radar case), Chapman’s analy- 


* Manuscript received by the PGAP, November 1, 1956. 
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76-80; April, 1955. 
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11-15; January, 1955. 
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sis was based upon the interpretation that echoes should 
be received when a ray from the transmitter intersects 
the earth’s magnetic field lines at perpendicular inci- 
dence. 

The normal incidence restriction is not asserted. In- 
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; 
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| 

| 
| 
| 
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stead, the reflections are considered to be specular (or 
nearly specular) from small auroral columns of ioniza-_ 
tion that are aligned with the earth’s magnetic field | 
lines. This interpretation is consistent with the present 
knowledge of auroral reflections.'*:'4 The dipole approxi- _ 


mation to the earth’s magnetic field is assumed. 


II. GEOMETRICAL DERIVATIONS 


The relations developed in this section were obtained 


for later evaluation by means of a Model 650 IBM cal- 
culator at the Stanford Computation Center. Hence, the - 
order of derivation follows the scheme most easily pro-_ 


grammed for computer solution. 

The location of the auroral column with respect to 
the transmitter is described in terms of £, tir, D, and G 
(see Fig. 1) where 


£=azimuthal bearing to the column (measured from | 


magnetic north), 


G=distance represented by the difference in geo- 
magnetic latitude of the column and the trans- 
mitter, 


D=distance represented by the difference in geo- 


magnetic longitude of the column and the trans- 


mitter, and 


Tr =great-circle distance from the transmitter to the 
column. 


Thus, applying spherical trigonometry, 


atG 
sin — 
té f 
cot £ = ——_—_—_— | 
a (1) 
tan — 
5 
eG 
Sli (2) 
: r 
‘ir = rsin? |——— 
cos’ 4] 
sin 
71 = sin7! ] 
ee : 
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regularities With Application to Radar Refleciians from the ee 
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Fig. 1—Location of auroral column with respect to 
transmitter location. 


where the angle between the transmitter ray and the 
meridian plane containing the auroral column is de- 
fined as 71. 

The dip angle 6 of the dipole field at the column loca- 
tion (Fig. 2) is given by 


1 G 
6 = tan“? {> tan (« = =) (4) 
2 r 


where a is the geomagnetic colatitude of the transmitter. 

In order to find the location of the reflected ray on the 
meridian line of the auroral column, the geometry of a 
plane earth is used (Fig. 3). The earth’s surface is taken 
as the xy plane, and the auroral column is inclined at an 
angle @ on the xz plane. The origin of the coordinate 
system is taken as the projection of the trail on the 
earth’s surface. The location of the transmitter in this 
coordinate system is given as x, and y;. Transformed 
from the curved-earth geometry to the plane-earth 
geometry, 


h sin 71 ° (5) 
oe cos Y1 < 
rth 
= COST 1 
Yr 
and 
h sin 71 : 6) 
° t sin ¥1 
= rth 
=~00S-Tz 
r 


where r is the radius of the earth. 
The distance between the auroral column and the 
transmitter is 717. The equation of the auroral column-in 


this coordinate system is 


(7) 


The angle between the transmitted ray and the auroral 
column expressed in terms of xz, @, h, and R; is o; where 
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Fig. 2—Geometry of the earth’s magnetic field. 
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Fig. 3—Plane earth geometry of auroral reflection. 


x,sin 6 — hcosé@ 


Ry 


(8) 


cos a, = 


For reflection 


COS 1 = — COS a2 (9) 
where o2 is the angle between the auroral column and 
the reflected ray. 

Thus, the reflected signal describes a conical surface. 
The intersection of this conical surface with the earth’s 
surface gives the locus of all points which may receive 
the reflected signal. The equation of the locus is, 
from (9), 

i x eesind — hose __ #p sin 8 — h cos 0 (10) 
R Ri R, 


Squaring both sides and simplifying, 


R22 = R2(xp? sin? @ + h? cos? 6 — 2xrh sin @ cos #) (11) 
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where 
Re = yr? + xr? +? (12) 
and 
2 2 h? 
nisl Leite (13) 
(x; sin 6 — h cos 6)? 
Thus 
yr? + (1 — R?® sin? 0)xp? + 2xeR*h cos 6 sin 0 
+ W2(1 — R? cos? 6) = 0. (14) 


In order to find where the curve formed by the intersec- 
tion of the cone and the plane crosses the meridian line 
of the auroral column, yr is set equal to zero. The value 
of x, is then 


nn ss —b+ — — 4ac (15) 
where 
a = (1 — R? sin? 6) 
b = 2R*h cos 6 sin 0 
c = (1 — R? cos? 6)h?. 


If the angle between the ray and the auroral column 
(o1) is less than 90°, then the positive root in (15) must 
be chosen. If the angle between the ray and the auroral 
column is greater than 90°, the negative root in (15) 
must be chosen. Choosing the improper root would not 
give the receiver locus, but would give the transmitter 
locus for constant 04. 


Ry 
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iG 
COSta == SINT CO saya 
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r 
cos B = = sin 71 SIN Y1 
1 


cos Y = = (cos ™m—-1-— “), (18) © 
R, r 
The direction cosines of the auroral column are 
| cos a = sin 8 
cos 8 = 0 
cos y = cos 0. (19) 


Thus, the angle between the ray and the auroral column 


is 0; where 


r 


cos oj = — sin 71°Cos y1 sin 0 
a 
r h 
— —{1— cost; + — } cos @. (20) 
R, if 
The condition for reflection is . 
COS g1 = — COS ge (21) 
or 
. . h 
sin 7; Cos y; sin @ — { 1 + — — cos7;} cos 0 
r 
RIM ; h 
=— Sisk T2 COS y2sin@ — (1+ — —coste2)cos@ (22) 
2 r 


Solving for cos y2 where y2 is the bearing from the 
auroral column to the receiver, 


’ ; h h 
— 54 sin rs cos 71 sin 0 — (1 + —— cos r:) cos oh + (1+= — cos 72) cos 6 


Yr 


ut 


cos Y2 = 


The great-circle distance 727 corresponding to xz may 
now be obtained by plane-earth to curved-earth trans- 
formation as 


Yr eee ( a *) 4/ he tan=4 eke 1 
iY = Ol TF ee eee 
T2 1 z me an = s+. +(16) 


In order to determine the remaining (nonmeridian) 
points of the locus, it is most convenient to revert to the 
geometry of a spherical earth with the center of the 
earth taken as the origin of the coordinate system. The 
equation of the transmitted ray in this coordinate sys- 
tem is 


id y 


_ 2-(¢t+h A 
rcost: — (r+ h) on 


rsint,;cosy1 *rsinzt,siny; 


and has direction cosines 


; (23) 
sin T2 sin 0 

where 
R, : h ° 
= sin? r, +( 1+ — — cos 2) (24) 

r 

and ‘ 
Ri : h 2 
et = sin? 7; + (1 +'— —*cos rs) ; (25) 

r 


The order of computation using these equations follows. 


1) Specify G, D, a, and h. 

2) Compute 717 using (2). 

3) Compute G/r. 

4) Compute 71 using (3). 

5) Compute @ using (4). 

6) Compute «x; and 4; using (5) and (6), 
7) Compute xz using (15). 

8) Compute ror using (16), 
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Fig. 4—Sketch describing the calculation of auroral 
communication locus. 
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Fig. 5—Typical receiver locus. 


9) Add 100 km to t27 and compute 72 using (23) to 
(25)s 
10) Repeat step 9) until xr exceeds great-circle dis- 
tance, corresponding to a ray tangent to the 
earth’s surface and intersecting the column at a 
height h. 


The geometry of these calculations is shown in Fig. 4. 

The actual calculation results in a typical receiver locus 

as in Fig. 5. The effect of changing the height of reflec- 

tion is shown in Fig. 6. 

Calculations using the preceding relations have been 

made for the following transmitter locations, assuming 
a height of reflection of 100 km. 


1) Anchorage, Alaska (geomagnetic colatitude = 29°), 

2) argo, N:.D. (geomagnetic colatitude = 33.5°), 

3) Cedar Rapids, Iowa (geomagnetic colatitude 
re if be . 

4) College, Alaska (geomagnetic colatitude = 26°), 
and 

5) Goose Bay, Labrador (geomagnetic colatitude 
= 960), 
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Fig. 6—Effect of changing height of reflection on typical 
receiver locus. 


The region of useful ionization and the region of 
propagation are shown for each location in Fig. 7 
through Fig. 9. (Calculations show that specular reflec- 
tion from auroral columns at a height of 100 km will 
not return the signal to the earth for transmitters lo- 
cated at College and Goose Bay.) These regions were 
outlined by computing the receiver loci for auroral col- 
umns at many different locations. Auroral columns 
lying outside the useful region either do not reflect the 
transmitted signal back to the earth, or are not visible 
from the transmitter due to earth curvature. 


Ill. Orr-SpECULAR REFLECTION 


Forsyth, Dyce,'* and Bowles!’ have shown that off- 
specular reflection from auroral ionization is obtained 
frequently. In fact, no radar echoes from auroral ioniza- 
tion could be obtained at such locations as College and 
Point Barrow if specular reflection were required.!? For 
auroral radar echoes seen at Point Barrow, off-specular 
reflection by angles as great as 7° has been observed by 
Dyce. 

If the configuration of the auroral ionization makes 
off-specular reflection possible in the radar case, then it 
should also be possible to have off-specular reflection 
when the transmitter and receiver are separated. Off- 
specular scattering would increase appreciably the area 
to which it would be possible to communicate via auro- 
ral reflections. 

It is possible to evaluate to what extent the area of 
propagation may be increased due to off-specular re- 
flection by using the same relationships that were de- 
veloped in Section II. Physically, off-specular reflection 
by a constant angle corresponds to changing, by a con- 


15 P. A. Forsyth, “Radio Wave Reflections from Aurorae,” Geo- 
phys. Res. Dir., AFCRC, ARDC, Paper No. 30; July, 1954. 

16 R. Dyce, “Auroral echoes observed north of the auroral zone,” 
J. Geophys. Res., vol. 60, September, 1955. 

17 K, Bowles, “Some Recent Experiments with VHF Radio Ech- 
oes from Aurora and Their Possible Significance in the Theory of 
Magnetic Storms and Auroras,” Cornell Univ. School of Elec. Eng., 
Ithaca, N. Y., Ph.D. dissertation; June 1, 1955. 
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Fig. 7—Region of useful ionization and region of propaga- 
tion for Anchorage, Alaska. 
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Fig. 8—Region of useful ionization and region of propaga- 
tion for Fargo, N. D. 


stant angle, the size of the conical surface describing the 
reflected signal. Thus, the reflected signal is considered 
to have a lobe structure, rather than being a ray as it 
was considered previously. 

In computing the receiver locus for a constant off- 
specular scattering angle, the relationships used in Sec- 
tion II are used again. The computation scheme used 
in Section II is followed through step 6). In step 7) the 
opposite root from that chosen in Section II is taken for 
computing xr. This value of xz locates the transmitter 
on the meridian line of the auroral column at a point 
which keeps the angle between the transmitted ray and 
the column constant. That is, it finds the point where 
the transmitter locus crosses the meridian of the column 
(Fig. 10). Both the ray from T to the column and the 
ray from 7’ to the column intersect the axis of the 
auroral column at an angle, o;. Thus, either location of 
the transmitter 7 or 7’ gives the same receiver locus. 
At this point in the computations the angle between the 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


January 


GEOMAGNETIC 
NORTH 


USEFUL IONIZATION 


(ITHACA) 


CEDAR RAPIDS) 
~~ (STERLING) 


REGION OF 
COMMUNICATION 


Fig. 9—Region of useful ionization and region of propagation 
for Cedar Rapids, Iowa. 
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Fig. 10—Geometry of off-specular reflection. 


ray from 7” and the axis of the column is changed by a 
constant amount e€ (adding € to @). The effect is to shift 
the receiver locus by an amount which is equivalent to 
off-specular reflection of 2e. 

The order of computation for the constant-angle off- 
specular reflection follows. 


1) Follow steps 1) through 6) in Section II. 

7) Compute «pr (choosing proper root) using (14). 
8) Compute 727 using (15). 

9) Call rerryr. 
10) Set y:=0. 
11) Add € to @ and call «+0 =6’. 
12) Compute x; using (5). 
13) Compute xz using (14) and 6’. 
14) Compute 72/7 using (15). 
15) Add 100 to 72’ and compute 72’ using (25) to (27) 


Repeat step 15) until 7o’r exceeds the great-circle 
distance corresponding to a ray tangent to the 


earth’s surface and intersecting the column at a 
height h. 


totale 
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Fig. 11—Region of useful ionization and region of propagation for 
off-specular scattering at Anchorage, Alaska. 


The effect of off-specular reflection has been evaluated 
for Anchorage, Alaska, using e=3.5° (corresponding to 
off-specular reflection of 2e=7°). The results are shown 
in Fig. 11. It is seen that the area of useful ionization 
and the area of propagation have been increased 
greatly. 


IV. THE PROBABILITY OF AURORAL 
COMMUNICATION 


For the communicator it is important that knowledge 
of the probability of auroral communication be avail- 
able. The probability of auroral communication is dis- 
cussed here with the goal of being able to predict the 
frequency of auroral communication for any particular 
transmitter and receiver location. 

If it is assumed that the aurora is made up of a ho- 
mogeneous distribution of small ionized columns all 
aligned with the earth’s magnetic field lines, then cer- 
tain regions on the earth’s surface will be illuminated 
by more or fewer of these columns. Thus, the region of 
propagation for any particular transmitter location con- 
tains some receiver locations which are more likely to 
receive auroral signals than are other receiver locations. 
The region of propagation for ionization lying along a 
latitude line is determined for small equal increments of 
latitude (see Fig. 12 for one such region) contained in 
the region of ionization. These small “regions of propa- 
gation” are then superimposed, forming the total “re- 
gion of propagation.” There are many of the small re- 
gions which overlap each other. By counting the num- 
ber of overlapping regions and joining the regions having 
the same number of overlaps, it is possible to obtain a 
contour plot. Such a contour plot has been made for 
Anchorage, Alaska (4 = 100 km), and is shown in Fig. 13. 
The numbers assigned to each contour line have been 
normalized to the maximum to indicate the relative 
number of paths possible for each location. The physical 
interpretation of such a plot can be made as follows. 

The receiver is placed at some point within the total 
region of propagation. The probability contour that 
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Fig. 12—Formation of region of propagation for auroral columns lo- 
cated along a constant latitude line. 
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Fig. 13—Contour plot showing relative number of paths possible in 
the region of propagation for Anchorage, Alaska. 


passes through the receiver location gives an indication 
of the probability of receiving a signal at the receiver. 
The contours also apply to an interchange of receiver 
and transmitter. That is, the receiver is placed at 
Anchorage (Fig. 13) and the transmitter at some other 
point within the region of propagation. The contour 
passing through the transmitter location gives an indi- 
cation of the probability of receiving a signal at the re- 
ceiver. 

It is possible to take into account the distribution of 
the aurora across the auroral zone. Based upon a plot 
by Vestine, the number of auroral days vs latitude is 
charted in Fig. 14 for the region to the north of Anchor- 
age. If it is assumed that the number of auroral days is 
a measure of the probability of auroral occurrence, then 
it is possible to consider the effect of this probability 
distribution in the contour plot of Fig. 13. 

The contours in Fig. 14 are modified by calculating 
the joint probability associated with the overlapping of 
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Fig. 14—Plot showing number of auroral days vs 
latitude (from Vestine). 


the “regions of propagation” calculated for constant 
latitude auroral columns. This has been done, and the 
contour plot of Fig. 15 was obtained. Thus, a receiver at 
a particular location would be expected to receive a sig- 
nal sometime during the night with the probability 
assigned to the contour at that location. 

Examination of the contour plots of Fig. 13 and Fig. 
15 illustrates several important facts in auroral com- 
munication. First, the most probable location for the 
detection of auroral propagated signals is in the region 
near the transmitter. Second, propagation over east- 
west paths is more probable than over north-south 
paths. For the communicator wishing to either maxi- 
mize or minimize the presence of auroral propagation, 
these charts should prove useful. 


V. INTERPRETATIONS 


Reports of auroral communications have been made 
by many radio amateurs in the northeastern section of 
the United States.1°1% 19 The analysis of these reports 
by Dyce! has shown that east-west auroral propagation 
up to 800 miles is possible and north-south auroral 
propagation up to 400 miles is possible. Dyce? studied 
auroral propagation between Cedar Rapids, Iowa, and 
Ithaca, N. Y., for more than two years. Since consider- 
able experimental data are available for these paths, the 
locus of auroral communication was computed for a 
transmitter located at Cedar Rapids, Iowa. The region 
of useful ionization, assuming that the auroral ionization 
occurs at a height of 100 km, covers the majority of the 
visible region. Ithaca lies well within the zone of com- 
munication. 

Thus, the geometrical model developed here can 
explain the reported communications. Auroral com- 
munication between the two locations is possible for 
auroral ionization occurring within a large portion of 
the useful region. 

For transmitter locations such as Anchorage and 
Fargo, it is seen that the locus of propagation does not 
satisfy the observed propagation. For example, consider 
the auroral propagation reported by Bailey, et al., be- 


18 F, P. Tilton, “On the very highs,” QST, vol. 28, pp. 42-43; 
1944 


19 “The world above 50 me,” QST, vol. 38, pp. 61-62; June, 1954. 
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Fig. 15—Contour plot showing probability of auroral 
propagation for Anchorage, Alaska. 


tween Anchorage and Point Barrow. As seen by Fig. 7, 
Point Barrow is outside the region of propagation as- 
suming specular reflection at 100-km height. Thus the 
observed propagation may be due to some other mecha- 
nism than the 100-km height, specular reflection mecha- 
nism postulated here. However, relatively few cases of 
propagation between Anchorage and Point Barrow 
were found. 

To investigate effects of off-specular reflection, the 
computations described in Section III were made. The 
amount of off-specular reflection was assumed to be 
equal to that observed by auroral radars, 7.e., 7°. The 
results of the off-specular calculations illustrated in 
Fig. 12 are seen to allow the use of a much greater area 
of auroral ionization and to increase sizeably the area of 
communication. However, for off-specular scattering of 
7° and 100-km height of reflection the region of propaga- 
tion does not include Point Barrow. 

There remains two explanations of such observed 
communication. First, the height of reflection may be 
greater than 100 km. Second, the observed propagation 
may be due to reflection from a sporadic E layer formed 
by the aurora and located at the midpoint of the path. 

It is not unreasonable to assume that reflections from 
the aurora can occur at heights in excess of 100 km. It 
has been shown at Stanford?’ that reflection from auro- 
ral ionization at heights in excess of 300 km can be ob- 
tained. Auroras lying at greater heights would appear 
useful since perpendicular or nearly perpendicular re- 
flection is not necessary for auroral communication as it 
is for the detection of radar echoes. However, increasing 
the height of reflection does not increase the region of 
propagation. Instead, the region is decreased greatly 
because the transmitted ray meets the earth’s magnetic 

0 R. L. Leadabrand, “Radio Echoes from Auroral Ionization De- 


tected at Relatively Low Geomagnetic Latitudes,” Stanford Univ. 


me Propagation Lab., Stanford, Calif., Tech. Rep. 98; December, 
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field lines at more oblique angles. Thus, reasonable off- 
specular reflection at 300-km heights cannot explain the 
relatively infrequent auroral propagation between 
Anchorage and Point Barrow observed by Bailey, et al., 
or the one case of propagation between College and 
Point Barrow observed by Dyce. 

For transmitters at such locations as College and 
Goose Bay, specular reflection from auroral columns 
aligned with the earth’s field lines at a height of 100 km 
does not even return a signal to the earth’s surface. 
Thus, specular reflection at a lower height can explain 
this case, as can off-specular reflection at 100-km height. 

It is well known that the appearance of sporadic E is 
associated with auroras.?!—* In fact, Harang”! has dem- 


21L. Harang and B. Landmark, “Radio echoes observed during 
auroral and geomagnetic storms using 35 and 74 mc/s waves simul- 
taneously,” J. Atmos. Terr. Phys., vol. 4, pp. 332-338; January, 
1954, 
22 J. P. Heppner, E. C. Byrne, and A. E. Belon, “The association 
of absorption and E ionization with aurora at high latitudes,” J. Geo- 
phys. Res., vol. 57, pp. 121-134; March, 1952. 

23 R. W. Knecht, “Relationship between aurora and sporadic-E 
echoes” (abstract), IRE Trans., vol. AP-3, p. 213; August, 1952. 
| 2 J. H. Meek, “Correlations of magnetic auroral and ionospheric 
variations at Saskatoon, parts I and II,” J. Geophys. Res., vol. 58, 
pp. 445-456; December, 1953, and vol. 59, pp. 89-92; March, 1954. 

2 J. H. Meek and A. G. McNamara, “Magnetic disturbances, 
sporadic-E and radio echoes associated with the aurora,” Can. J. 
Phys., vol. 32, pp. 326-329; 1954. 
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onstrated that sporadic-E ionization increases in in- 
tensity when auroras are present. Sporadic E, formed 
by auroras at the midpoint of the communication path, 
could explain the observed propagation. Although a 
search for such propagation between College and Point 
Barrow was unsuccessful,! the geometry described here 
is evidence against other modes of auroral propagation. 


VI. CONCLUSION 


Auroral propagation at medium magnetic latitudes 
may be explained by specular reflection from small 
auroral columns aligned with the earth’s magnetic field 
with reflection occurring at a height of 100 km. How- 
ever, the long north-south paths in the vicinity of the 
auroral zone cannot be explained by this model. In- 
stead, off-specular reflection much greater than 7° or 
heights of reflection in excess of 100 km are necessary to 
explain the experimental observations. For propagation 
between Goose Bay, Labrador, and Sondre Stromfjord, 
Greenland, and other auroral paths, an alternate ex- 
planation is possible. The observed propagation may be 
due to reflection from sporadic-E ionization formed at 
the midpoint of the path by auroras. 

The probability of auroral communications has been 
investigated for one transmitter location (Anchorage) 
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A Statistical Model for Forward Scattering of Waves 
Off a Rough Surface* 


L. M. SPETNERT 


Summary—Using methods of physical optics, a statistical de- 
scription of the scattering of waves off a rough surface is obtained. 
The rough surface is assumed to consist of a large number of inde- 
pendent point scatterers which fluctuate randomly in vertical posi- 
tion and also disappear and appear at random. The surface is di- 
vided into cells so that no more than one scatterer can occupy a cell, 
and the events in any two different cells are independent of each 
other. The average scattered signal, the mean square fluctuation, 
and the time covariance of the fluctuating portion of the signal are 
computed in terms of the mean-square scatterer height, the grazing 
angle, the radiation wavelength, the decay time for disappearance of 
scatterers, the time autocorrelation of a scatterer height, and the 
a priori probability of finding a given cell occupied by a scatterer. 


INTRODUCTION 


HE PROBLEM of the scattering of waves from 
fib statistically rough surface has been attacked 

theoretically by many investigators.1~* The ap- 
proach of the present paper is to assume a surface which 
consists of a large number of independent scatterers. 
This model was first proposed in connection with the 
forward-scattering of microwaves off the ocean surface 
by Goldstein and Goldmuntz.? Here we extend their 
model in that we assume a random disappearance and 
appearance of scatterers. We also take into account the 
possibility of an effective exclusion area around each 
scatterer by dividing the surface into cells, and then 
postulating that no more than one scatterer can exist in 
any one cell. On the basis of these and other assumptions 
as to the nature of the scatterers, we compute the time 
covariance of the fluctuating signal components, as well 
as the average scattered signal. It should be pointed out 
that while one would not necessarily expect every rough 
surface to behave as a collection of independent scat- 
terers all the time, it is felt that the model used here may 


* Manuscript received by the PGAP, April 6, 1957; revised manu- 
script received, August 21, 1957. 
+ Applied Physics Lab., The Johns Hopkins Uniy., Silver Spring, 
d 


1S. O. Rice, “Reflection of electromagnetic waves from slightly 
rough surfaces,” Commun. Pure and Appl. Math., vol. 4, pp. 351- 
378; August, 1951. 

2M. A. Isakovich, “Scattering of waves from a statistically rough 
surface,” J. Exp. and Theor. Physics (USSR), vol. 23, pp. 305-314; 
September, 1952. (Translated from the Russian by R. N. Goss, U. S. 
Naval Electronics Lab., San Diego, Calif.) 

3 H. Goldstein and L. A. Goldmuntz, “Mean Square Signal Com- 
putation,” Nuclear Dev. Corp. of Amer., NDA-18-2, August 18, 
1952 


4W.S. Ament, “Toward a theory of reflection by a rough sur- 
face,” Proc. IRE, vol. 41, pp. 142-146; January, 1953. 

5 J. Feinstein, “Some stochastic problems in wave propagation. 
Part I,” IRE Trans., vol. AP-2, pp. 23-30; January, 1954. 

6 J. W. Miles, “On nonspecular reflection at a rough surface,” J. 
Acous. Soc. Amer., vol. 26, pp. 191-199; March, 1954. 

7H. Davies, “The reflection of electromagnetic waves from a 
rough surface,” Proc. [EE (London), pt. IV, vol. 101, pp. 209-214; 
August, 1954. 

8 W. C. Hoffman, “Scattering of electromagnetic waves from a 
eee surface,” Quart. Appl. Math., vol. 13, pp. 291-304; October, 
1955. 


be descriptive of the actual situation in many important — 
cases, such as microwave scattering off a rough ocean — 
surface. In this case the wave crests act like independent | 


scatterers. 


Methods of physical optics are used throughout; con-_ 


sequently, there is no possibility of obtaining any in- 


: 
| 
| 


formation as to the polarization of the wave in the case _ 
of electromagnetic propagation. We shall treat the | 
problem of a point source transmitting to a point re-_ 


ceiver in the vicinity of a rough surface. 


DESCRIPTION OF THE MODEL 


We shall assume that the rough surface consists of 


independent point scatterers. The surface is divided into 


cells whose size is determined by the consideration that | 
no more than one scatterer can occupy any one cell at 


any time.’ This condition helps to take into account 
cases such as scattering off the ocean surface, where 


wave crests play the role of scatterers. In this case, the — 


wave itself occupies a small area and it is not possible to 
have another independent wave closer than some exclu- 
sion radius which will be a function of the sea state. It 
is important to point out that the cell size is not arbi- 
trary, but is provided with both an upper and a lower 
bound, by the sea-state conditions. Its upper bound is 
determined by the condition that no more than one 
scatterer can occupy the cell, while its lower bound is 


set by the condition that events in different cells must. 


be statistically independent. It is expected that the size 
of the cells will be fixed by the sea state. 

Scatterers are distributed among the cells in a sta- 
tistical manner, and they may disappear and new ones 
may appear at random. Any single scatterer exhibits a 
random vertical motion, and we shall further assume 
that if a scatterer disappears and if later another one 
appears in the cell, the two will be uncorrelated. 

The vertical motion of the scatterers corresponds, in 
the case of the ocean surface to the vertical wave mo- 
tion, while the disappearance and appearance of scat- 
terers correspond to the phenomenon of shadowing and 
to the abrupt and apparently erratic changes in shape of 
the ocean surface. 


THE FORWARD-SCATTERED SIGNAL 


We shall attempt to describe statistically the signal 
received at a point from a point source of waves in the 


neighborhood of a rough surface of the type described 
by our model. 


°C. Klahr and H. Goldstein, “Statistics of One-Way Microwave 


Transmission Over a Rough Sea,” Nuclear Dev. C aa 
NDA-S2-2, November 23, 1955. OP ae meet 
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The geometry is shown in Fig. 1. P,, represents the 
scatterer in the uth cell (if a scatterer exists there). We 
shall assume that the average vertical positions of all 
scatterers lie in a plane and we shall choose this plane 
as the zero reference for our measurement of the verti- 
cal, or z, coordinate of each scatterer. Let v, represent 
the component of the received signal that is scattered 


from P,. Then if we neglect multiple scattering we may 
write 


it KenSnF o(9on, Yon) F1(O1n, Win) 
RonRin 


* 


0, 


exp [ik(Ro, + Rin)] (1) 


where 


K =a constant independent of n, 
€, =a random variable which takes the value 1 when 
there is a scatterer in the mth cell and 0 when 
there is no scatterer in the uth cell, 
Ss, =the scattering length of P,, 
F)=the antenna pattern of the transmitter, 
F,=the antenna pattern of the receiver, 
Ron =the distance from the transmitter to P,, 
Ri, =the distance from P,, to the receiver, 
k=27 divided by the wavelength of the radiation, 
Bon, Won; git Yin =the angles shown in Fig. 1. 


TRANSMITTER 


RECEIVER 


ZnSiN Yon 
Fig. 1—The geometry of forward scattering. 
From Fig. 1 we see that if we assume 2nK7ron sin Won 
and 2,</in sin Win, that 
Ron = 


IKE — lin a, 


Yon — 2n SIN. Won 


Zn SIN Win 


where ron and ri, are, respectively, the distances from 
the transmitter and receiver to the projection of P, on 
the mean scatterer plane. Then (1) can be written as 


K nN By F . 
= pipe Ae exp [ik (ron ais Tin) | 


Vn 
TOnT in 


-exp [—ikz,(sin Yon + sin Yin) |. (2) 
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If we let 
Gn = (PonFin)*K Foon, Yon) Fi(G1ny Win) (3) 
and 
bn = k2n(sin Won + sin Pin), (4) 
then (2) may be rewritten as 
Un = €nSn@n EXP [ik(ron + rin)] exp (—idn). (5) 


This expression for v, shows that it is random since €,, 
Sn, and @, are random. The statistics of v, will depend, 
in general, upon the statistics of these quantities. 
We may now sum over all cells and obtain the scat- 
tered signal as seen at the receiver 
N 


V 


I 


Un 
1 


n= 


N 
= >) €nSndn exp [ik(ron + rin)| exp (—idbn) (6) 
i! 
where V =the total number of cells. If we assume that 
N is sufficiently large, if all v,’s are identically dis- 
tributed, and if the variances of the »v,’s are finite, then 
we may invoke the Central Limit Theorem to tell us 
that the real and imaginary parts of V are jointly 
Gaussian.!° From (6) we obtain 


N 
V = Ve = Wy = sy En UnSn| COS bn cos R(ron sin Tin) 
% ne + sin $, sin (ron + rin) | 
+ 1 ey En @nSn| COS Pn sin R(ron + rin) 


ac ~"Sin Gn COS R(7on + rin). (2) 


Eq. (7) then gives the real and imaginary parts of the 
signal scattered to the point receiver by the rough sur- 
face. (This excludes any signal which travels directly 
from the transmitter to the receiver.) It consists of a 
sum of the contributions from the scatterers located in 
the NV cells into which the surface is divided. 


THE AVERAGE FORWARD-SCATTERED SIGNAL 


The first statistical parameter of V which we shall 
compute will be its average. We shall assume that for 
each cell n, the random quantities €,, Sn, and $, (which 
depends upon z,) are statistically independent. Then 
from (6) we have 


(V) = 2 (én)(Sn)an EXP [4&(ron + Tin) (exp (—idn)). (8) 


n=1 


Using (4) we see that (exp(—7@,) ) is just the character- 

istic function of the probability density of 2,. If we let 

the probability that ¢,=1 be pn; 1.¢., 
Phe 1} ip. 
Pia = 0} = = py 


(9a) 
(9b) 


10 S. O. Rice, “Mathematical analysis of random noise,” Bell Sys. 
Tech. J., vol. 23, pp. 282-332; July, 1944. In particular see sec. 2.10, 
pp. 331-332. 
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then we find that 


(én) = Pn. (10) 


Let us further assume that z, is identically distributed 
for all x. 

We shall convert the summation of (8) to an integra- 
tion. Let A represent the area of a cell, then (8) becomes 


V) = ip pA-s)a exp [ik(ro + m1) ](e~#)dady, 


If we replace the product pA~! with the symbol g(x,y), 
then we may write 


= ff ale, 9a 9) exp Fie(ro-tr) Keddy. (11) 


The quantity g(x, y) will depend upon cell size, and 
it is expected that it will have a finite limit as A—0, in 
that it represents the probability per unit area that a 
scatterer exists. It will be pointed out later that under 
these conditions, in the limit as A—0, we arrive at a 
Poisson distribution for the total number of scatterers. 

At this point, for the sake of definiteness we shall 
assume that the scatterer height z is Gaussian distrib- 
uted. Then using (4), we have 


(e-#) = exp [—417k?(sin Yo + sin ¥1)?], (12) 


_ where / is the rms scatterer height. Then (11) becomes 


(VV) = f f (s)ga exp [ik(ro + r1)] 


-exp [—4/7R%(sin Yo + sin Wx)? |dady. 


It will be instructive to let h-0 in (13) and examine 
the case of the smooth surface. Since in general one 
might expect (s) and g(x, y) to depend upon h, let us 
explicitly write their smooth-surface values as 


(13) 


ne (s)q(x, ¥) = (s)oqo(x, y).4 
Then 
Vnoon = ff (dugala, 9a, 9) 


-exp [ik(ro + 11) |dxdy. (14) 


For smooth surfaces it is customary to describe the 
reflected signal by the product of a reflection coefficient 
and the incident field. If we let the incident field be 
denoted by Eo, the complex reflection coefficient by r, 
and the path length from transmitter to receiver, via the 
point of specular reflection, by R,, then one may write 


KV jamoott = rho exp (ikR,). (15) 


It can be demonstrated easily that this form for 
(V)smooth is correct since the integral of (14) upon being 
evaluated by the method of stationary phase will result 
in a contribution only from the neighborhood of the 


4 Goldstein and Goldmuntz, of. cit. This limiting value was dis- 
cussed for the case of the ocean surface. 
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stationary phase point; 7.e., the point of specular re- 
flection. 

Now the expression for (V) in (13) can be related to ~ 
the smooth-surface expression of (15) in the following 
way. Both the integral of (13) and that of (14) may be t 
evaluated by the method of stationary phase, and both | 
have the same stationary phase point. The only differ- — 
ence between the two integrals lies in the slowly varying — 
parts of their integrands. Hence we may write 


A 


(s) 


(V) = rEy exp (ikR,) : exp [—2A?k? sin? y] (16) : 


($)ogo 
where the g’s and (s)’s are understood to be evaluated 
at the specular point, and p is the grazing angle at the © 
specular point. Note that the last factor of (16) is the 
same as Ament’s reflection coefficient for a rough sur- 
face’ which he gives in his (19). The difference between 
his reflection coefficient and ours is that we have an © 
additional factor of r(s)q/(s)ogo. Without a knowledge of 
the dependence of this factor upon sea state and | 
geometry it is difficult to choose between the two ex- 
pressions for the case of the ocean. It may well be, how- 
ever, that it is just this factor which is responsible for 
the points of Fig. 2 of Beard, Katz, and Spetner’? falling 
above the curve. 


SIGNAL FLUCTUATION 


The fluctuating portions of the real and imaginary 
parts of the scattered signal V are given respectively by 


a oo Ve ica AV) (17a) 
Y = V, — W,)- (17b) 
Since X and Y are jointly Gaussian, their joint prob- 
ability distribution is completely determined if one 
knows the quadratic averages (X?), (Y?), and (XY). 
Furthermore, the time fluctuations of the signal are de- 
termined by the covariances 
(X(t)X(t + 7)), (YC) Vi + 7)), and (X() V(t + 7)). 


Since (X?) is just (X(¢)X(t+7)) for 7=0, and similarly 
for the others, we shall compute expressions for the 
above three covariances as functions of 7. 


If we let 

G(r) = VOV*E+ 7)) — [V)|? (18) 

and 
H(r) = (V()VE + 7)) — VY, (19) 

then we have 

(X(@)X(¢ + 7)) = § Re [G(r) + H(z)] (20a) 
(Y@QVE+ 7)) = § Re [G(r) — H(7)]_ —(20b) 
(X@V(CE + 7)) = 3 Im [—G(r) + H(r)] (20) 
(VY@XE+ 7)) = 3 Im (G(r) + H(z)]. (20) 


*C. I. Beard, I, Katz, and L. M. Spetner, “Phenomenological 
vector model of microwave reflection from the ocean.” IRE TRANS., 
vol. AP-4, pp. 162-167; April, 1956. 
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Using (6) we can compute G(r) and H(r). Thus 


G(r) = DED anam(en(t)em(t + 7))(Sn(0)Sm¥(t + 7)) 


‘exp lik(ron + rin — Tom — rim) | 
(exp i[—on(t) + dn(t + 7)]) — | (V) 


Now according to our model, distinct scatterers are sta- 
tistically independent. Hence 


G(r) = Do anam(En){em)(Sn)(Sm*) 


ee [ik(ron + rin — Tom — Tim) | 
‘(exp (—idn))(exp (idm)) 
e x an*(ea(t)en(t + 2))(sn(i)sut(t + 2) 
-(exp i[—da(d) + ba? + a)]) — | (V) [2 
= | (7) |? =X ose? (se) [*] exp (= i)) 
+ yy ant(en(t)en(t + 2))(suli)sat(t + 7)) 
exp il dal) + dal + 7) aay 
= zs an?{ (en(t)en(t + 7))(sn(f)Sn*(t + 7)) 


-(exp i[—¢n(2) + on(t + 7)]) 
— (en)? | (sn) |? | (exp (—idn)) [?}. 


Similarly we find 


2 
. 


(21a) 


N 
H(r) = a Gn” exp [i2k(ron a. rin) }{ (en(ent + 7)) 


n=1 


(Sr(2)Sn(t “te 7) (exp i|—¢,(0) ce dnl ae r)]) 
— (en)*(5u)*(exp (—ibn))?f. 


From the definition of €, we see that (€n(t)€n(¢+7)) is 
_ just equal to the joint probability that a scatterer exists 
in the th cell both at time ¢ and at time t+. This can 
be expressed as the sum of the probabilities of the fol- 
lowing two mutually exclusive cases: 


1) The scatterer which existed at ¢ did not disappear 
and continued to exist at ¢+rT. 

2) The scatterer which existed at ¢ disappeared be- 
fore t+7 and a different scatterer exists at t-+r. 


(21b) 


We shall define the following conditional probabilities. 


Let 4,(t) be the probability that a scatterer exists 
in the nth cell at time ¢ assuming it existed at t=0 and 
did not disappear in the meantime. 

Let B,(t) be the probability that a scatterer exists 
in the uth cell at time ¢ assuming one existed at ¢=0, 
but disappeared in the meantime. 


Then using the assumption that a scatterer in the nth 
cell at ¢ is statistically independent of a scatterer in the 
same cell at {+7 if there has been at least one disap- 
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pearance in the interval between ¢ and ¢+7, and using 
(10) we obtain 


N 


G(r) = Sy On?{ Pn An(T)(Sn(t)5n*(t a T)) 


-(exp i[—d,(0) + on(t + 7)]) 
+ [prBn(t) — pn?] | (sn) |? | (exp (—idn)) |2} (22a) 


and 


H(r) = x dy? exp [42k (ron + rin) ]{ Pn An(r) (Sn(t)5n(t + 7)) 


‘(exp i[—¢n(t) — drt + 7)]) 
+ [Pn Bn(r) oe Pn? |(5n)?exp (—idn))?}. 


If we specify the statistics of the appearance and dis- 
appearance of scatterers in a single cell, we shall be able 
to compute A,(¢) and B,(t). For convenience let us drop 
the subscript ”. We define the parameters 8 and y as 
follows: 


(22b) 


Bdt is the probability that a scatterer appears in the 
cell during the interval between ¢ and ¢+dif, on the con- 
dition that there was no scatterer in the cell at time #. 

ydt is the probability that a scatterer disappears 
from the cell during the interval between ¢ and f+dt, on 
the condition that a scatterer existed in the cell at time ¢. 


In taking 6 and y to be constants we are assuming that 
the probabilities per unit time of the appearance and 
disappearance of scatterers are uniform. It seems rea- 
sonable that 6 should be a monotonic function of the 
cell size and in the limit of vanishingly small cell size 8 
should be proportional to the cell area. It is felt that y, 
however, should be independent of the cell size. 

We can now find A(t) by noting that for small dt, 
A(t) satisfies the following: 


A(t + dt) = A(H(A — ydt). 
Hence we have the differential equation, 
| dA 
ed —¥A. 
Using the condition that A(0) =1, we have 
A(t) =er7*, 
In order to find B(t) we first define C(t) as the prob- 


ability that a scatterer exists in the cell at #, assuming 
that there was none at time 0. Then, clearly 


(23) 


t 
B(t) =e) yA(r)C(t — 7)dr, (24) 
0 
where A(r)ydr represents the probability that the 
scatterer which existed at time 0, disappears in the in- 
terval between 7 and r+dr. In order to evaluate the 
integral of (24) we must first find C(t). To do this we 
note that for sufficiently small dt, 


C(t + dt) = C(#)(1 — ydt) + [1 — C(O] Bde. 
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This leads to the differential equation, 
dC 
ea ee oe 


Using the condition that C(0) =0, we find that 


B 
Chie ete CP 
0 fer : 


Inserting this and the expression for A(t) in (23) into 
the integral of (24) we obtain 


Om if oer 


Hence, we find that 


[1 — e- B41 (1) dr, 


B 
Gata 


1 
Bit) = —— [6 — (B+ yen! + ye“ @#*]. (25) 


B B+y 
We can also express bn, the a priori probability of 
finding a scatterer in the mth cell, in terms of y, and B, 
by noting that it should equal the steady-state value of 
B,(t) or C,(t), that is (again dropping the subscript 7), 
= hm BG) = oe Ca: 


tow 


Hence 
B 
oy) 26 
lie’ 28) 
or 
p 
oR rea (27) 


Then (22) becomes 


N 
= ss On” Pn exp Cars) 


G(r) a 
Heald sutld + (exp i600 + dale + 2) 
[toa 22) - 
| exp (i) | 
and 
OM ctl. ero. aer) 


(GN 


3 {salsa ae 7) (exp i{—¢,(¢) a, Pnll ie t)|) 


+[o-ren(s482) Joo 
(exp (—ids))'} ; 


We shall now convert the above summations over 
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cells to integrations over the surface area. We shall drop 


the subscripts and replace the m dependence with a 


dependence on (x, y), the position coordinates on the — 


surface. If we let A represent the area of a cell, then for 
small enough cell size we may write 


ain) = ff eparier 


Jost + ov(ex [00 + 9+ D) 


a ja — p) ee (s) |? 


. 
rr 


| (ei) th andy (28) 
and 
H(e) = ff atpatem exp [i2k(ro + r)] 

Hotost + 7))(exp i[-$() — o(¢ + 7)]) 

+[ a= pew(—™ Tate 1|(s 

ey) ads a 


The average values (e~‘*) and 
(exp i] — o() + o(¢ + 7)]) 

can be computed on the assumption that z(t) and 2(t+7) 
are jointly Gaussian with correlation coefficient p(r). 
We first note that 
(exp i[—$() + o(¢ + 7)]) 
= (cos [—o() £ o(¢ + 7)]) + isin [-0 + o¢ + 7)]) 
= (cos ¢(t) cos o(¢t + r)) + (sin $(é) sin o(t + 7)) 

— isin o(¢) cos d(¢ + 7)) + i(cos o(t) sin @(t + 7)). 
Using (4) and assuming the joint probability of 2(¢) and 
2(t+T) is given by 

1 
2rh?./1 — p?(r) 
» LOH MU + = Bo(ralalt + 
—2h*[1 — p%(r)] A 


pla(t), (¢ + 7)] = 


we find that 
(cos (1) cos o(¢ + 7)) = exp [—#A2(sin Yo + sin y;)?] 
-cosh [pk?h2(sin Yo + sin W)?| 
(sin $(¢) sin o(¢ + r)) = exp [—k?h2(sin Wo + sin v1)? | 
-sinh [pk?h2(sin Wo + sin W)?| 
(sin $(¢) cos (t+ r)) = 0 
(cos $(#) sin d(¢ + r)) = 0. 
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Hence 
(exp i[—¢() + 6(¢+ 7)]) 
= exp [—#/°(1 $ p)(sin Yo + sin y1)?]. (30) 


Again using the assumption that z is Gaussian dis- 
tributed we have 


(e-*) = exp [—422h2(sin wo + sin y)?]. 
Then using (30) and (31), (28) and (29) become 


(31) 


—om=ff apart \(s(bs*( +7) 


-exp [—22h2(1 — p)(sin $o + sin y,)?| 


+ ja — p) p(T) = || (s) |? 


-exp [—2/2(sin Wo + sin vy] dxdy (32) 


and 


= = ff pepe exp [i2k(ro + 11)] 


: {sost + r)) exp [—&h?(1 + p)(sin Yo + sin y,)?] 


+[a-pep ay) — 1] 


-exp [—h?(sin Yo + sin viel} dxdy. (33) 
We note that the absolute value of the integrand of 
H(r) is always smaller than that of G(r). Furthermore 
the integrand of H(r) contains the sinusoidally varying 
term exp|i2k(ro+n) |. If we assume a geometry such 
that the integrand of G(r) is slowly varying over many 
Fresnel zones, which are defined by the exp[22k(ro +11) | 
_term, then it is easily seen that | H(r) | «| G(r) | stiract 
the upper limit of | H(r)| /| G(r) | is smaller than 1/z 
where x is the number of Fresnel zones over which there 
is a significant contribution to the integral G(r). For 
reasonable geometries, in the case of microwave scatter- 
ing off the ocean surface, ” can be of the order of 10 or 
100. In what follows we shall make the approximation 
that H(r) is negligible. Hence using (20) we write 


(X()X(i + 7)) = (VOVE+7)) ~ 2 ReG(r) (34a) 
(VX + 7)) = — (XO V(t +7)) = a ImG(z). (34) 


If the scattering length s is real, then Im G(r) =0. 
The average power of the fluctuation is the sum of the 
variances of X and Y, or just G(0). 


(0) = ff opan{d) si") — aids) 


-exp [—A7A?(sin Yo + sin v1)?|} dxdy. 


2 


(35) 
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Eqs. (32) and (35) indicate that the variances and 
covariances of the fluctuating portion of the signal de- 
pend upon the value of p. It is instructive to examine 
G(0) and G(r) for the two limiting cases of p=0, and 
DA, 


Case I; Zero Cell Size 


For vanishingly small cell size, i.e., in the limit as 
A-->0, the a priori probability, p, that a scatterer exists 
in a given cell vanishes. If, in the limit of small A, B is 
proportional to A, then (26) shows that p is also. Then 
the product pA~! will approach a finite limit which we 
shall call gq. 

The total number of cells NV will approach infinity, 
while the product (Vp), which represents the average 
number of scatterers on the surface, approaches a finite 
limit. It is easy to show that the probability that a 
scatterers exist at any time is Poisson distributed. 
Clearly the number of scatterers that exist is given by 


N 
> , En. 
n=1 


The probability that this is equal to a@ is just the prob- 
ability that exactly a of the €,’s are equal to one, and the 
rest zero. If we further assume that p», the probability 
that €, is unity, is independent of 1, 7.e., b, =p for all n, 


then we have 
N 
P(a) = en 
Qa 


or in the limit as Vo, 


(Wp) 


a! 


P(a) = 


(36) 


Hence, a vanishingly small cell size requires, under our 
assumptions, that the distribution of the number of 
scatterers on the surface be Poisson. 

Let us now weite the variance and time covariance of 
the signal comporents. These are determined by G(0) 
and G(r), respectively. Letting p—0 and pA7!—g4 in (32) 
and (35), we obtain 


G(r) = Hi a®ge-1" exp [—R2h2(1 — p)(sinwo + sin yi)? | 


-(s(t)s*(t + 7) )dudy (37) 


G(0) = ff o%a(| s|*)azay, 


Note that the average power of the fluctuation, which is 
given by G(0) has no explicit dependence on the surface 
roughness, except insofar as (| s|?) and q may them- 
selves depend upon such roughness. The 7 dependence of 
G(r), which is just the Fourier transform of the power 
frequency spectrum, can be expressed more simply than 
(37) if we assume that the contribution to the scattered 


and 


(38) 
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energy comes mainly from the region of the surface near 
the specular point. Then if we let y be the grazing angle 
at the specular point, 

G(r) = Ce-vte tem? sin? ¥U1-0(7)1(s(£) s*(¢ + 7)) (39) 
where C is a constant of proportionality that does not 
depend on rT. 


Case II: Nonvanishing Scatterers 


The other extreme is that where p=1. From (26) we 
see that if p=1, then perforce y=0. This situation re- 
fers to a surface which consists of fixed scatterers, one 
in each cell. These scatterers may fluctuate in height 
but they do not disappear and new ones do not appear. 

Setting p=1 and y=0 in (32) and (35) we obtain 


G(r) = f f a?A-! exp [—R2A2(1 — p)(sin wo + sin ¥1)?] 


{(s(@s*(¢ + 7) 
— exp [—&2%(sin Yo + sin y1)?] | (s) |2} dady (40) 


and 


G(0) =f f ea{cisl) - | «s) 


-exp [—2h2(sin Yo + sin ¥1)2]}dady. (41) 


We notice that in this case the average power of the 
fluctuation, G(0), depends explicitly on the mean square 
scatterer height, h®. If we assume a nonfluctuating scat- 
tering length and again assume that the major contribu- 
tion to the scattered energy comes from the neighbor- 
hood of the specular point, then we may write approxi- 
mately 


G(0) = C[1 — e-*#*#? sin? ¥], (42) 


Similarly, the tr dependence of G(r) can be written as 
G(r) eos C'[esh?h p(r) sin?y _ 1| (43) 


where C’ is independent of r. 

The above two cases represent the two limiting values 
of p, namely 0 and 1. The actual value of # will likely 
depend upon the size of the cell: the larger the cell, the 
larger p. We must remember that the size of the cell is 
not the result of an arbitrary construction but is de- 
termined by the nature of the surface. The cells must be 
small enough so that no more than one scatterer can 
occupy each, and they must be large enough so that 
events in separate cells are independent. 


CONCLUSION 


The signal received at a point from a source which 
transmits waves in the vicinity of a fluctuating rough 
surface can be divided into the directly transmitted sig- 
nal and a scattered one. The random surface will impart 
some of its randomness to the scattered: signal which will 
add vectorially to the direct ray. Fig. 2 shows the vari- 
ous components of the received signal. D represents the 


Fig. 2—Vector diagram of forward-scattered signal. 


direct ray while V represents the scattered component. — 
We see that V is the vector sum 


V=(V)4+X4¥. 


The average value (V) is given by (16). X and Y are 
Gaussian. Their time covariances are given by 


(X()X(t + 7)) = (VVC + 1)) = 2 Re G(r) 
and 
(VOX + 1)) = — (XMVE+ 1)) = 2 Im G(r). 
For r=0, these take the forms 
(X?) = (¥°) = 7 Re G(0). 
(XY) = 0, 


G(r) is given by (32). The above information provides a 
complete statistical description of these random quan- 
tities. 

This description of the received signal closely paral- 
lels the description used by Beard, Katz, and Spetner?? 
and encouragingly enough some of their experimental 
results on the measurement of the “coherent term” and 
“incoherent term” correspond to the predictions of our 
model for (V) and (X*)+(Y*), respectively. Also the 
work of Beard and Katz shows a favorable comparison 
between our expressions for the time covariance and the 
measurements of signal spectra. 
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A Method for Evaluating Antennas* 
JUDD BLASS} 


Summary—An ideal figure of merit for a communications an- 
tenna is derived. This figure of merit is a measure of the time re- 
quired to transmit a given message to an isotropic receiving antenna 
from a transmitter which uses the antenna under evaluation. 


I. INTRODUCTION 


HE evaluation of a communications antenna 
should be based on the function of the antenna in 


the communication system. Since all communica- ° 


_ tion systems have the common function of transmitting 
information from one point to another, the antennas, 
which are the connecting information chain, must 
quantitatively effect this transmission of information. 

Fig. 1 illustrates the two basic elements of a com- 
munication system. The information introduced into the 
system at the transmitter is N;,; and the information at 
the output of the transcriber is Nout. One practical 
measure of the communication system performance is 
the ratio of the output information to the input informa- 
tion in a given time. If this ratio (Nout/Nin) is equal to 
unity, the system is perfect. If, however, Nout:/Nin=0, 
the system is obviously useless. 


N INFORMATION INFORMATION | w 
i our —> 
TRANSMITTER TRANSCRIBER 
Fig. 1—Communication chain. 


This ratio may also be derived from the rate at which 


the information is processed so that with a perfect trans- 


mitter, if Cr is the rate at which the information is in- 
troduced, and C; is the rate at which it is transcribed, 
then Nou:/Nin=C:/Cr. Related to this figure of merit is 
the average time it takes to transmit a given amount of 
information through a given transcriber within a given 
‘limit of error. 

The type of systems, in which most commercial an- 
tennas are linked, are those which utilize a single trans- 
mitter which transmits equally well to many transcrib- 
ers. The two considerations of the previous paragraph, 
i.e., information rate or information time, can be applied 
to this type of system as well. In the first case, the aver- 
age ratio of output information to input information 
would be the figure of merit of the system,' 7.e., 


Nout tee See ys C: 
ee 


Miu Cr, Cr 


(1) 


where C;, is the average transcription rate. 


* Manuscript received by the PGAP, November 10, 1956; revised 
manuscript received, June 21, 1957. 

+ The W. L. Maxson Corp., New York, N. Y. 

1W. S. Lucke, “An Antenna Evaluation,” Stanford Res. Inst., 
Menlo Park, Calif., Tech. Rep. No. 17 for Air Force Contract No. 
AF 19(122)78; April, 1951. 


On the other hand, the average time of transmission, 
T is 


where TCr= Nin. 

Note that for this method if one transcriber is inoper- 
ative, 7.e., Cx=0 then T= and the communication 
system considered as a whole is useless. This is not an 
unusually stringent condition for system of transcribers 
if no single transcriber can be considered expendable. 

For example, let us examine the case of the com- 
munication link between two ships that are transmitting 
their bearing to each other in order to avoid a collision. 
One ship has a transmitter which is sending informa- 
tion out in all directions, and the other ship, unknow- 
ingly, can receive the transmission only if it is coming 
from a given 180° sector. If all possible relative bearings 
are equally probable the system is obviously useless.? If 
the figure of merit was measured by averaging C; over 
the angular region, a nonzero number would result for 
Nout/ Nin. This would imply that the longer the trans- 
mission took place the greater the probability of getting 
the message through would be. That is, of course, not so 
in this example, if the ships are approaching each other 
and the 180° sector is forward. The average time, how- 
ever, is infinite and the antenna, on the basis of this 
figure of merit, would be considered useless. 

It certainly seems that the above mentioned methods 
for evaluating a communication system are basic and 
that any methods are really one form or the other of 
these two. In the specific case illustrated it appears that 
the time average method should apply to the evaluation 
of the antenna. Such an evaluation would consider an 
antenna useless which had a finite sector over which the 
signal was zero, if the system was stationary. If the 
transcriber is in motion, however, there is zero probabil- 
ity that it would remain in a given sector for an infinite 
length of time. Thus, to completely evaluate T the rela- 
tive velocity of the transcriber to transmitter would 
have to be taken into account. 

In the next section, a mathematical account of how 
the average time method applies to a system using an 
antenna in the chain is discussed. 


Il. APPLICATION OF AVERAGE TIME CONCEPT 
To ANTENNA SYSTEMS 


In order to find the most probable time of transcrip- 


tion without error, it is necessary to define the ap- 


2 It is, of course, better than on2 that could receive in only a 90 
sector. 
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propriate transcription rate. This has been done’ and is 
W logs (1 : (3) 
C; = W O82 + W 


where W is the bandwidth of the transcriber and S/N 
is the signal-to-noise ratio. In the case of an antenna 
system S/N is a function of the range and bearing be- 
tween transmitter and receiver. The time to transcribe 
an amount of information without error to any point is 
simply 
TCr 
Cilk, 0, p) 


The average time of errorless transmission to any point 
on a sphere of given radius is then 


P(6, ¢)dQ 


oes (1+) 
* Ti 
82 N 


where P(6, ¢) is the probability that transmission will 
be required at the bearing (0, ¢) at the given range. 

T, is the time to transcribe the information if the 
system to noise ratio were unity. If free space propaga- 


tion applies 
2 (=) ce ) (5) 
ae ENGR 


Beato (4) 


where G(0, #) is the antenna gain and R, is the range of 


3C. E. Shannon, “Communication in the presence of noise,” 
Proc. IRE, vol. 37, pp. 10-21; January, 1949. 


the system at which T=T7) when G(6, ¢)=1. If the 
normalized function 


rT 
To 


T = 


is substituted in (4) then the figure of merit of the 
system as a function of range is 


P(6, )dQ 


Ro\? : 
logs E mi (=) G(6, | 


A particular system may require a given t for proper 
operation. Since Ro is a simple function of the system 
parameters, one can find the maximum possible range 
for a specific antenna by simply specifying the required 
rt. The same antenna, with a different system (t.e., 
utilizing a different 7) will result in a different range. 
For the special case where G(6, ¢) vanishes in such a 
way as to make the integral infinite. 


7 = Minimum of 


P(6, ¢)dQ T. 


st Ro 2 To 
Oe 1 ” (=) GO, 6) | 


where 2’ is taken over the surface not including the re- 
gion where G(6, ¢) vanishes and 7", is the average time 
to traverse the excluded region. Eq. (6) is the general 
representation for the figure of merit of an antenna 
assuming free space propagation. 
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Wide-Angle Scanning with Microwave Double-Layer Pillboxes* 
WALTER ROTMAN} 


Summary—The double-layer pillbox is a microwave parallel- 
plate system in which the image space and the object space relative 
to a two-dimensional internal reflector are electrically separated by 
a metal septum. The double-layer prevents the shadowing effects 
and impedance mismatch that result in a single-layer pillbox when 
energy from the reflector reenters the primary feed. It also allows 
correction of the optical aberrations of the system in the image space, 
the object space, or both. 

The pillbox with semicircular reflector has wide-angle scanning 
properties. Its inherent spherical aberration can be reduced by such 
elements as dielectric lenses, geodesic contours, quasi point-source 
feeds, and auxiliary reflectors. These techniques have been applied 
to the construction of pillboxes whose wide-angle scanning proper- 
ties and improved radiation characteristics substantiate the theory. 


_* Manuscript received by the PGAP, July 13, 1957; revised manu- 
script received, October 30, 1957. 


AF Cambridge Res. Center, Air. Res. and Dev. Command, Bed- 
ford, Mass. ; 


I. INTRODUCTION 


ARALLEL-plate systems for microwave antennas, 
Pi: which the radiation is essentially confined to 

two dimensions between conducting sheets, have 
found widespread use in radar and communication ap- 
plications. When combined with curved conducting 
back walls (one-dimensional mirrors), which reflect and 
collimate the microwave energy, these systems are 
known as pillboxes or “cheese” antennas,! the chief dis- 
tinction between them being that the pillbox supports 
only a single mode of propagation (usually either the 
TEM or the TE: mode) between the conducting sheets 


1S. Silver, “Microwave Antenna Theory and Design,” M.I.T 
Rad. Lab. Ser., McGraw-Hill Book Co. NY vel 
Cam ETE He ook Co., Inc., New York, N. Y., vol. 
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whereas the cheese antenna is capable of supporting 
several modes simultaneously. ~ 

The most common type of pillbox antenna is that used 
to collimate the energy from a point source, placed at 
the focal point of a parabolic reflecting surface and con- 
fined between conducting plates, into a plane wavefront. 
The radiation of this collimated energy from a linear 
aperture creates a line source which can serve either as 
the primary feed for an auxiliary reflector or as a direct 
source for a fanned radiation pattern. 

The pillboxes used during World War II were mostly 
of the single-layer type—that is, the point source, the 
reflecting back wall, and the linear radiating aperture 
_ all lay in the same plane between the conducting sheets. 
The chief disadvantage of the single-layer antenna is 
that reflections from the rear wall into the primary feed 
are very large—much greater than those from full 
-paraboloids.”? Because of the “long-line” effect between 
feed and reflector, the phase of these reflected waves 
varies rapidly with frequency, making it difficult to 
_ broadband the pillboxes by using fixed tuning devices. 
This impedance fluctuation can be minimized by placing 
a metallic plate at the vertex of the parabolic reflecting 
surface, but only at the expense of a decrease in antenna 
gain and an increase in the side lobes of the radiation 
pattern. A better solution is to use a “folded” or 
-“multiple-layer” structure in which a curved toroidal 
or 180° parallel-plate bend is substituted as the reflec- 
tor; the linear radiating aperture and point source or 
waveguide feed are thus at different levels and the 
amount of reflection back into the feed system is con- 
sequently reduced. Early systems using this folded type 
of construction include the Robinson and the Schwarzs- 
child Scanning Feeds,? both of which are electro- 
mechanical scanning devices; that is, the peak of the 
radiation pattern is moved through an angle in space 
by rotating the waveguide input instead of the entire 
mechanical structure. This technique permits much 
higher scanning rates because of the reduction in 
- mechanical inertia, but the two systems mentioned are 
limited in scan angle by virtue of their geometry. 

More recent antenna designs have attempted to pro- 
- duce wide-angle electrical scanning by means of circular 
symmetry in the antenna. Jams‘* of RCA has built a 
circular reflector with correction element, which is 
capable of scanning over +30°. Construction is of the 
double-layer circularly symmetric type, with a toroidal 
bend substituting as the reflector. A noncircular lens, 
which corrects for residual spherical aberrations of the 
system, is attached and moves with the waveguide in- 


E Ww. Sichak and E. M. Purcell, “K-Band CSC? Antennas With a 
Line eaece aad Shaped Cylindrical Reflector,” M.I.T., Cambridge, 
Mass., Rad. Lab. Rep. No. 624; 1944. j 

3 W. M. Cady, M. B. Karelitz, and L. A. Turner, Radar Scan- 
ners and Radomes,” M.I.T. Rad. Lab. Series, McGraw-Hill Book 
Co., Inc., New York, N. Y., vol. 26, pp. 45-61; 1948. 

4H. B. Devore and H. Iams, “Microwave optics between parallel 
conducting sheets,” RCA Rev., vol. 9, pp. 730-732; December, 
1948. 
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put. The double-layer construction, which eliminates 
reflections back to the: waveguide, permits the use of 
multiple feeds without shadowing effects. These feeds 
are switched sequentially so that a rotary motion of the 
feed system produces a sawtooth motion of the radar 
beam. The chief disadvantages of this antenna are 
mechanical troubles in rotating the large mass of the 
lens elements, as well as limitations on lens size. Since 
only about half of the physical aperture of the antenna 
is effective in collimating the radiation, the beamwidth 
is greater than that for a parabolic reflector of the same 
size. 

Since reflections back to the source are negligibly 
small, a major advantage of folded pillboxes is that 
microwave optical systems impossible to construct in 
single-layer form may easily be achieved. (This is why 
the double-layer pillbox was used with the Schwarzs- 
child antenna.) For instance, correcting lenses to 
eliminate optical aberrations may be placed in front of, 
at, or even behind the reflecting “mirror.” Fairly com- 
plex quasi point-source feed systems can be constructed 
without fear of shadows or impedance mismatch. An 
example is the Microwave Schmidt System of Chait,® 
a double-layer circular pillbox with a nonconcentric 
dielectric lens of the Schmidt type placed in front of the 
mirror reflector. Other systems, using concentric cor- 
recting lenses, have also been built. 

Another technique for producing wide-angle scanners 
distorts the flat conducting sheets of the parallel-plate 
system into special geometric shapes. Although one is 
accustomed to thinking of refraction or reflection in 
microwave optical systems as the chief parameter in 
determining the paths of the rays, the important factor 
is actually given by Fermat’s principle which states that 
the optical path lengths in a system must have sta- 
tionary values. If the conducting plates are distorted 
from their normally plane surface, the microwave energy 
will be constrained to follow “geodesic” (minimum opti- 
cal distance) paths between the plates; differences in 
optical path lengths, which may be used for focusing 
effects, are thus obtained. An example of geodesic con- 
struction is given by the microwave Rinehart analog of 
the Luneberg lens. A folded version of this system, with 


the advantage of a smaller feed circle, has also been pro- 


posed by Rinehart.® One important feature of the Lune- 
berg system is the complete circular symmetry and the 
corresponding ability to scan throughout the plane of 
the antenna. Extensive experimental and_ theoretic 
work on this subject has been reported from AFCRC 
and other laboratories.’ 


5H. N. Chait, “A Microwave Schmidt System,” Naval Res. Lab., 
Washington, D. C., NRL No. 3889; May, 1952. Also see Wide-angle 
scan radar antennas,” Electronics, vol. 26, pp. 128-132; January, 


6 R. J. Rinehart, “A family of designs for rapid scanning radar an- 
tennas,” Proc. IRE, vol. 40, pp. 686-688; June, 1952. c 

7H. Jasik, “The Electromagnetic Theory of the Luneberg Lens, 
Contractor’s paper to Antenna Lab., AF Cambridge Res. Center, 
Cambridge, Mass.; May, 1953. 
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II. PROPERTIES OF SEMICIRCULAR PILLBOXES 


For wide-angle scanning, the semicircular pillbox with 
linear aperture (Fig. 1) has many applications as a line 
source. The pillbox is divided into two layers, the en- 

‘trance layer containing the waveguide input and the 
exit layer containing the linear aperture. In transmis- 
sion, microwave energy from the open end of the wave- 
guide propagates within the entrance layer, passes to 
the exit layer through the parallel-plate bend where it 
is approximately collimated into a plane wavefront, and 
then radiates into space from the linear aperture. 

From the symmetry of the model it can be seen that 
the radar beam may be scanned by moving the wave- 
guide in a circle whose center coincides with the center 
of curvature of the model. A one-to-one relationship is 
obtained between the angular position of the feed and 
that of the beam if the velocity of propagation of the 
waves in the parallel plates is the same as that in free 
space. This condition is satisfied by the TEM waves in 
which the electric vector is normal to the conducting 
parallel plate. With the TE: mode, in which the electric 
vector is parallel to the plates, the velocity between the 
plates is greater than free-space velocity in accordance 
with the relation 


c 


Vp = eee), (1) 


y r ene 


Vp=phase velocity in metal plate media, 
c=free-space velocity of light, 
m=mode number =1, 2, 3, 4, etc. (m=1 for funda- 
mental mode), 
a=separation of parallel plates, 
\=free-space wavelength; 


where 


and the rays are refracted at the linear aperture accord- 


ing to Snell’s law 
r 2 
1— : 2 
/ Ga 2) 


where 0=angle with respect to normal of ray in free 
space, @=angle with respect to normal of ray in parallel- 
plate media. The position of the feed circle is the same 
for TEM and TEn: operation. 

The only aberrations in a circularly symmetric system 
are of the on-axis types, such as spherical aberrations, 
and also shadowing effects. Off-axis aberrations, such 
as coma and astigmatism, are completely absent. If the 
system can be corrected for on-axis aberrations, it is 
completely corrected for all angles of scan except for 
effects caused by shadowing. Actually, the aberrations 
need not be completely eliminated but only reduced to 
the point where the deviation from linearity of the 
emerging wavefront is less than the \/8 limit set by 


sin 6 


sin d 
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Fig. 1—Semicircular double-layer pillbox with 
linear aperture. 


Rayleigh’s® criterion or by the limit set by an analogous 
criterion determined by permissible deterioration of 
beamwidth and side-lobe level of the radiation pattern. 

The effect of shadowing and spillover may be qualita- 
tively determined by considering a circular reflector 
(Fig. 2) fed in the TEM mode by a directive horn so that 
only a small width w of the reflector is uniformly il- 
luminated. For on-axis feeding [Fig. 2(a)], the same 
length J of the linear aperture is illuminated (J=w), 


while off-axis ]=w/cos 6. However, w and the gain of | 


the antenna remain constant until the aperture is totally 
illuminated at an angle 09 [Fig. 2(b)] given by 


cos 0) = w/A, 


(3) 


where A is the maximum aperture width. Beyond this 
critical angle, the gain decreases because of two factors. 
First, a loss of radiated energy by aperture shadowing 
(vignetting) causes a cos @ variation in gain; and second, 
the reduction. in effective aperture due to the decrease 
in cross section of the wavefront broadens the main 
beam and thus decreases the gain further [Fig. 2(c)]. 

The side-lobe level of the far-field pattern also in- 
creases in intensity since the energy that does not reach 
the aperture is scattered. Note that the electrical center 
of radiation and the physical center of the aperture 
always coincide. 

The radiation pattern of the primary feed must be 
carefully controlled in order to get the desired amplitude 

§ A.S, Dunbar, “Applications of the Rayleigh criterion,” Sympo- 


ee on Microwave Optics, McGill University, Montreal, Can.; June, 
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Fig. 2—Effective aperture of a circular reflection. (a) On-axis illumi- 
ies (b) Limits of aperture. (c) Spillover and shadowing 
effects. 


distribution along the aperture. To ensure reasonably 
low side lobes, the intensity at the edges of the usable 
portion of the aperture should be about ten decibels 
below that at the center. Special primary waveguide 


_ feeds, incorporating metallic and dielectric protrusions 


or obstacles in the waveguide opening?’*-!! may be re- 


_ quired to obtain this wide-angle illumination. 


PFA 


III. ConTrRoL oF ON-AxIs ABERRATIONS 


Since spherical aberration causes deterioration of the 


- radiation patterns of circular pillboxes, methods of con- 


_ trolling this aberration are of prime importance. For a 
_ plane wave incident upon the concave side of a spherical 
reflector, rays close to the axis are focused at the paraxial 
- focus which is exactly half-way between the center of 
- curvature and the vertex. Other rays cross the axis at 


points closer to the vertex. The distance from the 
paraxial focus to the intersection of a general ray and 


i the axis may be expressed as 


LA’ = ay? + by! + cy®+---, 


where y is the height of the incident ray, LA’ is the 
- longitudinal spherical aberration, and the various terms 


of the series in y’, y‘, y®, etc., respectively represent the 
primary, secondary, tertiary, etc., spherical aberrations. 


_ Thus, limitation of the illuminated portion of the aper- 
- ture reduces the aberrations, at the least, as the square 


of the aperture dimensions. For a given reflector, if the 
effective aperture is made small enough in terms of 


wavelength, the aberrations may be reduced below the 
point where they are troublesome. The optical analog 


9C. S. Pao, “Shaping the Primary Pattern of a Horn Feed,” 


_ M.1.T., Cambridge, Mass., Rad. Lab. Rep. No. 655; January, 1945. 


wT. J. Eyges, “Lens Feed for K-Band Pillboxes,” M.I.T., 


, Cambridge, Mass., Rad. Lab. Rep. No. 869; January, 1946. 


1 T, J. Keary, “AN/APS-32 and AN/APS-34 Airborne Naviga- 
tional ete Rahakae at K-Band,” M.I.T., Cambridge, Mass., Rad. 
Lab. Rep. No. 808; March, 1946. - 
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is the use of field stops and diaphragms to obtain sys- 
tems of large f numbers (ratio of focal length to effective 
diameter). 

Uncorrected spherical reflectors have been used for 
radar applications by restricting the aperture and 
selecting sufficiently large radii of curvature for the 
reflector. Ashmead!” describes a scanning antenna that 
has a horizontal beamwidth of less than 1° and scans 
through an angle of 6° by motion of the primary feed 
alone. His theoretical analysis indicates that the best 
focal point for an uncorrected spherical system is not at 
the paraxial focus r/2 but is at one-half of the radius 
minus one-quarter of the depth of the reflector. For 
this position of focus, the maximum aperture A for 
which deviation from a plane wavefront is less than 
d/8 may be computed from A4=250Af*? where f=the 
focal length, A =maximum usable aperture, \ =wave- 
length. These results were obtained by comparison of 
the sphere with the optically perfect paraboloid. 

Similar conclusions have been reached by the author 
through a slightly different technique. The spherical 
reflector is considered as a transmitter with a point 
source placed on axis; the optical path lengths from the 
source to a line normal to the axis are computed for the 
geometric rays. The differences in path lengths for the 
various rays are a measure of the phase deviation from 
linearity; the shape of the wavefront may be investi- 
gated as a function of position of feed. For the feed at 
the paraxial focus, the wavefront has the shape shown 
in Fig. 3(a). If the feed is moved closer to the reflector, 


é— 


(b) 


Fig. 3—Wavefront phase errors in axially symmetric systems. (a) 
Spherical mirror: primary source at paraxial focus. (b) Spherical 
mirror: primary source at “best” focus. 


the wavefront is converted to the type shown in Fig. 
3(b) in which the optical path length at some zone do 
is equal to the length of the paraxial ray. The position 
of focus for any value of dy) may be determined theo- 
retically. If the maximum deviation, A¢max, for do >d>0 
is less than the Rayleigh criterion of \/8, the aperture 
is usable over an area somewhat greater than these 
limits. This type of analysis has advantages over the 
Ashmead method in the study of a concentric, dielectric 
lens in a spherical mirror. By either method, however, 
the position of the feed for the best focus in an uncor- 
rected mirror is almost identical. 


12 J, Ashmead and A. B. Pippard, “The use of spherical reflectors 


as microwave scanners,” J JEE (London), vol. 93, pt. IIIA, pp. 
627-632; 1946, 
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If the phase errors are excessive, auxiliary techniques 
can be used to reduce the aberrations. These methods 
include: 


1) Dielectric lens—concentric, Schmidt type, or 
auxiliary lens moving with feed, 

2) Geodesic shapes, 

3) Quasi point-source feeds—multiple point sources, 
extended line sources, or auxiliary reflectors, 

4) Combinations of the three preceding methods. 


Characteristics of these techniques will be discussed in 
detail in the following sections. 


Dielectric Lenses 


Lenses of natural or synthetic materials may be 
placed in suitable locations between the parallel con- 
ducting sheets of pillboxes to minimize the spherical 
aberrations of the system. They may be concentric or 
nonconcentric. The nonconcentric types include the 
Schmidt systems and the movable lenses.*® 

The concentric dielectric lens has the advantage that 
it does not disturb the circular symmetry of the system; 
however, spherical aberration can never be entirely 
eliminated by this lens—it can only be reduced to an 
acceptable value. With no correction the rays in a 
spherical reflector are poorly focused. If a concentric 
dielectric shell is placed in front of the mirror, the focus- 
ing is improved regardless of the exact position or 
thickness of the shell. There are, of course, certain opti- 
mum dimensions of the lens that give minimum spheri- 
cal aberration. Concentric lens-mirror combinations of 
this type have been used in optics for the construction 
of microscope, telescope, and photographic objectives, 
and have received extensive theoretical treatment by 
Bowers."® 

In the double-layer pillbox application, the two- 
dimensional concentric lens may be located in either the 
entrance or the exit layers (containing the waveguide or 
the linear aperture, respectively) or both. The lens 
always acts as an optical element of weak power but 
with spherical aberration of opposite sign to that of the 
concave mirror. If the lens is placed in the exit layer, 
only that portion of the linear aperture that corresponds 
to the smaller inside diameter of the lens may be used 
for radiation. For this reason the lens is usually located 
in the entrance layer. Increasing the dielectric constant 
of the lens reduces the aberrations of the system and 
moves the focal point closer to the center of curvature. 
The latter effect results in a smaller feed circle, which 
is an advantage in rapid scanning. 


Geodesic Shapes 


We have mentioned that the conducting surfaces of 
the pillbox may be distorted into special geometric 
shapes to obtain better focusing. The theory of such 
“seodesic” systems for electromechanical scanning pur- 


13 A. Bowers, “Achievements in Optics,” Elsevier Publishing Co., 
New York, N. Y., pp. 25-330; 1946. 
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poses has been analyzed by Myers" who discusses 
several interesting solutions. He shows the design of a 
parallel-plate system in which the feed moves in acircle, 
the aperture is a straight line, and the energy leaves 
the aperture as a directed beam that tilts as the source 
moves. His solution to the wide-angle scanning problem 
is a “surface of revolution scanner” in which the linear 
aperture lies along a diameter. This design satisfies all 
conditions except the aberration problem. It has been 
shown" that no geodesic surface can completely elimi- 
nate the spherical aberration. However, by proper selec- 
tion of contour, the optical errors may be minimized 
and conceivably reduced below the point where they are 
troublesome. Of the several possible solutions, the one 
which appears most practical is the right circular cylin- 
der similar to that shown in Fig. 9. Its aberrations are 
only about one-third that of the uncorrected flat pill- 
box and even less than that for a system with a poly- 
styrene dielectric correcting lens. A combination of ap- 
propriate dielectric lenses and geodesic contours can 
reduce the aberrations to a still smaller value. 

A pillbox incorporating these principles was con- 
structed and will be described later. If the mean surface 
were exactly a right circular cylinder, abrupt 90° bends 
which might reflect energy would be required. A modi- 
fied mean surface (Fig. 9) was therefore selected so that 
gradual toroidal bends" could be substituted. 


Quast Point-Source Feeds 


The methods for correction of spherical aberration 
described so far attempt to collimate the energy from a 
point source into a perfect plane wave at the aperture. 
The alternate approach is to consider a plane wave in- 
cident upon the antenna from external sources and to 
attempt the interception of the imperfectly focused rays 
by placing several waveguide receiving elements near 
the focal regions where the energy is concentrated. Ex- 
amples include the multipoint source feed which mini- 
mizes lateral spherical aberration, and the corrected line 
source feed which operates upon the longitudinal spheri- 
cal aberration. 

Still another approach is to collimate the energy to a 
perfect focus by means of a small auxiliary noncon- 
centric reflector placed near the paraxial focus of the 
pillbox. This auxiliary reflector is considered part of the 
primary feed and can be moved with the waveguide for 
scanning purposes. 


4S. B. Myers, “Parallel Plate Optics for Electrical Scanning,” 
Uy el abide, Mase ey Lab. Rep. No. 646; December, 1014: 
also see “Parallel plate optics for rapid scanning,” J. Appl. Phys., 
vol. 18, pp. 221-229; February, 1047 : oe ey 
* The proof that no geodesic surface can completely eliminate the 
spherical aberration was first derived by Dr. R. C. Spencer at M.L.T. 
Rad. Lab. in 1943. A similar conclusion was later obtained by Dr. 
S. B. Myers through an alternate formulation of the problem. The 
peeves mar nase of an appropriate combination of geodesic 
surfaces and dielectric 3 fi 
Robinson ae eh es were first demonstrated by Dr. C. 
. M. T. Jones and R. C. Honey, “Millimeter Wavelength An- 
a Pon ee Res. rae Stanford, Calif, Seventh Quar- 
ess Keport, Project No. 430 (Contract No. DA-36-039- 
SC-5503), pp. 23-31; January, 1953. ‘ 
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Sletten!” has attempted to correct the spherical aber- 
rations in a three-dimensional, spherical reflector by 
placing several point source feeds transverse to the re- 
flector axis in the concentrated field distribution (known 
as the Airy disk) near the paraxial focal region. This 
technique has met with considerable success, but per- 

_ formance suffers from the shadowing effects of the mod- 
erately large feed system. 

The design of the multiple point-source feed is simpli- 
fied when applied to the two-dimensional case of the 
double-layer pillbox;!* furthermore, shadowing effects 
are eliminated. 

For this application, a typical multiple-source feed 
consists of three open-ended waveguides spaced about 
one wavelength apart, with the center one near the 
paraxial focus and the other two on either side (Fig. 6). 

_ Power is fed into the center guide and distributed at a 
_lower intensity to the auxiliary guides by means of 
multihole directional couplers. 

In contrast to this multiple-source feed, which is 
_ transverse to the reflector axis and therefore modifies 
_ the fields in the lateral plane, correction of aberrations 

may also be achieved by operation upon the longitudi- 
nal fields. In the latter case, receiving elements are dis- 
tributed along the axis of the system and phased to in- 
tercept the rays at the point where they cross the axis. 
_ These elements form a phased line source!® which can 
consist of a traveling-wave array located between the 
parallel plates and made of waveguide with radiating 
_ slots or dipoles in the side walls. Scanning is achieved by 
_ rotating the array about the center of curvature of the 
_ reflector. 
_ Phased line sources have been constructed and tested 
for spherical reflectors but not for parallel plate sys- 
tems. The chief difficulty is the limited knowledge of 
the design principles for linear arrays between parallel 
plates. 
Since most of the energy, even in an optical system 
with large spherical aberrations, is concentrated fairly 
' close to the focus, a small auxiliary reflector can inter- 
cept and focus the rays from an incoming wave |[Fig. 
4(a)]. This auxiliary reflector can be moved with the 

_ waveguide feed for scanning purposes. Since the shape 
of the reflector is determined from geometric optics, it 
should be several wavelengths in aperture to avoid the 
diffraction effects encountered with small openings. 
Proper illumination of the auxiliary reflector without 
shadowing necessitates its construction in double-layer 
form [Fig. 4(b)], making the pillbox a triple-layer 
structure. 


17 C, J. Sletten and W. G. Mavroides, “A Method of Side-lobe Re- 
duction,” Naval Res. Lab., Washington, D. C., NRL No. 4043, pp. 
1-12; April, 1952. ; 

18 B. Berkowitz and J. D'Agostino, “A Geodesic Antenna for 
Flush Mounted Applications,” (Classified Paper), Georgia Inst. of 
Tech., Atlanta, Ga., Symposium Record of Georgia Tech.-SCEL 
Meeting on Scanning Antennas, pp. 283-293; December, 1956. 

1 R. C. Spencer, C. J. Sletten, and J. E. Walsh, “Correction of 
Spherical Aberration by a Phased Line Source,” AF Cambridge Res. 
Labs., Cambridge, Mass., AFCRL Rep. No. E 5069; May, 1951. 
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Fig. 4—Semicircular double-layer pillbox with auxiliary reflector. 


(a) Basic configuration. (b) Double-layer pillbox form. 


Combinations 


Among the methods discussed for correction of 
spherical aberration, the Schmidt system, the phased 
line source, and the auxiliary reflector are the only ones 
capable of perfect focusing. The concentric dielectric 
lens, geodesic shapes, and multiple-point source feeds 
minimize the aberrations but do not eliminate them en- 
tirely. For small apertures (in terms of wavelength), the 
residual aberration may be acceptable; but for the 
larger apertures required for high-resolution radar sys- 
tems, the deviation from linearity of the wavefronts 
may exceed the permissible amount. 

Several of these methods can be combined to reduce 
the aberrations to acceptable limits. One example, 
previously mentioned, is the use of concentric dielectric 
lenses in geodesic structures. Other combinations in- 
clude geodesic shapes with either corrected line sources, 
multiple-point sources, auxiliary reflectors, or Schmidt 
lenses. The following combinations for correcting circular 
pillbox reflectors have been found practical: 


1) Small apertures (5—10\)—no correction needed be- 
yond tapered illumination. 

2) Medium apertures (10—-20)—tapered illumination 
plus geodesic shapes. 

3) Large apertures (20—40\)—tapered illumination 
plus geodesic shapes plus multiple-point source 
feeds. 

4) Very large apertures (40\ and above)—tapered 
illumination plus geodesic shapes plus auxiliary 
reflectors. 


IV. EXPERIMENTAL RESULTS 


Several double-layer pillboxes were constructed to 
evaluate the techniques. Three of these models—a semi- 
circular pillbox with triple-horn feed and two geodesic 
pillboxes with a triple-horn feed and with an auxiliary 
reflector respectively—are described here. These types 
were selected as optimum with respect to angle of scan 
and aperture efficiency. Other models whose character- 
istics are discussed in the author’s reports”? include a 


20 W. Rotman, “A Study of Microwave Double-Layer Pillboxes; 
Part I, Line Source Radiators,” AF Cambridge Res. Center, Cam- 
bridge, Mass., Tech. Rep. AFCRC-TR-102; July, 1954; Part II, 
“Multiple Reflector Systems,” Tech. Rep. AFCRC-TR-101; Janu- 
ary, 1956. 
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Fig. 5—Semicircular double-layer pillbox with 
triple-horn feed. 
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Fig. 6—X-band three-element waveguide 
primary feed. 


parabolic pillbox (nonscanning), a semi-circular pillbox 
with dielectric lens, and a circular-cardioid pillbox 
based on the optical principles used in the Zeiss cardioid 
reflector.”! 


Semicircular Flat Pillbox With Triple-Horn Feed 


This vertically polarized X-band model (Fig. 5) uses 
a semicircular reflector with a three-element horn 
which reduces spherical aberrations. Scanning is 
achieved by moving the feed. Aperture length is 40 
inches. The best focal point is about 0.54R from the 
center, agreeing well with the theoretical value of R/2 
plus 1/4 of the depth of the usable aperture.” 

The primary feed for the pillbox consists of three 
open-ended waveguides. The central one is located at 
the focal point; the outer two are at the positions of the 
first sidelobes. Energy is fed to the waveguides in proper 


2. C, Martin, “Technical Optics,” Pitman and Sons, Ltd., Lon- 
don, Eng., ch. 2, pp. 132-136; 1950. 

2 This theoretical criterion applies specifically to a concentric 
spherical mirror with a uniformly illuminated field stop placed at the 
center of the system. 
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Fig. 8—Radiation characteristics of a semicircular pillbox 
with three-element feed. 


phase and amplitude to reduce the sidelobe level. The 


power for the secondary feeds is extracted from the 
central feed by means of coupling holes in the side walls. 
Some amplitude control of the primary pattern is ob- 
tained from wing extensions on the open ends of the 
waveguides. The feed is shown in Fig. 6. 

With the outer two waveguides of this feed decoupled 


from the center one, the primary pattern is essentially - 


that of a single winged feed.!! The far-field radiation 
pattern under these conditions has high sidelobes, on 


the order of 11 db. The relative amplitude and phase of — 


the energy in the waveguides were adjusted by the size 


of the coupling holes** and the position of the phase — 


shifters. With the energy levels adjusted to the values 
on single-feed reception, the side-lobe level of the far- 
field pattern is reduced to 19.5 db while the half-power 
beamwidth of 3.4° remains unchanged. For comparison, 
the theoretical half-power beamwidth is 2.1° for com- 
plete aperture utilization (uniform illumination). 
Scanning patterns out to angles of- + 60° are shown in 
Fig. 7. Relative gain, half-power beamwidths, and 
maximum sidelobe level for these patterns, are given in 
Fig. 8 as a function of scan angle. Theoretical half- 
power beamwidth curves, assuming 60 per cent of the 
aperture to be illuminated, are also included for com- 
parison. These figures show that useful radiation pat- 
terns up to scan angles of +55° are obtained. The meas- 
ured input impedance of this model is poor, varying be- 


*8 C. G. Montgomery, “Technique of Microwave Measurements.” 
M.I.T. Rad. Lab. Ser.,, McGraw-Hill Book Co., Inc. | 
N. Y., vol. 11, p. 877; 1947, coi Shea Eas 
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Fig. 9—Semicircular geodesic pillbox. 


_ tween a vswr of 2.2 and 1.1 in the X-band range of fre- 
quencies. This bad mismatch is not due to any inherent 
_ property of the pillbox, but was traced to internal re- 
_ flections from the coupling holes within the three-ele- 
ment primary feed. A simple redesign of these holes 
(Fig. 6) in accordance with good directional coupler 
practice should correct this trouble. 
_ The semicircular flat pillbox with triple-horn feed is 
acceptable for moderate aperture efficiencies and side- 
lobe levels. The geodesic pillbox, which has inherently 
smaller spherical aberrations and better aperture ef- 
_ ficiencies, will now be discussed. 


_ Semicircular Geodesic Pillbox With Triple-Horn Feed 


This pillbox is a wide-angle scanning antenna operat- 
ing at X band in the TEM mode. The special contour 
is dictated by geodesic principles applied to limit the 
_ spherical aberration to a smaller residual value than that 
achieved in the flat, uncorrected, semicircular pillbox. 
The triple-horn feed is used to reduce the sidelobes 
_ caused by the residual aberrations to acceptable values. 
Construction is similar to the flat semicircular pillbox, 
with the exception of the “surface of revolution” shape 
which is a right circular cylinder. 

_ The optimum geodesic contour suggested by Myers! 
is a right circular cylinder (Fig. 9). For this 30-inch di- 
ameter model the wavefront has a maximum phase error 
of less than \/8 at K band and 4/16 at X band. 

Since right-angle bends reflect a considerable portion 
of the incident energy, circularly curved bends are used. 
This change modifies the optimum geodesic contours 
and increases the spherical aberrations by a small, sec- 

ond-order amount. An attempt to compensate for the 
effects of the bends was made by adjusting the geodesic 
height. The equations® can be used to calculate this 
adjustment exactly. 

The triple horn feed (Fig. 6) was used as the primary 
source for the geodesic pillbox (Fig. 9). The relative 
power fed to the horns was controlled by variable at- 


% The term “geodesic” is used here as a descriptive title for an an- 
tenna system, rather than as an implication that geodesic principles 
do not apply to most other antenna types. An alternate designation 
“semicircular separated layer pillbox,” based upon the geometric 
configuration, has also been employed in several communications. 
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Fig. 10—Semicircular pillbox with auxiliary reflector. 


tenuators which were used to adjust the radiation pat- 
tern to a sidelobe level of 20 db and a half-power beam- 
width of 3.6°. Scanning patterns taken with this feed 
show that the radiation pattern has not appreciably 
deteriorated even at scan angles up to 50°. 

The aperture efficiency of the experimental geodesic 
pillbox is better, by a factor of about 30 per cent, than 
that of the flat pillbox of equivalent aperture size. In 
terms of volume efficiency, however, the flat pillbox is 
vastly superior to the geodesic, and in some applications 
its smaller volume may make it more desirable than the 
geodesic type. In this case, a larger aperture would be 
required for equivalent beamwidths. 


Semicircular Geodesic Pillbox With Auxiliary Reflector 


The pillbox with auxiliary reflector (Fig. 10) has three 
main parts: 1) the stationary semicircular reflector, 
whose mean surface is that of a right circular cylinder, 
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TABLE I 
SuMMARY CHART, CHARACTERISTICS OF DOUBLE-LAYER SEMICIRCULAR PILLBOXES 
: Side-Lobe Level) Useful Angle Aperture 
T Wavelength Aperture Half-Power OS ae 3) we — cade Efficiency 
ype (cm) (inches) Beamwidth (db) (1-db loss) (per cent) 
Dielectric lens 3.3 40 & 8° Ze + 55° 55 
Flat shape with triple-horn feed 3.3 40 3 A" 19.5 coh on 
Geodesic shape with triple-horn feed Sie) 30 3 6° 20.0 ae o. 
Geodesic shape with triple-horn feed 125 30 1 6° 16.0 ae HE 
Geodesic shape with auxiliary reflector oad 30 3.3 15.0 ake 


2) the auxiliary reflector and, 3) the primary waveguide 
feed. In scanning, the latter two move as one unit. 

When the system operates as a receiving antenna, a 
plane wave that impinges on the linear aperture of the 
semicircular reflector is imperfectly focused in the en- 
trance layer. The auxiliary noncircular reflector serves 
to focus this energy perfectly at the location of the 
primary feed. Both the auxiliary and the semicircular 
reflectors are built in double-layer form to minimize re- 
flections and improve optical properties. The radar 
beam can be scanned by moving the auxiliary reflector 
and primary feed together about the axis of revolution 
of the semicircular reflector. For a pillbox operating in 
the TEM mode the beams move through the same angle 
as the feed. Geodesic principles specify that the en- 
trance and exit layers of the semicircular reflector must 
be separated to bring the rays in the entrance layer toa 
better focus and to keep the size of the auxiliary reflec- 
tor small. This separation also increases the effective 
linear aperture and improves collimation of the beam. 

If the layers of a semicircular pillbox are not sepa- 
rated, a ray that enters the system further from the 
center than 2/2 of the radius of the semicircular re- 
flector crosses the axis in the entrance layer at an angle 
greater than 90°. It cannot be focused by any auxiliary 
reflector that is concavely symmetric about that axis 
because it strikes the convex side of the reflector first. 
An interspace between layers, limited to about one- 
sixth the diameter of the pillbox to prevent intersection 
between the auxiliary and semicircular reflectors, de- 
creases the angle at which the ray strikes the axis and 
provides an effective aperture of between 85 and 90 per 
cent of the physical aperture. The auxiliary reflector is 
subject to the following requirements: 


1) It must be contained within the physical bounds 
of the semicircular reflector. 

2) It must be so positioned that two separate rays 
cannot strike it at the same point. Otherwise, per- 
fect focusing will be impossible. 

3) It must intercept all the radiation from the effec- 
tive linear aperture and focus it on the primary 
feed. Since the beamwidth of the radiation pattern 
produced by a waveguide horn, the usual feed, is 
less than 140°, the angle of rays incident upon the 
feed is preferably less than 70° from the paraxial 


ray. 


4) It must be as small as possible for mechanical rea- 
sons. The details for computing the shape of the 
auxiliary reflector and the primary box horn feed 


from ray-tracing may be found in the author’s — 


AFCRC reports.”° 


The pillbox antenna selected as an example is de- i 


signed for a wavelength of 3.2 cm. Its linear aperture of 


30 inches produces a beamwidth of about 3°. The 90° — 
bends in the semicircular reflector are toroidal. This — 


complicates geometric ray-tracing but prevents the re- 


flections that would occur if the bendswere at sharp right 
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angles. Fortunately, ray-tracing formulas take the 
toroids into account. The sharp 180° bend in the auxili- — 


ary reflector has moderately small reflections at the 


design frequency. Near-field measurements correlate the ~ | 


far-field measurements with the properties of the pill- 
box. Although the measured and the computed near- 
field amplitude patterns along the linear aperture agree 
with each other substantially, both differ from the theo- 
retical optimum in not having a smooth taper. The ex- 
pected effect of this variation is evidenced by higher side- 
lobes and a wider main beam in the far-field pattern. 


This could be remedied by modifying the waveguide | 


feed. 

Scanning patterns, taken by moving the auxiliary re- 
flector and the box horn feed about the center of curva- 
ture of the pillbox, show that the radiation pattern does 


not appreciably deteriorate even for scan angles greater — 


than +30°. The measured beamwidth corresponds to an 
aperture efficiency of about 78 per cent (relative to 
uniform illumination). 


Summary Chart 


A summary chart of the principal properties of the 
various pillboxes is given in Table I. Of all these models 
the semicircular geodesic pillbox has the best aperture 
efficiency in the X-band region. 

The choice of pillbox for a given application depends 
upon volume, weight, and size requirements, in addition 
to the desired angle of scan and electrical characteris- 
tics. The data given in the table are not optimum but 


rather are results achieved within a restricted time 
schedule. 


* E.M. T. Jones, R. C. Honey, and R. A. Folsom, “Millime 
hela, ‘ WAG ; ter 
Wavelength Antenna Studies,” Stanford Res. Inst., Stanford, Calif., 


Final Rep., Project 430, Contract DA-36-039-SC. 
July, 1953. ontract DA-36-039-SC-5503, pp. 26-31: 


he 


1958 


V. CONCLUSION 


Some of the characteristics of double-layer pillboxes 
have been applied to the design of wide-angle scanning 
_antenna systems of semicircular construction. Methods 
_of eliminating or reducing the spherical aberration have 
been tested and their limitations indicated. 

The triple-horn feed, for example, reduces the in- 
_tensity of the first sidelobe. The other sidelobes can be 
reduced by additional horns, but this would add to the 
complexity of the system. 

_ Geodesic contours minimize spherical aberrations 
_and, therefore, increase the aperture efficiency. They 
can be used to improve performance in conjunction with 
- other techniques. 

= The auxiliary reflector can focus perfectly all rays 
which enter its aperture. One of its advantages, which 
“is not possessed by any pillbox of semicircular type 
other than the Schmidt and the Iams correcting lenses, 
’ is that its techniques can be applied to pillboxes of arbi- 
_trarily large dimensions. With proper design it produces 
pa narrower beam for a given physical aperture than 
_ either of the other two types. Its scan angle, unlike that 
_of the Schmidt system, is independent of beamwidth. 

_ The chief disadvantage of this pillbox is the fairly 
large mass of the auxiliary reflector. This may prove a 
slight hindrance in high-speed scanning although the 
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} _ Summary—Experimental results with center-fed corrugated and 
- dielectric-clad spherical-cap antennas are presented and compared 
with the theory. The spherical surface waves supported by these 
_ structures give rise to radiation field patterns which are omnidirec- 
tional in the azimuth plane and which can be shaped in the elevation 

plane over a considerable range. The corrugated sphere provides 

vertical polarization while the dielectric sphere can support either 
_ polarization. The spherical caps are shown to have a natural applica- 

tion as low-drag beacon antennas when the surface geometries and 
sphere radii are appropriately adjusted. 


, 


I. INTRODUCTION 
bee RESULTS of an experimental investigation 


of surface waves on spheres are described in this 
report. The performance of center-fed corrugated 
and dielectric-clad spherical-cap antennas is compared 


* Manuscript received by the PGAP, February 20, 1957; revised 
manuscript received, June 26, 1957. The work described in this paper 
was supported in part by the AF Cambridge Res. Ctr., Air Res. and 
Dev. Comm., Contract No. AF 19(604)-1317. The paper was pre- 
sented at the NEC, Chicago, Ill., October, 1955, and was issued as 
Hughes Aircraft Co., Res. Labs., Tech. Memo No. 422, April, 1956. 
+ Hughes Aircraft Co., Culver City, Calif. 
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circular focal path allows the auxiliary reflector to be 
mounted in a disk and rotated at constant angular ve- 
locity. Several scans per revolution of the disk could be 
obtained by combining a number of reflectors. 

Another application for wide-angle double-layer pill- 
boxes is in multiple beam generation or reception. Since 
no aperture blocking is caused by the feeds, a number of 
inputs may be located around the focal arc and used 
either simultaneously or sequentially to generate many 
independent beams. 
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Surface-Wave Beacon Antennas* 
ROBERT E. PLUMMER? 


with the theory! and with the performance of their flat- 
disk counterparts. It is demonstrated that when the 
sphere radii and the surface geometries are appropri- 
ately adjusted, the spherical caps exhibit radiation pat- 
terns which closely approximate ideal beacon antenna 
performance. 

The existence of guided modes of wave propagation 
over corrugated and dielectric-clad conducting surfaces 
has been known for many years. Until recently, investi- 
gators have been concerned primarily with the guiding 
properties rather than the radiation characteristics of 
these surfaces. The consideration of surface waves for 
application to antenna problems was motivated, to a 
large extent, by the need for antenna configurations 
which are compatible with the severe requirements of 
present-day and future airframes, and also by the de- 
sirability of low-silhouette antenna structures for many 
ground and shipboard installations. 


1R. S. Elliott, “Surface waves on spheres with an application to 
beacon antennas,” IRE Trans., vol. AP-4, pp. 422-428; July, 1956. 
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Because of their low-gain, endfire-type radiation 
characteristics and their poor adaptability to scanning, 
surface-wave antennas have somewhat limited applica- 
tion. The elevation pattern of a flat, linear trapping 
surface is characterized by deep nulls, and when the sur- 
face is operated with a fore-shortened ground plane, 
diffraction at the end causes the main beam to tilt up 
from the plane of the surface. 


II. Disk ANTENNAS 


As a first step in the experimental work, corrugated 
and dielectric-clad disk antennas were constructed and 
tested. It was felt that the performance of these struc- 
tures (which are limiting examples of the spherical 
structures described in Section III) would provide a 
suitable gauge for measuring the improvements in per- 
formance anticipated with the spherical caps. The 
spherical coordinate system diagrammed in Fig. 1 will 
be convenient in describing the radiation characteristics 
of the experimental antennas. 

Earlier work by Elliott? demonstrated that the nulls 
in the elevation pattern of a flat, linear surface-wave 
antenna could be filled in and the main beam tilted 
down for good horizon coverage by curving the trapping 
surface into a cylindrical shape and tapering the depth 

of the trapping medium. 

Beginning in 1951, the antenna group at Stanford 
Research Institute reported a series of experiments with 
annular-ring antennas.*> By corrugating a flat disk and 
feeding it at the center, they were able to obtain an 
endfire-type omnidirectional radiation pattern. The ele- 
vation pattern of the disk exhibited the characteristic 
deep nulls, the main beam was tilted up considerably 
from the plane of the disk, and the corrugations limited 
the application to perpendicular polarization. In view 
of the pattern shaping and beam placement achieved 
by curving flat, linear antennas, it was felt that the pat- 
tern of the disk antenna could be similarly improved if 
the disk were replaced by a spherical cap. Furthermore, 
if the corrugations were replaced by a dielectric film,® 
the limitation to perpendicular polarization would be 
removed. 

A theoretical analysis of surface waves on spheres was 
made by Elliott! in order that a starting point for the 
design of spherical-cap antennas would be available. 
This analysis revealed two basic facts. 1) Essentially 
unimodal propagation of surface waves on spheres is 
possible if the curvature is not excessive. 2) The single 


2 R.S. Elliot, “Azimuthal surface waves on circular cylingers,” J. 
Appl. Phys., vol. 26, pp. 368-376; April, 1955. 
; “Pattern Shaping with Surface Wave Antennas,” Hughes 
Aarcraft Co., Res. Labs., Tech. Memo. No. 360; March, 1955. 
4A.S. Dunbar, et al., “Ridge and Corrugated Antenna Studies, ” 
promocd Res. Inst., Menlo Park, Calif., Final Rep.; January, 1951. 
US a Pel Vai Os Jones, “An annular corrugated- surface antenna,’ 
Proc. IRE, vol. 40, pp. 721-725; June, 1952. 
6 A dielectric-clad disk antenna was also described by the Stan- 
ford group, but their interest seemed to be confined to perpendicular 
polarization, 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


January 


+ 


Fig. 1—Coordinate system used in pattern measurements. 


mode leaks, and the leakage depends on curvature and 
depth of the trapping medium. 


Corrugated Disk 


The experimental corrugated disk is shown in Fig. 2. 
The disk was fed at the center with a coaxial waveguide 
supporting propagation of the TEM mode. The center _ 
conductor of the coaxial guide extended slightly above © 
the corrugations where it flared into a flat metal disk. 
The corrugations under this top plate were tapered from 
zero depth at the point of entry of the guide to the 
1/16-inch depth at the “splash plate” extremity. 

This taper was introduced to provide a gentle transi- 
tion from the TEM radial-waveguide mode under the 
splash plate to the circularly symmetric TM surface- 
wave mode. 

The theoretical elevation pattern of a corrugated disk © 
which has the given parameters and is embedded in an 
infinite ground plane exhibits a beamwidth of 17°, a 
sidelobe level of —12 db, and a gain of 8.5 db.! 

Experimental radiation patterns were obtained for 
the corrugated disk at X-band frequencies ranging from 
8200 mc to 10,000 mc. The elevation and azimuth plane 
patterns at 9600 mc, shown in Fig. 3 and Fig. 4, are 
typical of those observed over the entire frequency 
band. The only notable changes in pattern shape over 
the band were the anticipated lowering and narrowing 
of the main beam with increasing frequency. The finite 
extent of the disk causes diffraction which accounts for 
the main beam tilt of 14° and the-broadening of the 
beamwidth to 20° noticeable in Fig. 3. The sidelobe 
level is only —2.5 db and the gain figure obtained by 
pattern integration was 6.5 db relative to an isotropic 
radiator. The azimuth pattern displays the high degree 
of omnidirectionality of the antenna. Except for the 
sidelobe level, the departure of the experimental an- 
tenna performance from the theory is reasonable and 
can be explained in terms of the finite ground plane. By 
probing the field over the corrugated disk via the radial 
slot evident in Fig. 2, the cause for the poor sidelobe 
figure was traced to fnefhiciede mode conversion at the 
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Fig. 2—Corrugated disk antenna. 
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feed, indicating that the direct feed radiation was not 
- adequately suppressed.” The fine lobe structure in the 
_ broadside (on-axis) region is due to diffraction of energy 
; around the feed splash plate; methods for reducing the 
level of this radiation have been developed. 


Dielectric Disk 
The corrugated surface antenna of the preceding sec- 
tion can support only TM modes, and, consequently, 
polarization is perpendicular to the surface. A dielectric- 
clad surface, on the other hand, can support either TM 
or TE modes, thereby making a study of both polariza- 
tions possible. The structure of the TM mode essentially 
is the same whether propagating over a corrugated or a 
dielectric-guiding surface, so that the performance of a 
corrugated surface antenna is assumed to imply the 
performance of a dielectric-surface antenna of similar 


7M. J. Ehrlich and L. Newkirk, “Corrugated-Surface Antennas,” 
Hughes Aircraft Co., Res. Labs., Tech. Memo No. 297; February, 


1953. 
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Fig. 4—Azimuth pattern for corrugated disk at 9600 mc. 


geometry which is operating with the dominant TM 
mode. Thus, in the experimental study of spherical sur- 
face waves on dielectric surfaces, the emphasis was 
placed on the TE surface-wave mode for which the 
electric field is parallel to the surface. 

The experimental dielectric disk antenna consisted of 
a lucite slab bounded on one side by a ground plane. 
The lucite slab and its ground plane had a diameter of 
24 inches, and the thickness of the dielectric layer was 
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Fig. 5—Cutaway sketch of coaxial TEn mode feed. 


cut to 0.260 inch to appropriately trap the TE mode. 
The feed at the center of the disk consisted of a coaxial 
waveguide which was large enough to support the TEo 
mode. The cutaway sketch of this feed shown in Fig. 5 
indicates the means of launching and isolating the 
coaxial TE : mode. The coaxial guide is fed in tandem 
by a magic tee whose side arms are folded in the H plane 
so that they lie side by side. A signal coupled into the 
difference arm of the tee divides in the side arms so that 
the electric fields in the arms are of equal amplitude but 
of opposite phase in a given transverse plane. When 
each of the broad walls of the side arms is bent slowly 
through 90° via the evolute section shown, the fields in 
the two arms finally join and a resultant field with 
circular shape emerges which forms the TE), mode. 
The radial fins form a mode filter which destroys all the 
modes lower than the TE: mode. The center conductor 
of the sytem is included primarily to provide support 
for the splash plate which is located slightly above the 
dielectric surface. 

Radiation pattern measurements with the dielectric 
disk are typified by those shown in Fig. 6 and Fig. 7, 
which were recorded at a frequency of 9000 mc. The 
measurements covered a band from 8600 to 9600 mc 
over which the pattern shape is well represented by that 
of Fig. 6. Again, the finite disk size explains the beam 
tilt of 11° and the 20° beamwidth (Fig. 6), while the 
high sidelobe level of —2 db is once more probably due 
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Fig. 7—Azimuth pattern for dielectric disk at 9000 mc. 


to inefficient mode conversion at the feed. Additional 
evidence of the poor mode conversion is seen in the 
shallow nulls. The gain of the dielectric disk as deter- 
mined by pattern integration is 6.0 db relative to an 
isotropic radiator. The azimuth pattern of Fig. 7 dis- 


plays the good circularity obtained with the coaxial 
TEo. mode. 
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Discussion 


The elevation plane patterns of both the corrugated 
disk and the dielectric-clad disk exhibit nulls which are 
too deep for applications requiring solid high-angle 
coverage, while the upward tilt of the main beams pre- 
vents good horizon coverage for a horizontal installation 
of an antenna of this type. Both of these deficiencies can 
be overcome by the introduction of a curvature of the 
trapping surface, supplemented with tapering of the 


_ surface depth. It has been demonstrated? that these 
_ modifications give rise to a complex propagation coeffi- 
_ cient for the surface wave which implies that the wave is 
_ no longer completely trapped but “leaks” as it traverses 


FAY 


_the modified surface. 


This leakage radiation tends to fill in the nulls of the 


~ elevation pattern while affecting the pattern maxima 


very little; pattern shaping can be accomplished if the 


_ amount of this leakage radiation can be controlled over 
a sufficient range. Furthermore, if the radius of curva- 


AW 


ture is properly chosen, the main beam of the pattern 


_can be tilted downward for good horizon coverage, since 


_ the “unleaked” part of the wave is launched at an angle 
_ below the horizon which is determined by the surface 
curvature. 


III. EXPERIMENTAL SPHERICAL-CAP ANTENNAS 


The theoretical analysis of surface waves on spheres 
by Elliott! shows that, for both corrugated and dielec- 


_ tric-clad surfaces, the approximate propagation coeffi- 
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cient is a complex number y=$-+7ia, where 6 is the 
phase coefficient and a@ is the attenuation coefficient 


-which essentially measures the “leakage” of the quasi- 


trapped wave. For spheres of large radius, it is shown 
that B>>a and, consequently, a first approximation to 


_ the propagation equation assumes y=. This approxi- 
-mation improves as the sphere radius increases. A plot 


of 8 as a function of sphere radius a shows that 6 is a 
slowly varying function of a and smoothly approaches 
the value for a flat disk as a is increased. The first ap- 


_ proximation £8 is then employed by Elliott! to calculate 
-qaand a new value of 8. Results of this type of calcula- 
tion are included here in Table I for ease of reference. 


It is seen from Table I that a has a considerable range 


as a function of the sphere radius and the corrugation 


geometry. The results of this theoretical analysis indi- 
cate that an essential tool is available for improving the 
patterns of the disk antennas. By shaping the trapping 
surface in the form of a spherical cap, the unleaked por- 
tion of the spherical surface wave gives rise to a pattern 
similar to that of the flat disk, except that the energy is 


- launched at an angle below the horizon determined by 
the radius of the sphere. The leaked part of the wave 
contributes energy which tends to fill in the nulls of the 


pattern of the unleaked part. By choosing the sphere 
radius and surface parameters appropriately, the re- 


sultant pattern can be made to exhibit essentially solid 
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TABLE I 


First AND SECOND APPROXIMATIONS TO PROPAGATION CONSTANTS 
FOR LATITUDINAL SURFACE WAVES OVER CORRUGATED SPHERES 


he Ce First Approxi- | Second Approximation 
mation (Ba) (ya) 

60 0.267 62.5 63 +0.97 
0.419 65.5 65.5-+0.27 
0.751 74.5 74.5+2X10-%% 
1.128 89.5 89.543 X107% 

120 0.274 12505 125.5+0.57 
0.443 131.5 131.5+0.017 
0.751 149.5 149.547 X104% 
ib 5) 179.5 179 .5+7 10-337 

480 0.311 503.5 $03 .5-+0.002 
0.455 527.5 527.5+3 X10 
0.750 599.5 599 .5+4 10747 
L119 719.5 719.5 +4 1071347 

960 0.316 1007.5 1007 .5+4107% 
0.457 1055.5 1055 .5+3 X10 
0.750 1199.5 1199 .5+2X10-% 
1.119 1439.5 1439 .5 +1066; 


* C, which is a function of the corrugation geometry defining the 
role of the corrugation parameters in the determination of the propa- 
gation coefficients, is given by: 


leo. O 
C= jhe "tan k(a — b) 
€ 03+ % 


where 
(a—b) =corrugation gap depth, 
6, =central angle subtended by a gap, 
6,=central angle subtended by a tooth, 
k=27/X=wave number for dielectric material in the gaps, 
éo=permittivity of free space, 
€=permittivity of material in the gaps. 


coverage in the elevation plane with the main beam on 
the horizon. 

It is apparent from Table I that it is possible to 
achieve a desired a with any one of a number of combi- 
nations of sphere radius and corrugation geometry. The 
design problem is simplified by restricting attention to 
spheres of large radius. Even with this restriction, there 
is not a straight forward procedure for optimum design 
of a spherical-cap antenna. (An optimum design is con- 
sidered to be one which provides the desired solid cover- 
age in the elevation plane with minimum surface curva- 
ture.) 

The experimental spherical caps were designed by 
arbitrarily choosing a sphere radius and then adjusting 
the surface parameters to yield a desired phase coeffi- 
cient. For maximum gain of an endfire antenna, the 
phase coefficient must satisfy 


(8 i ko)l pat (1) 


where 


8 =surface-wave phase coefficient, 
ky =21/do =free-space wave number, 
]/=length of antenna or surface. 


(This expression is the well-known Hansen-Woodyard 
condition for maximum gain of endfire systems.) The 
experiments showed that, in order to make the sphere 
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radius large enough to satisfy a low-silhouette require- 
ment and still achieve an adequate leakage (sufficiently 
large a), the phase coefficient had to be less than that 
specified by (1). Hence, (1) was used only as a guide in 
the spherical cap designs. After a value for 6 is chosen, 
the trapping surface can be designed by use of the ap- 
propriate propagation equation for a flat surface. The 
equations for flat surfaces are justified in this connec- 
tion, since for large radii 6 is essentially independent of 
the sphere radius. 


Corrugated Spherical-Cap Antenna 


A photograph of the experimental corrugated spheri- 
cal cap is shown in Fig. 8. The sphere radius was chosen 
as 25.5 inches (this radius was dictated by the fact that 
the maximum thickness of available aluminum plate 
was 3 inches). Except for the radius, the cap dimensions 
corresponded to those of the corrugated disk. The cor- 
rugated sphere was again driven with the coaxial TEM 
mode feed. 

The normalized length of the trapping surface was 
chosen as 10 free-space wavelengths, so that (1) specifies 
6/ko=1.05. This value is too large for the reasons dis- 
cussed following (1). The ratio B/ko is related to the cor- 
rugation parameters of a flat corrugated surface by*® 


fto= 4/1+(—— 
B/Ro = G4T 


‘ tan? (Roh) (2) 


where 


8=surface wave phase coefficient, 
kyo =27/d)=free space wave number, 
G=corrugation gap width, 
T =corrugation tooth width, 
h=corrugation tooth height. 


For the experimental spherical cap, G=T=h=1/16 
inch, so that B/ko=1.015 from (2) for the frequency 
9600 mc. 

The approximate theoretical complex propagation 
coefficient for this surface configuration in terms of the 
sphere radius was found to be ya=Ba+iaa =124+471.4, 
indicating a total leakage from the spherical surface 
wave of approximately 60 per cent of its original power 
content, since the power decays as exp [—2aa0]. If it 
is assumed that the trapped portion of the spherical 
surface wave radiates a pattern similar to that of Fig. 3, 
and that, to a crude approximation, the pattern of the 
leaked part is hemispherically isotropic, it could be ex- 
pected that the first null of the elevation pattern would 
be filled in toa level of —3 db, and succeeding nulls filled 
in correspondingly. Furthermore, the unleaked part of 
the wave is launched at an angle 28° below the horizon, 
so that the beam tilt could be expected to be less than 


5 R. S. Elliott, “On the theory of corrugated plane surfaces,” 
IRE Trawns., vol. AP-2, pp. 71-81; April, 1954. 
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Fig. 8—Corrugated spherical-cap antenna. 


the +14° of Fig. 3, but no less than —14°. 

The experimental results obtained using the corru- 
gated spherical cap generally substantiated these predic- 
tions. Fig. 9 displays the radiation pattern measured 
at 9600 mc. Generally, the shape of the patterns meas- 
ured over a frequency band extending from 8200 to 
10,000 mc was the same as that shown in Fig. 9, with 


the nulls filling in even more than as shown and the © 
beam rising up toward the horizon level at the lower fre- | 
quencies. Considerable null-filling was achieved pro- — 


viding solid coverage for about 45° of elevation. The 
beam is seen to be depressed about 4° below the horizon 


in Fig. 9 or a total of 18° depression relative to the pat- — 


tern of Fig. 3. The calculated pattern gain at 9600 mc 
was 5.1 db (contrasted with 6.5 db for the corrugated 
disk), indicating the cost of null-filling and beam place- 
ment. 

Additional improvement of the elevation patterns 
was obtained by tapering the corrugations of the 
spherical-cap antenna, thereby introducing additional 
leakage radiation. Fig. 10 shows the elevation pattern 
observed at 9600 mc after the corrugation gap depth was 
smoothly tapered latitudinally from 1/16 inch at the 
feed aperture to zero depth at the cap edge. The result 
shown is indicative of the pattern shaping that can be 
achieved with proper control of the surface geometry 
and the sphere radius. The beam is seen to remain some- 
what below the horizon, but the improvement in null- 
filling is considerable. An improved design would require 
slightly less curvature of the trapping surface, a shal- 
lower initial corrugation depth, or a combination of both 
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Fig. 9—Elevation pattern for corrugated sphere at 9600 mc. 


to direct the beam better and still provide the desired 
null-filling. Improved feed mode conversion efficiency 
should result in a better sidelobe level, permitting the 
attainment of a pattern shape approaching csc’ in 
elevation. 

The input vswr of the corrugated spherical-cap was 
measured by inserting a probe through an axial slot in 
the outer conductor of the TEM coaxial mode feed. A 

plot of input vswr vs frequency is shown in Fig. 11. 


_ Dielectric Spherical-Cap Antenna 


The experimental dielectric spherical cap was con- 
structed to provide the 25.5-inch sphere radius which 
was employed with the corrugated sphere and to main- 
tain the surface parameters of the dielectric disk. The 
_ dielectric sphere was driven with the coaxial TE: mode 
- feed. 

The surface parameters for both the disk and spheri- 
cal cap were obtained from the transcendental relation 


(8/0)? — 1 


S 
ues (B/Ro)? \ 


cot [kote — (6/ko)*] = (—) 


where 


8 =surface wave phase coefficient, 
ky = 2mr/Xo =free-space wave number, 
t=thickness of dielectric layer, 
€,=relative permittivity of the dielectric material. 


Eq. (3) relates the phase coefficient to the thickness of 
the uniform dielectric layer and to the dielectric con- 
stant for TE-type surface-wave modes over a flat dielec- 
tric surface. To obtain 8/ko=1.015 as for the corrugated 
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Fig. 10—Elevation pattern for tapered-tooth corru- 
gated sphere at 9600 mc. 
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Fig. 11—Input vswr vs frequency for corrugated 
spherical-cap antenna. 


surfaces, it was found that a lucite thickness of approxi- 
mately 0.260 inch satisfied (3) for the 9000-mc design 
frequency. 

Computation of the theoretical complex propagation 
coefficients for dielectric spheres is exceedingly difficult 
and has not been carried out; however, the results of 
computations for the propagation coefficients associated 
with azimuthal surface waves on circular cylinders sug- 
gested that, if two cylinders of the same radius had the 
same phase coefficient B, then they would have the same 
attenuation coefficient a regardless of the method used 
to trap the waves or the polarization. If this “property” 
could be inferred to apply to the spherical geometry, 
then the results obtained for the corrugated sphere 
could be applied to the dielectric spheres. With this 
assumption and in view of the identical phase coeffi- 
cients for the corrugated and dielectric spheres and their 
geometric similarity, the predictions of corrugated 
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sphere performance would also apply to the dielectric 
sphere. 

Once more the broad predictions were borne out by 
experiment. The elevation pattern shown in Fig. 12 for 
the dielectric sphere at 9000 mc should be compared 
with the pattern of the dielectric disk (Fig. 6). The pat- 
tern shape for the sphere held up over a 8600 to 9600- 
me frequency band. The null-filling achieved with the 
dielectric sphere was comparable to that characteristic 
of the corrugated sphere. Again, the main beam is de- 
pressed below the horizon about 4°, indicating that 
slightly less curvature, or reduced dielectric thickness, 
or both would be necessary in an improved design. The 
calculated pattern gain at 9000 mc was 5.5 db indicating 
a cost of only 0.5 db for the improvements, relative to 
the disk pattern. 

No attempt was made to improve further the eleva- 
tion pattern of the dielectric spherical-cap, but earlier 
experiments with a tapered dielectric disk indicated 
that additional null-filling could be achieved by intro- 
ducing a smooth latitudinal taper of the dielectric 
thickness. 

The input vswr of the dielectric spherical cap was 
measured by attaching an X-band slotted line to the 
difference arm of the magic-tee feed. The results of the 
measurement are shown in Fig. 13. These values could 
be improved by careful attention to the feed mechanism. 

Experimental results for a dielectric sphere support- 
ing the TM surface-wave mode are not presented here. 
It is felt that the performance of the corrugated sphere 
represents the case for perpendicular polarization and 
that inclusion of material for the TM mode over a di- 
electric surface would be redundant. 
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Fig. 13—Input vswr vs frequency for dielectric spherical- 
cap antenna. 


Discussion 


The radiation patterns which have been presented 
for the corrugated and dielectric spherical-cap antennas 
do not necessarily represent the optimum in perform- 
ance for such structures. A summary of the measured 
characteristics of these antennas is presented in Table 
II, with similar characteristics of the disk antennas. 
Some remarks have already been made with respect to 
design modifications which should yield improved pat- 
tern shapes. Sufficient data have been presented to show 
the capability of a spherical-cap antenna and to show 
the method of tailoring a spherical cap to a specific 
application. 

The low-silhouette feature of surface-wave antennas 
was compromised only slightly with the spherical caps 
to achieve the improvements in performance relative to 
the flat disks; both the corrugated and the dielectric 
spherical caps had on-axis depths which did not exceed 
3X0. 


IV. Duat-MopeE STUDIES 


The corrugated and dielectric-clad spherical-cap con- _ 


figurations which have been described offer a choice of 
either vertically or horizontally polarized beacon an- 
tennas. In the forms shown, neither of the antennas is 
capable of simultaneously supporting propagation of 
waves containing both polarization components in a 
desirable manner. A more versatile antenna is envisioned 
in which polarization could be switched from vertical to 
horizontal or to any arbitrary polarization without ap- 
preciably altering the pattern shape and position. The 
inability of the corrugated surface to support a TE 
trapped-wave mode would preclude its use in a “dual- 
polarization” arrangement. On the other hand, a di- 
electric-clad surface can be made to support either TE 
or TM modes. 

A difficulty arises in attempting to combine both the 
TE and TM modes over a dielectric surface since, for a 
given dielectric constant and dielectric thickness, the 
two modes propagate with different velocities, and thus 
have radiation patterns which are different both in 
shape and position. At least two surface modifications 
are possible which wil] enable both modes to propagate 
with identical velocities and, hence, to exhibit essen- 
tially identical radiation patterns. One possibility would 
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SUMMARY OF MEASURED CHARACTERISTICS OF EXPERIMENT ANTENNAS 
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Characteristics at C i i 
Fah i dtr PF eeenavensities : 7 eristics at Corresponding Optimum Frequency 
(Megacycles) Main Beam Tilt Beamwidth Sidelobe Level 
| (degrees) (degrees) (db) Gain (db) 
Corrugated Disk 8200-10 ,000 14 | 
Dielectric Disk 8600-9600 +11 21 =): 6.0 
orrugated Spherical Ca 8200-10 ,000 — ; 
ppaced Tooth : , . ; ae i 
orrugated Spherical Cap 8200-10 ,000 —4 ss 
_ Dielectric Spherical Cap 8600-9600 —4 Z ns te 


t 


* Measurement of beamwidth is meaningless at 3-db level. 
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Fig. 14—Sketch of modified-dielectric surface for 
dual-mode propagation. 


be to employ a double-layer or multiple-layer dielectric 
surface,’° the thickness and dielectric constant of the 
material in each layer being determined so as to trap 


- both modes to the same degree. An alternative method 


involves the use of a “mode filter” consisting of septa 
embedded within the single dielectric slab whose initial 


; thickness and dielectric constant are adjusted for a 


given “trapping” of the TE mode. The diagram in 


r 


Fig. 14 shows the cross section of a dielectric surface 


; containing septa arranged in the manner described. The 


septa are spaced considerably less than \/2 in the dielec- 


_ tric medium so that electric field polarized parallel to 


them is reflected while polarization perpendicular to the 
septa does not see them if they are very thin. The thick- 


_ ness ¢; shown in Fig. 14 would be initially chosen to trap 


the TE mode to the desired degree, while the height 


' (ti tz) of the septa would be adjusted so that the TM 


mode was trapped to that same degree or to any arbi- 


trary degree desired. 
An experimental study is presently in progress to 


evaluate methods for obtaining dual-mode surface-wave 


propagation and to determine design data for dual- 
polarization surface-wave antennas. Results thus far are 
very encouraging. Theoretical data on single-slab and 
double-slab arbitrary polarization surface-wave struc- 


® H. Ehrenspeck, W. Gerbes, and F. J. Zucker, “Trapped wave 
antennas,” 1954 IRE CoNvENTION REcoRD, pt. 1, pp. 25-30. . 

10R. E. Plummer and R. C. Hansen, “Double-Slab_ Arbitrary 
Polarization Surface-Wave Structure,” IEE Monograph No. 238R; 
May, 1957. To be reprinted in pt. C, Proc. IEE. 
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Fig. 15—Sketch of proposed dual-polarization 
beacon antenna. 


tures also have been obtained.!! It is believed that ex- 
tension of methods outlined above to cylindrical and 
spherical geometries may be possible with at least one 
result being the realization of a beacon antenna allowing 
arbitrary polarization selection. 

Fig. 15 shows a sketch of a proposed spherical cap 
configuration for dual polarization which utilizes a 
variation of the “mode filter” arrangement. Here, the 
septa are no longer parallel, so that additional, shorter 
lengths of septa are inserted as the spacing diverges 
beyond that necessary to ensure cutoff of the parallel 
polarized mode between the septa. Such an arrangement 
is conceptually plausible, but the difficulties of construc- 
tion seem formidable. 

Whatever the method used to provide for dual polar- 


1 RC. Hansen, “Single-slab arbitrary-polarization surface-wave 
structure,” IRE Trans., vol. MTT-5, pp. 115-120; April, 1957, 


114 


SPLASH PLATE 


\MAGIC TEE (TE,, SOURCE) 


Fig. 16—Sketch of proposed dual-mode feed for 
beacon antenna, 
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ization of the spherical surface-wave fields, a dual-mode 
feed suitable for beacon antenna excitation would be 
necessary. Fig. 16 shows a sketch of a proposed feed 
which has the essential features required for this task. 
The proposed feed utilizes the TEa coaxial mode feed 
used to drive the dielectric-clad surfaces with a modifi- 
cation consisting of an independent TEM coaxial line 
residing within the center conductor of the TEn guide. 


oie 


The TE, mode filter forms a transition section for the — 


TEM line through gradual enlargement of. the outer 
conductor until it coincides with the outer conductor of 
the TE» guide. The center conductor of the inner sys- 
tem extends outward to support a splash plate which 
would be located above the trapping surface. 


V. CONCLUSION 


Experimental evidence has been given of the per- 
formance of corrugated and dielectric-clad spherical- 
cap antennas (see Table II). It has been demonstrated 
that, with appropriate control of surface geometries and 
sphere radii, the spherical caps exhibit radiation char- 
acteristics which make them suitable for beacon an- 
tenna applications, the corrugated sphere providing 
vertically polarized radiation, and the dielectric sphere 
providing either polarization. Both the corrugated and 
dielectric spherical-cap configurations have very low 
silhouettes, thus allowing their application to antenna 
problems where the vertical aspect must be minimized. 
Development of techniques for obtaining dual-polariza- 
tion surface-wave propagation will materially extend 
the usefulness of these antennas. 
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Mechanical and Electrical Tolerances for Two-Dimensional 
Scanning Antenna Arrays* 
ROBERT S. ELLIOTT 


Summary—An analysis is presented of the effect on radiation 
pattern of random errors in the construction of a two-dimensional 
scanning array. 


* Manuscript received by the PGAP, March 22, 1957; revised 
_ manuscript received, June 19, 1957. The research reported in this 
article was sponsored by the Rome Air Dev. Cr. and was performed 
under a consulting arrangement between the author and Hughes 
Aircraft Co. 
+ Rantec Corp., Calabasas, Calif. 


Translational and rotational errors in the positions of all elements 
are assumed together with errors in the electrical excitations them- 
selves. Translational errors are found to cause the dominant effect. 
A formula connecting side lobe level and errors is derived and repre- 
sentative curves are shown. For a given tolerance, pattern deteriora- 
tion is found to decrease as the array is enlarged. For the same 
tolerance, pattern deterioration is less for a planar array of size L? 
than it is for a linear array of length L. Side lobe increase due to 
random errors does not depend on scan angle. 


= 


(1958 
INTRODUCTION 


tenna arrays has been treated previously by sev- 


Bee subject of random érrors in broadside an- 


eral authors. Ruze! considered the effect on the 
radiation pattern of random errors in the exciting cur- 


rents. He used the restrictions that the magnitudes of 


) 


all error currents be the same and that all phases of an 
error current be equally probable. The analysis essen- 
tially followed the method of Lord Rayleigh.? Ashmead? 
extended Ruze’s work by assuming that each error cur- 
rent was the same fraction of the corresponding un- 
perturbed current, all phases still being equally prob- 
able. For both cases, the probability distribution of the 
error radiation pattern is circular. Bailin and Ehrlich! 
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took the problem one step further by considering the 
physical errors which cause the random errors in the 
exciting currents. They studied a symmetrical standing- 
_wave-fed linear slot array and determined the effect on 
_the radiation pattern of normally distributed errors in 
_slot lengths and positions. As the authors point out, the 
analysis is equally applicable to a symmetrical broad- 
side array of dipoles. Their work was furthered by 
O'Neill and Bailin® in a paper which provides results 
-of many calculations based on the theory. Gilbert 


and Morgan* treated the effect on gain of random geo- 
metric errors in the general two-dimensional aperture. 


The present analysis is intended to unify and extend 
these previous treatments. Of considerable current in- 


_ terest is the effect of random errors on the side lobe level 


_ of two-dimensional scanning arrays. Although this prob- 


7 
_ 


lem has not been studied previously, its solution can 


d draw significantly from the prior theories. As a problem, 


y 


it has the added advantage of generality and the prob- 


_iems treated in the earlier theories logically become 


_ special cases. Several interesting and significant conclu- 


_ sions can be stated for this general problem which were 
not evident in the special cases. 


f 


- 
/ 


A two-dimensional array of dipoles is assumed, with 


_ three-dimensional translational errors of position per- 


' mitted for each dipole, together with two-dimensional 
' angular errors of orientation of individual dipoles. 


- Random errors in the exciting current of each dipole are 


j 


A 


; 
: 


also included and the net effect on side lobe level is de- 
duced. The theory considers only first-order errors but 


- could be extended to grosser tolerances. The results can 


} 


_ 
te 


. 
< 


1 J. Ruze, “The effect of aperture errors on the antenna radiation 


“pattern,” Suppl. Nuovo Cimento, vol. 9, pp. 364-380; 1952. 


2 Lord Rayleigh, “Theory of Sound,” Dover Publications, New 
York, N. Y., pp. 35-42; 1954. . : 

3D, Ashmead, “Optimum design of linear arrays in the presence 
of random errors,” IRE TRaANs., vol. AP-4, pp. 81-92; December, 1952. 


- 4L.L. Bailin, and M. J. Ehrlich, “Factors affecting the perform- 


/ 


P 


-ance of linear arrays,” Proc. IRE, vol. 41, pp. 235-241; February, 


1953. 
5 H. F. O’Neill, and L. L. Bailin, “Further effects of manufactur- 


ing tolerances on the performance of linear shunt slot arrays,” IRE 


- 
>. 


TRANS., vol. AP-4, pp. 93-102; December, 1952. ‘ ce 
6 E, N. Gilbert and S. P. Morgan, “Optimum design of directive 


antenna arrays subject to random variations,” Bell Sys. ech Je 
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_ yol, 34, pp. 637-663; May, 1955. 
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_ Fig. 1—Dipole arrangement and coordinate system. 


also be applied to a two-dimensional dipole array 
backed by a ground plane and (with some care) to a 
two-dimensional slot array. 


THE RADIATION FIELD 


Consider a two-dimensional array of dipoles arranged 
as shown in Fig. 1. The dipoles are meant to lie in the 
x—y plane with uniform separations d, in the x direc- 
tion and d, in the y direction. The coordinates of the 
center of the mnth dipole are meant to be (mdz, ndy, 0) 
but through constructional errors are actually (md, 
HEmny Wdy+Nmny &mn) in Which Emn; Nmny Fmn are random er- 
rors. Similarly, the orientation of each dipole is meant 
to be parallel to the x axis, but through errors it is not. 
This is accounted for by writing the input current of the 
mnth dipole as’ 


— — 


Inn = Url mn” +: (1) 


— ~ 
Uy mn" + Ul mn® 


. * —_ . . . . 
in which y, is a unit vector in the x direction, etc. 
— 


Define the angle that the projection of Inn on the 
«—y plane makes with the x axis as @m» and the angle 
— 


that the projection of J, on the «—z plane makes with 
the x axis as Bmn. Then, since Imn”, Imn¥, and Imn? obvi- 
ously have the same phase, 


eg Tat 


Reet = aah)? Lan 


COS Amn = 1, 


) 


Sinta,) = 


Tn? 


ne pa: 


Sila) na te La 


, (2) 


sin Binn 


and 
COS Bmn & 1, 


7 An arrow over a quantity designates vector and a bar under it 
designates phasor. 
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since Imn¥ and Imn? are small perturbations due to mis- 

alignment. Qmn and Bmn will be chosen as the random 

errors which gauge the effect of this misalignment. 
Now assume 


io} ic} 
Sp ae I ae > Veen! a W bron 
yess Uz ° Uy oo re Uz ° 
- mn mn Lon 


fe} iS ° . 
: mneim™¥zeinty ap Lin) 


in which the superscript ° indicates correct values* and 
imn is the complex random error current. V, and WV, are 
the uniform progressive phase parameters which repre- 
sent scanning. 

Letting 


(4) 
(5) 


and approximating sin Qmn, SiN Bmn DY Q@mn, Bmn respec- 
tively, one can deduce? that the far field is given by 


Q, = kd, sin 0 cos ¢ + Wz, 
Q, = kd, sin 6 sin @ + W, 


H(, 4) = f@, 6, ){ HO, 6) +8H@,¢)} (6) 


in which f(6, ¢, 1) is the ratio of the element pattern of 
the dipole of length / to the element pattern of an in- 
finitesimal dipole, and 


° 


=p =e : maid 
H = u(y + 781) + Ugh + jge) 


5 DP Z 
Up Dd, >» Sin bl mnreimeeinay 


m=0 n=0 
ee ; 
Ty DY DY, 008 6.08 dinne?”Azeinau (7) 
m=0 n=0 
is the desired array pattern. 
—> —s ' na 
6H = UUs + jVs) = ug(Us + iV 6) 
= uo(Us + jVi + U2 + jV2) 
+ ug(U3 + jV3 + Us + jVi) (8) 


is the error in the array pattern with 


M N 
Cha SDS {sin ¢ sin (mQ, + nQ,)-[REmn sin @ cos 


m=0 n=0 


+ kamn sin 6 sin d + k&mn cos 6] 
+ cos ¢ cos (mQ, + nQ,) Liha ilies 


M N 


Via. {sin $ cos (MQz + nQ,)-[REnn sin 8 cos > 


m=0 n=0 
+ kymn sin 6 sin d + R&mn cos 6] 
— cos ¢ sin (mQ, + nQ,) Bru Tn 


(9) 


(10) 


o ° 
S Here, Imn” and [,,,7 are considered “correct” in the sense that 
Inn is correct and 


ie = V (Fni2)? = (Pont)? + (Trun?)?. 


9 For the details of this analysis, the reader is referred to R. S. 
Elliott, “Mechanical and Electrical Tolerances for Two-Dimensional 
Scanning Antenna Arrays,” Hughes Aircraft Co., Culver City, Calif., 
Tech. Memo. no. 354; July, 1956. ‘ 
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(11) 


M N 
XK DY sin Sine Q2-¥2) ei" Que), 


m=0 n=0 


U,+jV2 


M oN 
UU; = = oe { cos 6 cos ¢ sin (mQ, + nQy) 
m=0 n=0 


-[REmn Sin 8 cos $ + Ramm Sin 8 sin 6 + kGmn COS 6} 


— cos @ sin ¢ cos (m%, + n%y) - Qmn 


eo 


+ sin 6 cos (m2, = n%,) Bn} yee (12) 
M WN ¥ 
Vp = { cos 6 cos ¢ cos (mQ, + nQy) ; 
m=0) n=0 ; 
é. 
-[kEmn sin 8 cos @ + komn sin 6 sin d + kmn cos 8] } 
i 
+ cos 6 sin ¢ sin (mQ, + nQy)-amn 5 
— sin 6 sin (mQ, + nQ,) 1 ww (13) j 
M WN t 
Us +4Vs = > >> cos @ cos Pimnei™(Qz—Wu) ein (Qu—wy), (14) 
m=0 n=0 : 


PROBABILITY DISTRIBUTION OF THE 
RADIATION FIELD 


Tint is assumed that Ean. maze Gen, Conn, A eee 
all independent and normally distributed, with means 
zero, and variances o?’, 0,7, 72, 72”, and gg”, respectively, 
then, except in the region of the main beam, (Ui, V1) 
and (U3, V3) have approximately symmetric bivariate 
normal distributions. If it is assumed that 7,,, has a 
normally distributed amplitude, with variance dm”, 
and a uniformly distributed phase,!° the distributions 
of (Us, V2) and (Us, Vs) are also symmetric, bivariate 
normal. If it is assumed that Ui: +jV; and U.+j7V>2 are 


independent, and that U;+jV3 and Us+jV4 are also 


independent," the distributions of (Us, Vs) and (Ue, Ve) 
can be derived. These distributions are also found to be 
symmetric bivariate normal. 

Under all these foregoing assumptions, it is possible 


to find the random distribution of the entire array pat-_ 


tern. Let 
U, + 5V7 
Us + Vs 


ky t+jgi + Us + Vs, 
hy + jg2 Seed lh + 9V 6: 


(15) 
(16) 


Then U;+jV; is the 6 component of the entire array 
pattern, including errors, and, likewise, Us+jVs is the 
@ component of the entire array pattern including 
errors. 

The probability distributions of U2+V? and Ug+ 
V? follow readily. The means of these distributions are 
given by 


MU? + V7?) =he+ ge a 209°, 
MCUs? + Ve?) = he? + Be? “Zorg”, 


(17) 


in which 


‘© These assumptions will be reconsidered later. 


(18). 


1958 
c= if k’o:” sin? 6 sin? cos? ¢ + ko,” sin? 6 sin! d 


M oN 
+ ko; cos? 6 sin? @ + oa? cos? o} » a Tn? 
m=0 n=0 


M N 
+ sin? ¢ > > omn2, 


m=0 n=0 


(19) 
og? = 1{ ho;? sin? 6 cos? 6 cos! ¢ 

+ ko,” sin? 6 cos? 6 sin? ¢ cos? ¢ 

+ k*o;? cos‘ 6 cos? ¢ + o,? cos? 6 sin? 


DOT AN 4 
+ os? sin? 0} SS DS Tn? 


m=0 n=0 


Bc af 
+ cos? 6 cos? ¢ >) >> omn?. 


m=0 n=0 


(20) 
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random errors. The second term raises the side lobe 
level and is due to scanning. It is present whether there 
are random errors or not. The third term 


2(as? + 052) 10?/7%(6, 6, 2) 


L = 10 logio = (27) 


apres) 

ea 

( m=0 n=0 

also causes a rise in the side lobe level and is due to 
random errors. By making proper estimates of the 
mechanical and electrical tolerances and evaluating 
a and o,” from (19) and (20), one can then determine 
% from (27) and thus relate side lobe deterioration to 
tolerances. 


SIMPLIFICATIONS 


Suppose one assumes an array of dipoles for which 


THe MEAN Sipe Lose LEVEL CE Gh Oe ek, (28) 
Let the main beam be pointed in the direction (67, Galfe oe a2”, (29) 

gr). From (4) and (5), these angles are defined by oe Omn” = FI mn”, (30) 

wit 
0 = kd, sin 67 cos¢7 + Wz, and (21) OS FS 1 (31) 
0 = kd, sin 67 sin or + Vy. (22) These are reasonable assumptions and serve to simplify 

19 

From (7) (19) and (20) so that 
bes (ips 1} k?c? sin? @ + op? cos? d + 2F? sin? o} 
| A(6r, br) |? =e { sin? or + cos? Or cos? or} I x 
mutes Sn aie 2 
Tit (23) ae 
m=0 n=0 c= Af k?c,? cos? 6 cos? @ + o2?(cos? 6 sin? @ + sin? 4) 
_ For a side lobe pointing in the direction (6, ¢), the Anes Oe 2 
mean side lobe level is therefore + 2F® cos* 6 cos $} foplierd Tmn* (33) 
MN | \2 
(sin? dr + cos? 67 cos? dr) ( » SS en P(Or, 7, 2) 

mM — Paid) logio ieee: (24) 


The design side lobe level is customarily chosen with 
the main beam at broadside and the dipoles are cus- 
tomarily oriented so that f(6, ¢, 1) has its maximum 
value at broadside. Under these assumptions, and with 


(0, @, 1) normalized, 
a 
( oy de 
m=0 n=" 


ke= 10 logio (25) 


fhe gt + he? + e206, 4,0) 


is the design side lobe level, in which D is given in db. 
Combining (24) and (25) one obtains 


M = D+ 10 logy (sin? dr + cos? Or cos? 7) f*(O7, $7, /) 
2(a92 + 042) 10?/1°f?(8, , Z) 


en) 


m=0 n=0 


— 10 login | 1+ (26) 


Eq. (26) is the principal result of the analysis and 
relates the rise in side lobe level to scanning and to 


{hy? + gi? + he? + go? + 2(o0? + o42)} 770, , 1) 


Recalling that ?(0, ¢, 7) is normalized, it follows from 
(32) and (33) that 


vives: < 10 logio {1 + 102/10[ 2252 + 202° + 2F?| 


(34) 


An additional simplification arises when the array is 
square with the same symmetric aperture distribution 
in both the x and y directions. For then M= WN and 


° ° ies rc} fa m 
y Sa = Io n = Lon ° = [falls (35) 
0,n To,0 


in which J» is the design current of a linear distribution. 
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Thus 
M N ° M °o M °o ° 
m=0 n=0 m=0 n=0 m=0 
M WN x 2 M . M i 2 
aed = ee a) 
m=0 n=0 m=0 n=0 
M 5 4 
= ( > in) (37) 
m=0 
and (34) becomes 
Gnax < 10 logio {! + 102/10[R2o42 + 22? + 2F*| 
M . 2 
(> *') 


(E4)] 


ILLUSTRATIVE EXAMPLE 


Eq. (38) will be used to demonstrate the effects which 
random tolerances have on side lobe level. Consider a 
square array of dipoles for which the design currents 
have been chosen to yield the same Dolph-Tchebyscheff 
pattern in both principal planes. Using known data for 
the current distributions, Table I has been constructed 


and relates the ratio 
M2 
(24) 
m=0 


(ZF) 


to the number of elements and the desired side lobe 
level. 

A study of Table I and (38) points up several im- 
portant general features. First, for a given number of 


elements, the ratio 
M a 2 
oe) 
m=0 


(= +) 


increases as the side lobe level is further suppressed. 
Second, for a given side lobe level, the ratio decreases 
as the number of elements is increased. These state- 
ments are generally true, and not just true for the cases 
cited in Table I. Thus, the rise in side lobe level, due to 
random errors, for a given set of tolerances: 


1) for a given design side lobe level, decreases as 
the number of elements increases. 

2) for a given number of elements, increases as the 
side lobe level is further suppressed. 


"L. L. Bailin, R. S. Wehner, and I. P. Kaminow, “Empirical Ap- 
proximations to the Current Values for Large Dolph-Tschebyscheff 
Arrays,” Hughes Aircraft Co., Culver City, Calif., Tech. Mem. No. 
328; October, 1953. 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


TABLE I 


> fey 


m=0 


M 
bat ye ments and side lobe level 


m=0 
M c-J 
> i) 
m=0 x 
M % 4 
(2 tn) 
m=0 
No. of 
elements 20 db 30 db 40 db 
24 | 19.7<10-# 22.8 X10-4 28.8 10-4 
48 5.67% 10-4 7.07 X10- 
ages 0.770 10-4 


The second of these two conclusions is not surprising, 
but the first appears contrary to intuition. It means 
that if a given tolerance of construction can be main- 
tained, the bigger one makes an antenna the less dam- 
aging will be the effect of random errors on the pattern, 
The explanation for this seeming paradox is that the 
gain is increasing more rapidly than the contribution 
of random errors to the side lobe level. 

Even more significant is the fact that if the tolerance 
is assumed to increase linearly with the size of the an- 
tenna (a most pessimistic assumption) the effect of 
random errors still decreases as the size of the antenna 
increases. This can be understood by appreciating that 
for a given side lobe level, 


M 4 2 
(En) 
m=0 


M 2 4 
(ar) 
m=0 


behaves as M~ if M is large. Thus, the achievable me- 
chanical tolerance would have to increase at least as 
the square of the antenna size before one could state 
that the effect of random errors is more serious in large 
arrays. At most frequencies, this is decidedly not the 
case. 

To gain a feeling for the magnitude of this random 
effect, let us assume that the arrays listed in Table I 
are operating in the vhf-uhf range of frequencies. 
Then it is reasonable to expect that o; will not exceed 
0.14,” that o2 will not exceed 0.1 radians, and that F 
will not exceed 0.25. The factor 


Roo? + 202? + 2F? (39) 
of (38) thus would have a maximum value 
(0.395) + (0.02) + (0.125) = 0.540. (40) 


” This is to say that two-thirds of the dipoles will have their cen- 


ters within 0.1 of the true position. 


January 


for a Dolph-Tchebyscheff distribution vs number of ele- 


. 
| 
; 
| 
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0.50 48 ELEMENTS 


30 DB DESIGN 


24 ELEMENTS 
20 DB DESIGN 


24 ELEMENTS 
30 DB DESIGN 


48 ELEMENTS 
40 DB DESIGN 


144 ELEMENTS 
40 DB DESIGN 


24 ELEMENTS 
40 DB DESIGN 


0.10X 


Fig. 2—Upper bound on rise in side lobe level due to random 
errors for various Dolph-Tchebycheff arrays as a function of the 
tolerances. 


The calculation in (40) reveals that the dominant ef- 
fect is translational errors in the dipole positions and 
that errors in their orientations are relatively unimpor- 
tant, insofar as effect on side lobe level is concerned. 

For the six cases of Table I, a plot of the upper bound 
of (38) is given in Fig. 2 as a function of o for several 
values of F, assuming that o.=0. The curves clearly 
show the two points previously enumerated, namely, 
that the rise decreases with the number of elements for 
a given side lobe level design, and increases with the 
side lobe level design as the number of elements re- 

'mains constant. 

It should be emphasized that these calculations give 
the maximum meaz rise in side lobe level due to random 
errors. The actual rise in a particular side lobe can be 
more or less than this and the probability can be de- 
termined from the distributions of U7?+V/7 and Us?+ 
V2. The simplest case to consider is the pattern in 
either principal plane. For example, if the beam is 
scanned in the x-z plane (¢=0), one finds from (6) 
that the significant field, including random errors terms, 
has only a ¢ component in the x—z plane. Thus, for any 
side lobe in this pattern, the random level has the dis- 
tribution of U;2+ Vs’. For the side lobe most seriously 
affected, the probability that the actual side lobe rise is 
less than the maximum mean side lobe rise is therefore 


en (p'+ha?/204,”) dp (41) 


0 o¢ 
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in which 
on 108/10 — 4 
os iy 42 
7” (42) 
By making the substitutions 
oO hy 
v= ——9 (5 (43) 
oe ory 
this can be simplified to 
P=1- f { vLo(av)e-*ta"/2) dy, (44) 
aioe/20 


The integral in (44) can be recognized as the Q func- 
tion, for which tables are available. Returning to our 
example of 144 elements, designed for 40-db side lobes, 
if F=0.25, o1=0.10 and o.=0, then 2=1.6 db. The 
probability that a side lobe in the x—z plane does not 
suffer a rise greater than 1.6 db is therefore (from 44), 


P=1-— fi vIo(2.120)e-@"+45/2)dy = 0.586. (45) 
2 


-56 
Similar calculations can be made for the other cases. 
To find the probability that all side lobes stay below 
a certain level, one would have to revert to the more 
precise expression (26) and account for the angular de- 
pendence of o and g,”. This probability would be ap- 
proximately the product of the individual probabilities. 


DISCUSSION 


The preceding section has shown how random errors 
in the construction of a two-dimensional dipole array 
can affect side lobe level. Several of the assumptions in 
the analysis deserve review. The somewhat unreal as- 
sumption was made that all error currents were ran- 
domly distributed in phase. A more drastic assumption 
would be that they are all distributed in such phase as 
to cause the most damaging effect on side lobe level. 
Under this assumption, the variance is only doubled 
and surprisingly little change is made in the calculation 
of mean side lobe rise. Thus, it can be concluded that the 
current assumptions are not giving overly optimistic 
results. 

It was also assumed that the error currents were in- 
dependent of the mechanical tolerances on dipole posi- 
tion and orientation. To the extent that changes in 
mutual coupling between dipoles cause error currents, 
this is not a valid assumption. However, this is a minor 
effect and the major sources of current errors will be 
improper lengths of transmission lines, improper lengths 
of dipoles, and improper coupling coefficients. The 
slight correlation should not affect the analysis to any 
significant degree. 

The analysis can be extended to a dipole array 
backed by a ground plane in the following manner: the 
errors in shape and position of the ground plane are 
assumed to be gradual so that the image principle can 
be evoked. The image of a certain dipole is thus dis- 
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placed from its true position due to the positional errors 
of the dipole and due to the local error in the ground 
plane. The analysis then proceeds as before. 

The analysis can be extended to a slot array in a 
ground plane by using the image principle and replacing 
the slots by magnetic dipoles. The analysis is similar 


= —~ 

to the one presented here, with E and H interchanged. 
If the slots are fed by waveguides, then some compo- 
nents of the positional errors in the slots are rigidly con- 
nected to the errors in transmission line lengths, and 
thus to the error currents. However, milling techniques 
usually make these particular tolerances so small that 
their effects can be ignored. 


CONCLUSION 


An analysis is presented of the effect of random con- 
structional errors on the pattern of a two-dimensional 
dipole antenna array. The most serious tolerance ap- 
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pears to lie in the translational positions of the dipoles. 
Their angular positions are relatively unimportant. Of 


January 


| 


ee ae 


secondary importance are the errors in the radiating © 


currents. An expression was derived which relates side 
lobe level to these errors, and representative calcula- 
tions are displayed in the figures. Several noteworthy 


results were obtained from the analysis: 1) the rise in — 


side lobe level due to random errors is independent of 
scan angle, 2) the rise is less the larger the antenna, for 
a given tolerance and a given design side lobe level, and 
3) the rise is more the lower the side lobe level, for a 
given antenna size and a given tolerance. 

The analysis can be extended to reflector-backed di- 
pole arrays and to slot arrays. 
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Fundamental Relations in the Design of a VLF 
Transmitting Antenna* 
HAROLD A. WHEELER} 


Summary—For a VLF flat-top antenna much smaller than the 
radian sphere (a sphere whose radius is one radianlength), the effec- 
tive height, effective area, and effective volume are defined. The 
required power factor of radiation proportionately determines the 
effective volume. For a specified power to be radiated, the effective 
height inversely determines the current and the effective area in- 
versely determines the voltage. For a limited electric gradient on the 
overhead wires, the current requires a proportionate area of conduc- 
tor surface. A corresponding total length of wire in the flat top is 
adequate if disposed for uniform distribution of charge and if spread 
out to realize the required effective area. These objectives are ob- 
tained more readily by some configurations, such as long parallel 
wires or concentric circles of wire. This study has been made for the 
U. S. Navy’s high-power transmitter to be located in Maine, the first 
to radiate 1 megawatt continuously at 15 ke. 


HE antenna for a high-power VLF transmitter 
ae a large structure. It is important to know just 
what size is needed to meet any particular re- 
quirements. Therefore, concepts and formulas will be 
given for the fundamental relations that govern the 
design of such an antenna. 
The principal objective is to radiate a specified 
amount of power over a sufficient bandwidth of fre- 


* Manuscript received by the PGAP, April 6, 1957; revised manu- 
script received, September 21, 1957. Presented at VLF Symposium 
Boulder, Colo., January 23-25, 1957. ; 

{| Wheeler Laboratories, Great Neck, N. Y. Consultant to De- 
velopmental Engineering Corp., Leesburg, Va., and Continental 
Electronics Manufacturing Co., Dallas, Tex. 


quency. Efficient radiation requires that the bandwidth 
be provided largely by the radiation power factor, 
to which is added the power factor of all losses in the 
antenna circuit. For example, an efficiency of 0.50 re- 
quires that one half the bandwidth be provided by the 
radiation power factor. 

The performance capabilities of the antenna are 
limited by its size and such other factors as the current 
for corona on the wires and the voltage of insulation. 
These will be formulated. 

Fig. 1 outlines the type of antenna, having a flat-top 
web of wires suspended at a height above the ground. 
The antenna is assumed to be much smaller than the 
radian hemisphere (a hemisphere whose radius is one 
radianlength), behaving as a pure capacitance with 
negligible inductance. The relations are valid for single 
or multiple tuning; in the latter case, all the tuning cir- 
cuits are regarded as connected in parallel to form a 
single circuit. 

Some detrimental factors are included implicitly, such 
as the reduction of the effective height by the proximity 
of grounded supporting towers. Ground losses and 
other losses are omitted because they are outside the 
fundamental relations. 

Since one of the principal limitations is imposed by 
corona on the wires, this topic is presented first as back- 
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i—Essential dimensions of flat-top antenna. 
C=capacitance. ; 
h=effective height. 
A =bc =effective area. 
Aqg=conductor area (of surface of wires). 


Fig. 


ground. In air as a dielectric or insulator, there is a 
fairly definite value of alternating-voltage gradient 


_ which is just sufficient to cause breakdown and sparking 
ina uniform electric field. In the vicinity of round wires 


“ 


far from other objects, a somewhat greater gradient is 
permissible on the conductor surface, because the gradi- 
ent decreases with increasing distance from the surface. 
When the permissible gradient is exceeded on the sur- 
face, the wire is surrounded by a corona discharge 


rather than sparking. 


An empirical formula has been published for evaluat- 


ing the corona gradient on a round wire:! 


E, = Ex + Vai/a) (1) 


) in which 


E,=voltage gradient for corona on round wire (rms 
kv/mm), 
E,=2.05 kv/mm=voltage gradient for breakdown 
in uniform field (rms), 
a,=0.90 mm=wire radius (mm) on which £,=2£,, 
_ a@=wire radius (mm). 


The most favorable condition is a uniform distribu- 
tion of charge, and hence a uniform gradient, all over 
the conductor surface of the wires. To obtain a reason- 
able value of gradient for such a design, /, is multi- 


plied by several factors as follows: 


1S, S, Attwood, “Electric and Magnetic Fields,” John Wiley & 


Sons, Inc., New York, N. Y., 3rd ed.; 1949. (See p. 91, Peek’s formula 


for extra gradient on round wire for sparkover.) 
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127 
1/2 


for wires of diameter 1 inch, by (1) above. 
for water drops in wet weather (approximate, 
based on some experience). 


for doubtful factors, including departure from 
constant gradient. 


1/2 


The resulting value of gradient is 
Eq = 0.65 kv/mm (rms). 


An example will be carried along with the formulas, 
based on these specifications: 


f=15 kc=frequency, 
\=20 km =wavelength, 
p =0.002 = radiation power factor, 
P=1 megw=radiated power, 
V =200 kv =antenna voltage (rms), 
E,=0.65 kv/mm = gradient on wires (rms), and 
R.=377 ohms = wave resistance in air. 


For radiation efficiency of 0.50, the total power factor 
would be 0.004; this fraction of the frequency gives a 
bandwidth of 60 cycles between the points of half-power 
response. 

Several dimensions of the antenna are defined on an 
idealized basis with reference to Fig. 1. 

The effective height (h) is the average height of the 
charge on the antenna and downleads, realtive to the 
average height of the opposite charge on the ground and 
supporting towers.” This is a statement of the accepted 
meaning. It is shown as the actual height in Fig. 1, but 
in practice the effective height is somewhat less. It de- 
termines the radiation resistance. 

The effective area (A) is the area of an idealized paral- 
lel-plate condenser, with plates separated by the effec- 
tive height, which would have the same capacitance as 
the antenna.?* . 

The capacitance (C) establishes the relation between 
the preceding pair of dimensions, by the basic formula, 


C= @A/h farads (2) 


in which 


C=capacitance (farads), 

€)=electrivity (electric permittivity) of air (farads/ 
meter) 

A =effective area (meter’), 

h=effective height (meters). 


This is the capacitance in a uniform field bounded by 
the rectangular prism shown in dotted lines in Fig. 1. 

The conductor area (Aq) is the area of the surface of 
all conductors forming the antenna and downleads. It 
is much smaller than the effective area. The conductor 
area, if uniformly charged, is capable of holding an 
amount of charge that is limited by corona. This charge 


2 This parallel usage of “effective height” and “effective area,” as 
defined here, should not be confused with other usages of these same 
terms. 

3 J. T. Bolljahn and R. F. Reese, “Electrically small antennas and 
the aircraft antenna problem,” IRE Trans., vol. AP-1, pp. 46-54; 
October, 1953. (Equivalent area defined, same as effective area in 
present paper; no reference to voltage limitation for radiation power.) 
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is proportional to the antenna current, regardless of the 
antenna voltage. 

The first relation to be expressed is one which in- 
fluences the frequency bandwidth and the radiation 
efficiency, but is independent of the amount of power. 

The effective volume (Ah) is proportional to the re- 
quired value of the radiation power factor (p).* 


3pr8 


81? 


Ahe= meter? (3) 


0.608 km? 


in which 


Ah=effective volume (meter’), 
p=radiation power factor=ratio of radiation re- 
sistance/reactance, and 
\=wavelength (meters). 


The radiation power factor contributes to the total 
power factor which proportionately determines the 
frequency bandwidth. The radiation efficiency is the 
ratio of radiation power factor over total power factor. 

The next pair of relations are determined by the 
amount of power to be radiated. 


N 3rP P 
jy ee ey 
2a R, Ar 10 


= 0.503 km-ka. 


meter-amperes (4) 


NGee tt Sat OMSL 8 ds 
AV = (*) V/3rPR, = ie /10P meters?” volts (5) 


TT Tv 
= 604 km’kv 
in which 


T=antenna current (rms amperes), 

V =antenna voltage (rms volts), 
P=radiated power (watts), and 
R.=377 ohms = wave resistance in air (ohms). 


The former of these relations (meter-amperes) has 
been used as a rating of the radiated power. The latter 
(meter? volts) seems to be a new concept; it expresses 
an inverse proportionality between effective area and 
voltage. 

The remaining relation involves the power and the 
average electric gradient on the conductor surface. 


ne eee SI ee alle) 
A,h == 3 Pike a 10P vi 8 
1h, V 30 mn, Vv meters® (6) 
= 930,000 m3 


4H. A. Wheeler, “Fundamental limitations of small antennas.” 
Proc. IRE, vol. 35, pp. 1479-1484; December, 1947, (Antenna small- 
er than the radian sphere.) 
, “VLF Antenna Notebook,” Reps. 301 and 303 to Develop- 
mental Eng. Corp., Leesburg, Va.; 1956. 
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in which 
A,=conductor area (meters’) 
E, =average electric gradient on conductor surface 
(rms volts/meter). 


This expresses an inverse relationship between the con- 


ductor area and the effective height. 


These four relations will be applied here to determine . 


the dimensions for the stated example. 
(5) A=(AV)/V=3.02 km’, 
(3)  h=(Ah)/A=0.200 km =200 m, 
(6) Ag=(Aah)/h=4650 m’?. 


For wire of 1-inch diameter, the required length of ; 


wire is 58 km. The wire must be distributed to give the 


required effective area, which is usually comparable 
with the actual area occupied by the flat-top pattern of © 


wires. One of the most critical problems is the pattern 
of distribution of the wire to assure nearly constant 
gradient on nearly all of the conductor surface. Econ- 


omy of conductor area is dictated by its proportional-- 


ity to the wind loading or the ice-melting power, and 
approximately to the ice loading. For a certain area, the 


former is nearly independent of wire size and length, © 


while the latter is substantially greater for smaller 
wires. The effective area is more dependent on the num- 
ber of wires, so it is greater for a greater length of 
smaller wire; this rule is applicable where icing is not 
encountered. 

Some other properties of this example are the follow- 
ing: 

R=0.160 ohm =radiation resistance, 

X =R/p=80 ohms=reactance, 

C=0.133 uf =capacitance, 

I=V/X =2.5 ka=antenna current. 


The pattern of wires forming the flat top and down- 
leads presents an opportunity for much ingenuity in 
design and approximate computation. Fig. 1 shows an 
array of parallel wires, termed the “triatic” after the 
nautical term for the supporting catenaries across the 
array. This form offers an inherent tendency for uni- 
form charge distribution, and also the simplest formulas 
for approximate computation. The two separate struc- 


tures are intended to be connected together for normal — 


operation, or either half operated independently at re- 
duced power while the other half is out of service. 


The relations given here are most useful for estimat- 


ing the size of antenna needed for realizing a specified 
performance. They are also useful for evaluating the 


capabilities of an existing antenna. The emphasis has — 


been placed on the simplest concepts relating the an- 
tenna structure with its operating requirements. 


This study has been made in connection with the de- | 


sign of the U. S. Navy’s high-power transmitter to be 
located in Maine. The computed example gives some 


idea of the size of antenna required to radiate 1 mega- | 


Watt at liouke: 
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Fundamental Limitations of a Small VLE 
Antenna for Submarines* 


HAROLD A. WHEELER+ 


Summary—A submarine requires a small VLF antenna for recep- 
tion while submerged. Since the propagation in sea water is nearly 
vertical (downward from the surface), the only operative types are 
horizontal dipoles, electric and magnetic. The electric dipole is 


coupled by conduction and the magnetic dipole by induction in a 


loop. The former has no resonance and nearly unlimited bandwidth, 
but fails when not submerged. The latter, by resonance, is able to 
present much greater interception area and available power. The 
magnetic interception area is determined by the size of the radome 
and by the radianlength or skin depth in sea water (2 meters at 
15 kc). The radiation power factor, which is essential to bandwidth 
and efficiency, is influenced also by the size of the inductor and by 
the magnetic permeability of an iron core. Simple formulas illustrate 
these relations for the idealized spherical shape of radome, coil and 
core. Omnidirectivity in azimuth requires crossed coils in a two- 


phase circuit. 


HE fundamental limitations of a small antenna 

have been fairly well stated for a location above 

; ground, but seem to have been neglected for a 
location under the surface of sea water. The latter is the 
problem of the small antenna mounted on a submarine 


for reception of VLF signals while submerged. 


The propagation of a radio wave over a water surface 
is well understood. For present purposes, it will be 
summarized with reference to Fig. 1. Just above the 


os 


1 
in depth: 6 = Li — 
Skin dep iV 300 


Fig. 1—Wave refraction at water surface. 


surface, the direction of propagation is tilted downward 
and a fraction of the power is directed into the water. 


_ The index of refraction, as determined by the conductiv- 


ity of the water, is very great, so the direction of propa- 
gation in the water is nearly vertical. 

The propagation in the water is greatly attenuated 
by the skin effect which prevails in conductors. The 
skin depth or napier depth is defined as the depth at 


which the fields are attenuated one napier (8.7 db) 


below their value at the surface. 


* IMbinncHipt received by the PGAP, April 6, 1957; revised manu- 


script received, September 21, 1957. Presented at VLF Symposium, 


Boulder, Colo., January 23-25, 1957. 
+ Wheeler Laboratories, Great Neck, N. Y. 
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6=skin depth, napier depth, or radianlength in 
water (meters). 
w = 27f =radian frequency (radians/second). 
Mo=0.4 7 10-*=magnetivity (permeability) in air 
or water (henries/meter). 
o =conductivity in water (mhos/meter). 
\=wavelength in air (meters). 
\/2mr =radianlength in air (meters). 
R,=1207 = wave resistance in air (ohms), 


The same distance (6) is also the radianlength in the 
water, so the index of refraction is \/276 as diagrammed 
in Fig. 1. 

The conductivity of sea water is about 4 mhos/meter. 
The lowest frequency in VLF service is about 15 kc, at 
which the skin depth is 2.0 meters. The index of re- 
fraction is 1600, so the direction of propagation in the 
water is practically vertical. The attenuation with 
depth is one napier per 2.0 meters, or 4.3 db/meter. 

Vertical propagation downward in the water is ac- 
complished by horizontal crossed electric and magnetic 
fields. The orientation of these fields in azimuth is de- 
termined by the direction of the wave over the surface. 
There is practically no pickup by a submerged vertical 
dipole of either kind, so there is no simple antenna for 
omnidirective reception corresponding to the vertical 
electric dipole above the surface. Omnidirective recep- 
tion under the water is obtainable by a pair of crossed 
horizontal dipoles coupled to the receiver in phase 
quadrature. The further discussion is directed to a 
single horizontal dipole, submerged to a depth greater 
than the skin depth in the water. 

The horizontal magnetic dipole is realized by a coil or 
loop whose axis is horizontal. Fig. 2 shows a spherical 
coil of radius a in the center of a spherical radome of 
larger radius a’. The coil is filled with a core of mag- 
netic ratio k. The radome is the boundary of insulating 
material between the water outside and air inside. It is 
assumed much smaller than the radian sphere of radius 
6 in the water. Following the principles that are recog- 
nized for small antennas in free space, we shall formu- 
late the principal properties of the submerged coil an- 
tenna. 

The radiation power factor of the coil determines its 
capabilities as an efficient radiator over a frequency 
bandwidth. It is a measure of the power coupled to the 
surrounding water, as compared with the reactive 
power in the inductance. 
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Fig. 2—Coil in submerged radome. 
a® 1 
Pied Sc sac eEg (2) 
a’6? 1/k+ 1/2 
in which 


p =radiation power factor, 

a =radius of spherical coil, 

a’=radius of spherical radome, 

k =magnetic ratio of core in coil. 
As in the case of a coil in free space, this power factor is 
proportional to the volume of the coil and is less for 
greater radianlength. In this case it also is less for 
greater size of radome. A greater magnetic ratio causes 
lesser magnetic energy in the coil and thereby increases 
the power factor. 

The interception area of the coil is the usual concept 
for formulating its ability to take some power from the 
wave and make it available to a load. This area is here 
defined with reference to the power density in the air 
wave over the surface, so it can be compared with the 
same rating for a coil in the air. 


a 32a’ 6? 2d F 
—— exp — — 
2Xr : 6 (3) 


in which 
A, =interception area of submerged magnetic dipole, 
d=depth of dipole from surface. 
The first factor is the area before the attenuation by 
depth, and the second factor is that attenuation. 

The available power, as a basis for defining the inter- 
ception area, is the power that the antenna could de- 
liver to an ideal matched load, by tuning out the coil 
reactance and matching the radiation resistance. As in 
the case of a coil above the surface, the interception 
area is determined by the environment of the coil and 
is independent of the properties of the coil itself. This 
area increases with the size of the radome. The first 
factor is independent of the wavelength, since this di- 
mension appears in both numerator (implicitly in 6?) 
and denominator. 
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A spherical coil as large as the radome, with a perfect 
magnetic core, is the ideal for fully utilizing the volume 
of the enclosed air space to obtain the greatest power — 
factor of radiation. This would place a lower limit on — 
the size of radome required to realize a certain power — 
factor of radiation. If the radome is larger, the coil 
may be smaller, may be of different shape, and may dis- — 
pense with the iron core. For a submarine, it is more 
important to reduce the size of the radome than to — 
economize in the weight of the coil and core-~ 

The alternative kind of antenna is the horizontal 
electric dipole, coupled with the water by conduction. 
It is essentially a pair of electrodes having their outer 
surfaces in contact with the water (directly or through 
thin dielectric walls of a radome). For comparison in 
the same spherical radome, the electric dipole is adapted ~ 
to a spherical space; its electrodes are spherical caps of — 
such size as to give nearly uniform field inside the 
sphere. 

Unlike the coil, the electric dipole has the negligible 
reactance of short connecting wires. Its radiation re- 
sistance is that of the water outside the radome, which 
is of the order of 1 ohm. Therefore, the radiation power 
factor is practically unity and there is no difficulty 
coupling to a resonant circuit of any usual bandwidth. 

The matched load for a spherical radome is a resist- 
ance whose value is one half as great as that of the same 
sphere filled with the same water. This is because the 
external resistance of a sphere is one half as great as its 
internal resistance if the mediums are the same. Such a 
matched load is assumed for evaluating the available 
power. 

The interception area of the electric dipole is evalu- 
ated on the same basis. 


3r2a’3 2d i 
ex Ss . 
ee aes (4) | 


Ae= 
in which 
A, = interception area of submerged electric dipole. 


The first factor is dependent on the size of radome and 
the wavelength but not on the conductivity of the water 
(involved in the skin depth). 

On the present assumption of a radome much smaller 
than the radian sphere, the magnetic dipole or coil is 
much superior in its interception area. 


Am/ Ae = (6/a’)?2 > 1 (5) 


This ratio of superiority is directly proportional to the 
wavelength. As an example, take a radome of radius 
a’=0.30 meter or 1 foot; in sea water at 15 ke, this — 
ratio of area or intercepted power is (2.0/0.30)?=44 
(or 16.5 db). : 

In practice, the horizontal dipole may be rotated for : 
maximum pickup and for direction finding. Here the 
coil has the advantage of convenience in rotation, 


1958 


since the coil does not have to be very close to the wall 
of the radome. : 

Since the magnetic properties of air and water are 
similar, and the magnetic field is horizontal in both, the 
coil will operate nearly the same when above or below 
the surface. On the other hand, the conduction proper- 
ties are opposite, and the electric fields are respectively 
vertical and horizontal, so the same electric dipole 
cannot operate in both mediums. 

It is concluded that the magnetic dipole or coil an- 


tenna is the preferred kind for use on a submarine, and 


has a great advantage if limited to the interior of a 
small radome. Its radiation power factor and intercep- 
tion area are defined and formulated as representing 


its most significant ratings of performance. 
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The Prolate Spheroidal Antenna: Current and Impedance* 
C. P. WELLS} 


Summary—tThis paper studies the near field of the prolate sphe- 


_roidal antenna. By expanding the components of the electromagnetic 
_ field in terms of the spheroidal functions, we determine the current 


4 


distribution over the antenna and the impedance at the gap. We con- 


sider both center and off-center gaps for RL =1, 1.49, 2, 3, 4, where 


k=27/i, Lis the semifocal length of the spheroid, and ) is the wave- 


length. The radiation resistance is calculated from the far field and 


z 
~ 


a 


f 
E 


found to be in excellent agreement with the resistance at the gap 
calculated from the near field. 


INTRODUCTION 


HIS PAPER continues the recent work of Myers! 
on the prolate spheroidal antenna and extends it 
to include the near field. It also extends the earlier 


*work of Chu and Stratton? which was restricted to 


*center-fed antennas with infinitesimal gap. By using 


the spheroidal functions, we determine here the current 


‘distribution on the antenna and the impedance at the 
‘gap for finite gap widths and various gap locations. 
We also cover the range kL = 1 tokL =4, where k =27/), 
‘=the wavelength, and L =the semifocal length of the 
spheroid. Finally, we calculate the radiation resistance 
from the far field and compare with the resistance at 
‘the gap as measured by the real part of the impedance. 


* Manuscript received by the PGAP, March 16, 1957; revised 


“manuscript received August 20, 1957. This work was done under 
contract with the Office of Ordnance Research. 


Dept. of Math., Michigan State University, East Lansing, 


Mich. 
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For the most part we follow the notation of Myers! 
and let « be the radial variable and v and @¢ angular 
variables of the prolate spheroidal system. The radial 
functions are represented by U,(u) and the angular 
functions by V,,(v). The U,,(w) are functions of the third 
kind in that they, behave like exp (—icu) as u>~, 
where c=kL. Further details concerning the functions 
U, and V, can be found in the paper by Myers and in 
the references cited there. 


THE FIELD COMPONENTS 


As is well known, when rotational symmetry is as- 
sumed only three components E,, E,, and Hy are needed 
to describe the electromagnetic field. These are given by*® 


A 
— (i6/aL [Gut — vy ( — woe 


Fy, ae (1a) 
Ov 

OA 
By = (ip/AL) [2 — AL — 2 —— (Ab) 

Ou 
Hd geen ty L)| (202) 1)(1 = 2) 42.4 (1c) 

where 6 = (w/e)! and A is given by 

A= = a,U,(u)V,,(2). (2) 


iO 


3 For example, see S. A. Schelkunoff, “Advanced Antenna The- 
ory,” John Wiley & Sons, Inc., New York, N. YV., ppotid—125; 
1952. 
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The coefficients a, are determined from the orthogonal- 
ity of the V,, together with the boundary condition that 
the total tangential component of the electric field 


vanishes on the antenna. Thus, if ,* is the applied field, 


then we must have £,+Z,7=0 for u=wo, and 


RL? i 
On = ———_ [ Ey*(uo, 2) 
IBN Un’ (uo) =i 


-[(auo? — 0°)/(L — 0°) Vn (0) do. (3) 
Here wu» represents the particular spheroidal antenna 
and JN, is the norm of the V,. 

The current on the antenna is given by 


aS voll BT [ak 1) 98) 8d Oe Ala, 8) 


0 


for any antenna u = Uo. 

Some difficulties now present themselves when one 
attempts to use (4) to determine J numerically at vari- 
ous points v on a given spheroid uo. First the nature of 
the applied field E* must be known. One might assume 
that the antenna is fed by a two wire transmission line, 
but the field around the transmission line itself has 
never been exactly determined, much less the field of 
the line in the neighborhood of an antenna. Further- 
more, any external feeding will, in general, destroy the 
rotational symmetry assumed by (1). Hence, one must 
make an arbitrary choice for the applied field and, hope 
to check results against experiment. 

The second difficulty lies in the slow convergence of 
the expansion (2) for the near field of the antenna. For 
1Sc<2, at least 6 terms of the expansion are necessary 
for 3 significant figure accuracy. The computation of the 
radial functions for many ¢ values becomes a formidable 
task even when the eigenvalues are known. However, 
it is possible to cut down on this job somewhat by mak- 
ing use of asymptotic values with n of Un(uw) and Un'(u). 
More precisely, it can be shown that at least in the 
range of ¢ considered here, the functions U,(u) and 
U,,’(u) can be approximated by their asymptotic values 
in ”;1.€., as n—%, for m>4, in such a manner that the 
desired accuracy can be obtained. An outline of this 
can be found elsewhere.°® 


THE APPLIED FIELD ON THE ANTENNA 


It is customary to assume that E* is everywhere zero 
on the antenna except at the gap and there is equal toa 
constant voltage divided by the length of arc across the 
gap. For spheroids u)~1, as we assume here, the varia- 
tion of [(w?—v?)/(1—v?) ]! is negligible over the gap 
and E* is given by 


* All eigen values used here were furnished by the Computation 
Laboratory of the Bureau of Standards. 

5C, P. Wells, “Mathematical Theory of Antenna Radiation,” 
OOR Contract DA-20-018-ORD-13354, Final Rep.; July, 1957. 
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Fe = ee 
L(v4 Ts V2) 


ie SID 


= 0, elsewhere. 
In this case the coefficients a, in (2) reduce to 


—cV4 


= ——__— 8, 5 
IBN n Un! (uo) (6) 


ay 
where 
5 v2 
B,(v1 — 2) Sef Vn»(v)dv. 


At this point Chu and Stratton? assume an infinitesimal 
gap for which B,=1 and which, as Infeld® has pointed 
out, leads to divergent series for current or admittance. 
All the following calculations are based on series whose 
coefficients are given by (5). 


CURRENT AND IMPEDANCE 


As noted earlier, the current on any spheroid up is 
given by [=27mA (uo, v), where A is given by (2). Using 
unit voltage the current and the corresponding imped- 
ance have been computed for two spheroids u)=1.001 
and uo»=1.00001. In general, the convergence of the 
series for A is faster for the smaller spheroid but even 
then six terms are needed to give 3-place accuracy. The 
convergence is also faster for smaller c; 7.e., for c~1, 
and becomes slower as ¢ increases. For this reason, we 
have limited our computations to c=1, 1.49, 2, 3, 4 for 
each of the two spheroids mentioned above. In order to 


show the effects of off-center feeding, we have included | 


the following gaps: v,=0.1 to v?=0.2, v! =0.3 to v?=0.4, 
v'=0.5 to v? =0.6. For comparison we have also included 
a center gap. It seems impractical to extend the com- 
putations until such time as: 1) more information is 
available concerning the applied field, and 2) the sphe- 
roidal functions have been computed over a wider 
range, a project which seems to be feasible only with 
electronic equipment. 

The impedance at the gap is calculated from Z = V4/Jo, 
where Jo, for off-center gaps, has been arbitrarily 
chosen to be the arithmetic average of the current at 
the ends of the gap. For center gaps Ip is to be J for 
v=0.7 Table I through Table IV give this impedance in 
ohms with unit voltage. 

Since the only resistance is radiation resistance, we 
can check this part of the impedance using the far field. 
To do this we must integrate the normal component of 
S=4} Re(EX4) over the far field. Here # means the 
complex conjugate of H. For the far field as u>~, 


°L, Infeld, “The influence of the width of the gap upon the the- 
ory of antennas,” Quart. Appl. Math., vol. 5, pp. 113-132; July, 1947. 

” This lack of uniqueness in defining impedance or admittance has 
been discussed by Infeld, zbid, 
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TABLE I 1, = — 0.1, % = +01 0: = — 0,2, 2 = + 0.2 
We = OUR C005 Z = 148 + 237i Z = 146 + 298: 


u=1.001 u=1.00001 
Cc L ZL 
1 24.3—2157 24.1—3957 
1.49 64.2— 28.71 63.8— 48.87 
2 153) + 99.67 152 +2367 
3 444. + 97.21 133 +6667 
4 97 .2—1562 188 —441i 
TABLE II 
1= +0.1, v2= +0.2 
w— 1. OOF u=1.00001 
G Zz Z 
1 28.3 —237% 26.4—4237 
1.49 66.7— 31.54 67.3— 51.97 
2 169 +1037 171 +2567 
3 270 — 87.61 570 —2597 
4 217 —1652 954. —5871 
TABLE III 
1=0.3, w=0.4 
u=1.001 u=1.00001 
G Z, Z 
1 48.6 —3502 28.7 —4947 
1.49 82.4— 43.77 83.2— 68.27 
2 292 + 61.87 323° +3637 
S 103. — 51.7% 123 —1237 
4 223° +1352 308 +5807 
TABLE IV 
H=0.5, V2 =0.6 
u=1.001 .u=1.00001 
¢ Zz Peal 
1 121 —701z 31.6 —6697 
1.49 120 — 85.17 129 —120z 
2 380 —2417 1290 — 61.27 
3 26.2— 51.61 82.2— 99.67 
4, 274 — 47.64 1270 —306: 


_ E,—1/uv and can be neglected while E,—6H,. Hence 
the normal component of S becomes simply BH,H5/2. 
_ If we now integrate over a sphere of radius 7 and let 
_ r— 0, we get the power radiated, which in terms of the 
spheroidal functions is 


to} 


W = (2rc?/B) >, Ba?/(NnU2'U,'). (6) 
n=0 

The radiation resistance is R =2W/| Te. The series in 
(6) converges rapidly and usually only one or two terms 
are necessary to give sufficient accuracy. We evaluated 
R corresponding to each value of the impedance given 
_ in the tables and found excellent agreement. 
_ For wider gaps this comparison is not quite as good 
but the difference is still scarcely significant. For exam- 
- ple, for ¢=2 and u)=1.00001, we find the following: 


Far field R = 146 Far field R = 142. 


This agreement between the calculations of the resist- 
ance based on the near field with those based on the far 
field serves as an excellent check on our computations. 
No such check is available for the reactance. For this 
reason the real values in the tables are more reliable 
than the imaginary parts. 

A comparison of our values of Z for the center-fed 
case with the graphs of resistance and reactance given 
in Chu and Stratton? shows at least qualitative agree- 
ment. The spheroid u)=1.001 corresponds to a length- 
thickness ratio of about 44, while the spheroid uo= 
1.00001 has a corresponding ratio of about 630. The re- 
sistance is approximately the same for both spheroids 
for c<2 and reaches a maximum for both near c=3 or 
approximately a full wave antenna. Also, in both cases 
the reactance is zero near c=1.5 or a half-wave antenna 
and again for c between 3 and 4. Similar statements ap- 
ply to near center gaps as can be seen from the case 
v:=0.1, v.=0.2. For the other gaps more information 
would be necessary to locate zeros or maxima with any 
accuracy. 

Fig. 1 through Fig. 7 show current distribution over 
the antenna. Actually we have plotted 60 | Z| in amps 
on the vertical scale. For center-fed or near center-fed 
antennas the resonance-like behavior of the half-wave 
antenna shows up.® For the antenna nearest a full 
wave, c=3, the graph shows up as roughly sinusoidal. 
Locating the gap off center at v=0.3 to 0.4 or 0.5 to 0.6, 
brings the c=3 graph to near resonance. Finally, it 
appears that the resonance or near resonance peaks for 
any ¢ occur approximately at the same value of ¢ re- 
gardless of gap location and differ only in magnitude for 
different gap locations. 


u =1,00001 
vi =-.05 
Vo" .05 


C#1.49 


8 Compare with R. King and C. W. Harrison, “The distribution of 
current along a symmetrical center-driven antenna, Proc. IRE, 
vol. 31, pp. 548-567; October, 1943. 
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u =1,0000! 
vel 
Vo .2 


u = 1.0000! 
Y= 3 


u = 1.00001 
ye .5 
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An Application of Parageometrical Optics to the 
Design of a Microwave Mirror* 


L. RONCHI} anp G. TORALDO DI FRANCIAt 


Summary—A microwave device is described which collimates 
the radiation from a point feed into a parallel beam. The instrument 
operates by both reflection and diffraction. The offense against the 
sine condition is corrected perfectly, so that no monochromatic 
aberration is present for a moderate field even at very high apertures. 
The expressions of the aberrations are worked out and a graph is 
given where one can read the maximum values of the aperture and 
field for a given tolerance. It seems that the device described may 
be useful for radio astronomy and for rapid scanning. 


INTRODUCTION 


N some previous papers, one of the authors intro- 
] duced parageometrical optics. This is a kind of ray 

optics, intermediate between geometrical and wave 
optics, which holds when the wavelength is small, but 
not necessarily zero. 

Consider a general surface 2 and an arbitrary set of 
curvilinear coordinates u, v on it. The surface > will be 
termed a generalized grating if its transmission or re- 
flection coefficient is a periodic function of one coor- 
dinate, say u. If a general wave is incident on 2, its 
diffraction can be treated ray by ray.” If s* denotes a 
unit vector in the direction of the incident ray at a 
point P of 2, and a the periodicity with respect to u, 
the diffracted ray of mth order can be specified by a 
unit vector s,,, according to the law? 


r 
Sm = st — m— grads u + gN (1) 
a 


where \ represents the wavelength, N the unit normal 
to > at P, and ga scalar quantity. By grady we under- 
stand the gradient in the two-dimensional domain 2. 
This ray-by-ray technique is justified by a theorem, 


* Manuscript received by the PGAP, May 6, 1957; revised manu- 
script received, August 1, 1957. This research has been sponsored in 
part by the Air Res. and Dev. Comm., USAF, under Contract 
AF 61(514)-903, through the European Office, ARDC. Only the main 
results of the research are presented here. The detailed derivations 
may be found in Tech. Note n. 6 of the Contract. 

+ Centro Microonde, Florence, Italy. 

t Istituto Nazionale di Ottica, Florence, Italy. _ 

1G. Toraldo di Francia, “Parageometrical optics,” J. Opt. Soc. 
Amer., vol. 40, pp. 600-602; September, 1950, and “A fundamental 
theorem of parageometrical optics,” J. Opt. Soc. Amer., vol. 43, pp. 
368-370; May, 1953. : ; 

2In spite of some analogies, this ray treatment of diffraction 
should not be confused with that introduced by Rubinowicz and re- 
cently developed and extended with success by Keller, where use is 
made of the rays diffracted by an edge. See also the panel discussion 
on this point in IRE Trans., vol. AP-4, p. 544; July, 1956. 

A. Rubinowicz, “Die Beugungswelle in der Kirchhoffschen Theo- 
rie der Beugungserscheinungen,” Ann. Phys., vol. 53, pp. 257-278; 

17. : 
ae. 8. Keller, “Diffraction by an Aperture,” New York Univ. 
Inst. of Math. Sci., Div. of Electromagnetic Res., Res. Reps. EM-92 
and EM-96; 1956. 4 . , 
3G. Toraldo di Francia, “Electromagnetic Waves,” Interscience 
Publishers, New York, N. Y., p. 233; 1956. 


analogous to that of Malus-Dupin, which states that if 
s‘ represents a normal set of rays, s,, turns out to be a 
normal set of rays, too. In other words, whatever the 
shape of the incident wave, the set of diffracted rays 
Sm admit a set of normal surfaces, which represent the 
diffracted wave of the mth order. Several properties of 
conventional ray optics can be extended to parageo- 
metrical optics, in particular, Abbe’s sine condition for 
an aplanatic image. This will be put in use in the pres- 
ent paper. 

Our purpose will be to design a mirror which can 
collimate a microwave beam with substantial values of 
the aperture and field angle. The two most conven- 
tional types of mirrors each present an aberration which 
cannot be eliminated. The spherical mirror is affected by 
spherical aberration, and the parabolic mirror by coma. 

An ideal mirror would be a spherical mirror capable 
of reflecting any ray parallel to the axis towards the 
center C of the mirror. In this way, spherical aberration 
obviously would be absent, and the sine condition 
would be fulfilled, since the sine of the aperture angle 
6 is proportional to the height of incidence h. Of course, 
this behavior of the rays is absurd, if the rules of ordi- 
nary reflection are to be respected. 

However, the situation is no longer absurd if diffrac- 
tion is used in place of reflection. If the surface 2 of the 
mirror is an appropriate reflecting grating, the ray con- 
sidered can be the diffracted ray of order m. In this way, 
the mirror will become a zoned mirror. 

As is well known, besides the wave centered at C, 
other (approximately spherical) waves will arise by dif- 
fraction. One can get rid of these waves by a technique 
which is well known in grating manufacture. The rul- 
ings of a reflecting grating often are given a saw-tooth 
profile in order to enhance the brightness of one spec- 
trum at the expense of the others. In particular, it can 
be proved that if the direction of ordinary reflection on 
the saw teeth coincides with the direction of a given 
spectrum, light is practically all concentrated in that 
spectrum. The same technique will be followed in the 
design of our mirror. 


THE ZONED SPHERICAL GRATING 


In order to reduce chromatic aberration, we shall 
make use of the first-order diffracted wave. 

Consider two incident rays AP and A’P’ (Fig. 1) ina 
meridional plane; P and P’ are the points of intersec- 
tion of 2 with any two consecutive zones. The zones 
must be oriented so as to reflect both rays towards C. 
As the distances PC, P’C are evidently equal, the dif- 
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Fig. 1—Optical path difference MM’ between two rays of the merid- 
ional plane which are incident at corresponding points of two con- 
secutive zones. 


Fig. 2—Determination of the zones. 


ference of optical path between the two rays is simply 
represented by MM’. As a consequence, we shall put 
MM’'=.. 

Accordingly, the set of points Po, Pi, Po, ++ +, of in- 
tersection of the zones with the spherical surface ¥ will 
be determined by means of their projections on the axis 
Mo, Mi, M2,---+, as follows. We put P»x=M,=V 
(Fig. 2), then VM,=), M,M2=\, and so on. 

The surface of the zoned mirror will be completed by 
sections of coaxial cylinders (Fig. 2), each representing 
the connection between two neighboring zones. The 
cylinders will intersect the spherical surface Y along a 
set of circles, centered at Ni, No, Nz, +- > , respectively. 
Each point N will be assumed to be located midway be- 
tween two consecutive points M. It will be noted that 
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Fig. 3—Behavior of the phase of the first-order diffracted 
wave as a function of wu. 


Fig. 4—Behavior of the argument of the complex reflection 
coefficient of = as a function of wu. 


the construction described is in many respects analo- 
gous to the classical construction of the Fresnel zones. 

We shall refer to a rectangular system of coordinates 
x, y, 2 (unit vectors i, 7, kK) with the origin at C and the 
Z-axis coincident with the axis of the mirror and directed 


away from the mirror. Alternatively, we shall use the 


spherical coordinates r, 0, @ (unit vectors i,, ig, 13) with 
x=rsin 6 cos ¢, y= —r sin @ sin ¢, z= —rcos8@. 

The surface 2 will be referred to a system of curvi- 
linear coordinates u, v, specified by u=R cos 6, v=¢, 
where R represents the radius of the sphere D. In terms 
of these coordinates and apart from an additive con- 
stant in the phase, the complex amplitude of the inci- 
cent wave over 2 will have the form A‘ exp (tku), Ai 
being a real constant. The complex amplitude of the 
first-order diffracted wave, when referred to 3, will have 
the form A’ exp [ikF(u)], where A’ is a real constant, 
and F(u) is the function represented (apart from a 
constant) in Fig. 3, consisting of a series of identical 
steps with both width and height equal to X. 

We will consider the diffracted wave as obtained by 
reflection of the incident wave by 2; to this end, we 
shall attribute to 2 an appropriate reflection coefficient 
p(u)=po(u) exp [ikf(u) |, po(w) being real. Accordingly, 
we shall write 


A’ exp [ik F(u)] = po(u) exp [ikf(u)] A‘ exp (iku). (2) 
Hence, we have py = A’/A‘ and 
f(u) = F(u) — u. (3) 


The behavior of f() is represented in Fig. 4, which 
clearly shows that the reflection coefficient of the zoned 
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mirror corresponds (in curvilinear coordinates) to that 
of a conventional saw-tooth grating. The periodicity, 
with respect to u, is \. Accordingly, in (1), we shall put 
a=. On the other hand, we have grady u=—i sin 6, 
_ and N= —i,. Asa result, (1) may be rewritten, for m=1 


ess" S45 Sine = Fee. (4) 


The scalar quantity g should be determined by requiring 
that si?=1. Two values will be found, one correspond- 
ing to s1-i,>0, and the other to s;-i,<0. Obviously we 
must choose the second one. 


ABERRATIONS OF THE MIRROR 


Let us consider a plane wave, whose direction of 
_ propagation s* is parallel to the xz plane. This plane 
_ will be called the meridional plane. The field angle Q, 
or the angle made by s? with the axis, will be assumed 
_to be positive when the radiation comes from below the 
axis. 
In order to visualize the aberrations of the diffracted 
wave, we make use of Herzberger’s diapoints.t The 
_ diapoint of a given ray is defined as the point where the 
ray intersects the meridional plane. 
The equation of the diffracted ray can be worked out 
by utilizing (4). In this way, the coordinates x, z of the 
diapoint are found to be 


x sin 2 

he a (5) 
R w 

Z 1 — cos 2 

a (Sk ene (6) 
R WwW 


where the quantity w is the negative root of the equation 


~w? + 2w|sin Q sin 0 cos ¢ — (1 — cos 2) cos 6] 
—(2cosQ2—1)=0 (7) 


and is related to g by w=cos0—g. 
Eqs. (5) and (6) show that the ratio z/x=tan (02/2) 
bis independent of 6 and ¢. As a consequence, we have 
found that, once the value of {2 is given, all the dia- 
points lie on a straight line CS (Fig. 5). The section of 
this line occupied by the diapoints will be termed the 
sagittal focal line. It is clear that S is the sagittal focus 
on the principal ray. The locus of the sagittal foci on 
the principal rays can be found from the geometry of 
Fig. 5 and turns out to be an hyperbola, represented by 


f+a-2-EP 


The center of the hyperbola is located on the axis at 
z= —R/3 and the asymptotes make angles of + 60° with 
the axis (Fig. 6). Obviously, point C belongs to the 
hyperbola. The radius of curvature of the hyperbola at 
C turns out to be equal to R. 


4M. Herzberger, “A new theory of optical image formation,” 
J. Opt. Soc. Amer., vol. 26, pp. 197-204; May, 1936. 
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Fig. 5—Locus of the diapoints for a given 
field angle. 


Fig. 6—Loci of the sagittal focus S, of the tangential focus T, 
and of the best focus M. 


The sagittal coma C, of a given zone @ will be defined 
as the distance of the common diapoint of the rays 
¢=1/2, 6=3r/2 from the principal ray, and will be 
taken positive or negative according to whether the 
diapoint is on the opposite or on the same side as the 
axis. By introducing these values of ¢ into (7) and solv- 
ing for w, and by making use of (5) and (6), it isan easy 
matter to find 


C, = — Rsin Q[1 — (1 — cos Q) cos é 
— v/cos? 2 — (1 — cos Q)? sin? 6]. (9) 


This expression is an odd function of Q and the first 


q 
January ; 
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term of its series expansion in powers of sin 2 turns out 
to be 


C, = — 4R sin’ Q(1 — cos 8). (10) 


The absence of a term with the first power of sin Q is a 
consequence of the sine condition being fulfilled. In par- 
ticular, the third-order coma vanishes. 

An analogous result can be obtained for the tangential 
coma C,, which is defined as the distance of the inter- 
section of the two rays $=0, ¢=7, from the principal 
ray. The exact expression of C; turns out to be rather 
complicated. For the sake of simplicity, we will limit 
ourselves to giving the first term of the series expansion 
of C; in powers of sin 9. It is found 


C, = — 4R sin? Q(1 — cos @)(3 + cos 8). (if) 


As was to be expected, C; also does not depend on the 
first power of sin (. 

Next, we will find the position of the tangential focus 
T on the principal ray. This point may be defined as the 
limit of the intersection of the two meridional rays 
¢=0, ¢=7, for @=0. Starting from the equation of the 
diffracted ray, one can find 

sin 2 cos? Q 


te = R————— 12 
: 2cosQ—1 ee 


(13) 


where x7, 27 represent the coordinates of JT in the me- 
ridional plane. The locus of T is the line shown in Fig. 6. 
In the neighborhood of C, the line is concave towards 
the mirror and its radius of curvature is exactly R, then 
the line turns away from the mirror and for | 2| = 60° 
goes to infinity. The corresponding asymptotes intersect 
the axis at z= —(5/6)R. 

If the distance of the sagittal and tangential foci from 
the vertex V of the mirror are designated by pg and pr 
respectively, the astigmatism as usually defined in 
optics easily is found to be 

1 1 
ge eee 
Pr PSs 


= : (2 cos 2 — 1) tan? Q. (14) 

R 
This expression vanishes for 2=0° and | Q| = 60°. 

An extremely surprising result which may be proved 
by means of the formulas of the preceding sections is 
that the diffracted wave for | Q| = 60° is exactly a plane 
wave up to 0=30°. 

Finally, a few words will be said about chromatic 
aberration. Unfortunately, this aberration cannot be 
corrected with the present system and it will be useful 
to know its value. It is an easy matter to find 


dX 


df = Ree: (15) 


where df denotes the increment of the focal length due 
to an increment dd of the wavelength. 


WAVE ABERRATION AND TOLERANCE 


As is well known, the wave aberration is defined as the © 
distance from a given reference sphere to the wave un- 
der consideration, in the direction of propagation. A 
particularly interesting case is obtained when both the 
reference sphere and the wave are at infinity.’ The wave 
aberration at infinity W is a function of the ray (or di- 
rection) considered. If a ray is specified by its direction 
cosines a, B, y, one can put W=W(a, 6). The funda- 
mental property of the wave aberration at infinity is 
represented by 


ow ow 
y= ———- j= 


da ag cs 
where x and y represent the coordinates of the intersec- 
tion of the ray with the xy plane, the origin coinciding 
with the center of the reference sphere. 

Starting from (16) and carrying out some calculations, 
one can prove that in our case the wave aberration at 
infinity, with respect to a reference sphere centered at 
the sagittal focus S, has the expression 


sin Q 
Ws = RR} w -— a —— 
2cosQ— 1 
1 — cos Q 
+ (1 — y) —————— + constant}. (17) 
2cos Q—1 


The maximum excursion AWs of Wg over the whole 
mirror turns out to be 


1 
oe oe 


(1 — cos Q) cos @ — sin Q sin @ 
w, | 1+ (18) 
2cos Q— 1 


where @ represents the semiaperture of the mirror, and 
w, is the value of w for ¢=0. 

Numerical computations have been carried out on the 
basis of (18) and the results are shown in Fig. 7, where 
AWs/R is plotted against @ for different values of Q. 

The graphs of Fig. 7 are useful in practice for intro- 
ducing tolerances. For instance, once the radius R and 
aperture @ of the mirror are fixed, one can read off from 
the graph the value of Q for which AWs =\/16 or /8 or 
whatever tolerance one may choose as suitable. 

Thus, the maximum field angle is determined which 
can be reached with that mirror. Of course, to make the 
best use of the tolerance, the image should be placed at 
the “best focus” for any field angle. In the case of pure 
astigmatism, the best focus should be located at M, 
midway between the sagittal and the tangential foci. 
The locus of M is shown in Fig. 6. Its curvature at 
point C vanishes, so the mean field curvature is zero. 


5G, Toraldo di Francia, “Introduzione alla Teoria Geometrica e 
Interferenziale delle Onde Aberranti,” Publ. Ist. Naz. di Ottica 
Florence, Italy, No. 413, p. 6; 1947. ; 
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Fig. 7—Total excursion of the wave aberration plotted 
against @ for different values of Q. 


CONCLUSION 


We have described a microwave device, having the 


_ general shape of a spherical mirror with zonal steps. 
_ This mirror operates by both reflection and diffraction. 


Its main feature is a perfect correction for spherical 


_ aberration and for the offense against the sine condition, 
_ when the object (or the image) is at infinity. In agree- 
_ ment with optical theory, there is no coma of the first 
_ order with respect to the field. 


7 
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Precise computations show that even higher-order 
coma is extremely small. The patterns obtained in the 
neighborhood of the focal plane are nearly those of pure 
astigmatism. 

The only serious aberrations of the mirror are chro- 
matic aberration and astigmatism. The former requires 
that the mirror be used with practically monochromatic 
radiation. As to the latter, its influence is negligible for 
small fields and, anyway, the tolerance can be read off 
from the graph of Fig. 7. It is probable that in radio 
astronomy the mirror may be used with a very large 
aperture and a moderate field. For scanning applications 
the point feed should travel along the mean image sur- 
face M (Fig. 6), which in the case of pure astigmatism 
represents the locus of the best focus. Alternatively, one 
may be interested in making the rays parallel only to the 
meridional plane or to a plane perpendicular to it. In 
this case the feed should simply travel along the line S 
or T’ respectively. Very large scanning angle could be 
reached by making a linear feed to match the sagittal 
or tangential Sturm lines, respectively. 

A system of the type described in this paper is under 
construction at the Centro Microonde and experimental 
results regarding its performance will be published in 
due course. 


End-Fire Echo Area of Long, Thin Bodies* 
LEON PETERS, JR.t 


Summary—the echo area resulting from traveling waves excited 
on the surface of long, thin bodies is considered. A means of predict- 
ing this echo area on the basis of antenna theory is derived. Com- 
puted and measured values are compared for a long wire, an ogive, 


_ and a shorted polyrod. 


INTRODUCTION 

HE echo area of a long, thin body in the region of 
longitudinal incidence is derived by making use of 
the existing concepts of antenna theory. The body 


is considered as a traveling-wave antenna. 


In general, the echo area due to an antenna mode may 
be computed from the proper application of the concept 
of scattered power of a receiving antenna. King" has 
made use of this in computing the echo area of a dipole 
at normal incidence. Here the concept is to be used to 
compute the echo area due to antenna modes set up on 


* Manuscript received by the PGAP, March 16, 1957; revised 


manuscript received, September 16, 1957. 


+ Antenna Lab., The Ohio State University, Columbus, Ohio. 
1D. D. King, “The measurement and interpretation of antenna 


scattering,” Proc. IRE, vol. 37, pp. 770-777; July, 1949. 
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certain bodies. For the bodies under consideration and 
the choice of antenna terminals that is made, only the 
component of scattered power that is reflected from the 
antenna terminals is needed to compute the echo area. 
Other modes do not contribute appreciably to scattering 
in the direction of interest. This component of the scat- 
tered power has been used previously by Sinclair, Jor- 
dan, and Vaughan? in an antenna pattern measurement 
scheme. An unmodulated source was used to illuminate 
an antenna whose pattern was to be measured. The 
power reflected from the antenna terminals was modu- 
lated by varying the load impedance periodically. A 
receiving system located at the same position of the 
source detected the modulated component of scattered 
power. 

Of the scatterers to be treated here, the maximum 
echo area of the polyrod antenna has been derived by 


2G. Sinclair, E. C. Jordan, and E. W. Vaughan, “The measure- 
ment of aircraft antenna patterns using models,” Proc. IRE, vol. 35, 
pp. 1451-1467; December, 1947. 
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Horton and Watson? and also by Hame and Kennaugh.* 
Traveling waves have been considered by Sloan’ and 
Tai® to obtain the echo of short wires. 

Hansen and Schiff? conclude that for “any pointed 
object of revolution that has a smooth surface at the 
geometrical shadow with all appendages well within the 
shadow, the dominant back scattering comes from the 
point.” Consequently the point has been treated as the 
dominant scatterer when computing the radar proper- 
ties of the ogive.* This approximation has been shown 
to be valid only when the contribution due to the 
traveling-wave mode is negligible.? The research de- 
scribed in this paper is a direct result of the noncon- 
formity of measurements and computations based on 
the above approximations. Deviations of as much as 
40 db were noted. 


THEORY 


The absorbed power P, and the scattered power P; of 
a receiving antenna are given in terms of the power in- 
tensity S; of a plane wave incident on the antenna, the 
absorption cross section A,, and the scattering cross 
section A,, as!° 


P, = A,Ss 


P, = AS. (1) 


Let us consider an antenna with a matched load. Then 
these two components of power can be defined as fol- 
lows: 


Pam is the power flowing into the antenna terminals 
when the antenna is terminated in a matched 
load, 

and 


Pm is the power scattered by a receiving antenna 
when it is terminated in a matched load. 


3 C. W. Horton and R. B. Watson, “On the back scattering of ra- 
dar waves from the trailing edge of an aircraft wing,” Texas J. Sci- 
ence, ae 6, pp. 392-398; December, 1954. 

T. G. Hame and E. M. Kennaugh, “Interim Engineering Re- 
Ne on the Polarization Dependence of Radar Echoes,” Antenna 
Lab., The Ohio State Univ. Res. Foundation, Rep. 612- See jubyaed 
1955. Prepared under Contract AF 30(635)- 2811, Rome Air Dev. 
Center, Griffiss Air Force Base, N. Y. 

5 R, Sloan, “Echo Area of Wires and Hollow Cylinders,” Antenna 
Lab., The Ohio State Univ. Res. Foundation, Rep. 444-2; September 
1, 1951. Prepared under Contract DA 36- 039sc5506, Evans Signal 
Laboratory, Belmar, N. J. 

SiC abe Pai “Radar Response from Thin Wires,” Stanford Re- 
search Institute, Menlo Park, Calif., Rep. SRI-18; March, 1951. 

TW. W. Hansen and L. I. Schiff, “Theoretical Study of Electro- 
magnetic Waves Scattered from Shaped Metal Surfaces,” Micro- 
wave Lab., Dept. of Physics, Stanford Univ., Stanford, Calif. , Quar- 
terly Rep. "No. 3; May, 1948. 

8K. M. Siegel, H. A. Alperin, R. R. Bonkowski, J. W. Crispin, 
A. L. Maffet, C. E. Schensted, and I. V. Schensted, “Bistatic cross 
section of surfaces of revolution, ” J. Appl. Phys., vol. 26, pp. 297- 
305; March, 1955. 

01. Peters, Jr., “Memorandum on the Echo Area of Ogives,” 
Antenna Lab., The Ohio State Univ. Res. Foundation Rep. 601-7, 
January 30, 1956. Prepared under Contract AF 33(616)-3546, Air 
Res. and Dev. Command, Wright Air Dev. Center, Wright- Patter- 
son Air Force Base, Ohio. 

10S. Silver, “Microwave Antenna Theory and Design,” McGraw- 
Hill Book Co., Inc., New York, N. Y., p. 42; 1949, 
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Fig. 1—Coordinate systems. 
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Fig. 2—Position of antenna terminals on long, thin body. 


If the antenna is not terminated in a matched load, a 
portion of the power P,,, is reradiated. This power to be 
designated as P, is the component used to compute the 
echo area of the bodies of interest here. 

The absorption cross section is!! 


oN 
where G(0, @) is the gain function of the antenna and X 
is the wavelength. When P,=0, substitution of (2) into 
(1) gives 


r 
dae = G(6, >) oe S; (3) 
4a 


where 0, ¢ are angles shown in the coordinate system of 
Fig. 1. 

To demonstrate that the power P.m may be elimi- 
nated from the computations, the induced currents on 
the surface of the long, thin body may be broken into 
components as follows: 


the current reflected from the end of the body near- 
est the transmitter (see Fig. 2), 

the current reflected from the end most distant from 
the transmitter, and 

induced current produced by the incident field. 


If one considers these currents from the viewpoint of 
traveling-wave antennas, it is apparent that the first 
and third of the above currents will set up radiation 
chiefly in the forward direction (see Fig. 2). They may 


1 Tbid., p. 51, 


ay 
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therefore be neglected when computing echo area. For 

the above choice of terminals the induced current is the 
only current whose radiation contributes to the power 
Pym, and this power may therefore be eliminated from 
the computation. 

Consequently the terminals of the antenna (repre- 
senting the long, thin body) are chosen at the position 
shown in Fig. 2. Since this antenna is not terminated in 
a matched load, the power absorbed is less than that for 
a matched load.” The magnitude of the power reflected 
from the terminals is proportional to the square of the 
current reflection coefficient y. This reflected power is 

2 
ye GOIN 
4a 
The power intensity (S,) of the wave radiated in the di- 
‘rection of the transmitter is given by# 


i" 


P,G(@ G(0, d)A\? 
ee PEG, 9) = Cae) Sis (4) 
4 R? 4rR 
Applying the definition of echo area 

S; 
og = lim 4r7R? — (5) 

Ro 4 

gives the final result 
G*(0, ¢ 
co=7 GG, ) 12. (6) 
Aor 


Note that this equation does not apply to the case of the 
dipole because the component of power Psm has been 
neglected. 


The above result may be easily extended to obtain the. 


equation for the bistatic echo area. If the angles 0g and 
gr denote the position of the radar receiver (see co- 
ordinate system of Fig. 1) and 67 and ¢r denote the po- 
sition of radar transmitter, (3) becomes 

P,G(6r, dr) rhe G(r, br) G(r, gr) 
0 dR? (4rR)? 


Then (6) becomes 


re 


y’G(Or, or)G(Or, or) ~ 
At 


a(Or, br; Or, br) = 


which is the equation of the bistatic echo area of the 
target in the regions of interest in this report. 

The choice of the position of the antenna terminals at 
one end of the body may not appear to be physically 
realizable but consider the traveling-wave antenna 
shown in Fig. 3. If the antenna terminals are shorted by 
means of a plate that fills the circular aperture of the 
coaxial cable, the coaxial cable may be removed as 
shown in Fig. 3(b). In this case the reflection coefficient 
is unity. The size of ground plane is then reduced. In the 


2 Thid., p. 53. $ 
1 eal eae “Antennas,” McGraw-Hill Book Co., Inc., New 


York, N. Y., p. 15; 1950. 
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Fig. 3—Long, thin rod as a degenerate form of an antenna. (a) Travel- 
ing-wave antenna. (b) Same antenna with terminals shorted. (c) 
Same antenna as area of ground plane approaches zero. 


limit the ground plane disappears and the configuration 
becomes that of the long, thin wire shown in Fig. 3(c). 
As the size of ground plane is reduced, the major change 
in electrical properties is that the reflection coefficient 
changes. This is indeed the manner in which the reflec- 
coefficient is to be determined experimentally. The echo 
area patterns of the configurations of both Fig. 3(b) 
and 3(c) are measured for regions of longitudinal in- 
cidence of interest. The ratio of the two patterns is 
determined by the square of the ratic of reflection 
coefficients, as may be seen in (6). It is necessary to ex- 
clude the echo area of the flat plate in such considera- 
tions. However, for the size of plate (about 1 in diame- 
ter) considered, such effects are negligible, especially 
since the echo area maximum of the plate and the target 
usually do not occur for the same orientation. 


EXPERIMENTAL TECHNIQUE 


The equipment used to make the required echo 
area measurements is described in several technical re- 
ports.!4-!6 Briefly it consists of a pulsed radar set with 
an attenuator placed in the waveguide to the receiver. 
This attenuator is servo driven to maintain the input 
signal to the receiver at a constant level. The attenuator 


4D. R. Rhodes, “An Investigation of Pulsed Radar Systems for 
Model Measurements,” Antenna Lab., The Ohio State Univ. Res. 
Foundation Rep. 475-6; December 1, 1953. Prepared under Contract 
AF 18(600)-19, Air Res. and Dev. Command, Wright Air Dev. Cen- 
ter, Wright-Patterson Air Force Base, Ohio. 

18 J. Bacon, “K-Band Radar Modifications,” Antenna Lab., The 
Ohio State Univ. Res. Foundation, Rep. 475-12; June 30, 1954. Pre- 
pared under Contract AF 18(600)-19, Air Res. and Dev. Command, 
Wright Air Dev. Center, Wright-Patterson Air Force Base, Ohio. 

16 Modification of a Radar System for Automatic Recording of 
Back Scattering Radiation Patterns,” Antenna Lab., The Ohio State 
Univ. Res. Foundation, Final Rep. 406-1, vol. 1; July 2, 1951. Pre- 
pared under Contract AF 33(038)-10101, Air Res. and Dev. Com- 
mand, Wright Air Dev. Center, Wright-Patterson Air Force Base, 
Ohio. 
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is mechanically linked to a recorder. A standard target, 
in this case a 6-inch sphere, is used to calibrate the 
equipment. The target is string supported in such a 
manner that it can be continuously rotated. The echo 
area patterns are measured in the ¢=0° plane using Eo 
polarization as shown in the coordinate system of Fig. 1. 
Measurements were made at a frequency of 23,850 mc 
and a range of 275 feet. 


PoLyRop ANTENNA 


The first example to be considered is the polyrod an- 
tenna. The antenna configuration used is shown in 
Fig. 4. The antenna and its measured field pattern were 
provided by Professor George Mueller of the Electrical 
Engineering Department, The Ohio State University. 
A small conducting disk replaces the feed terminals, as 
is shown in Fig. 4, thus giving nearly complete reflection 
(y =1). The measured echo area pattern of this antenna 
is shown in Fig. 5. 

The directivity of the antenna is computed from the 
approximate equation" 


41,253 
090 


where @p and 4» are the half-power beamwidths ob- 
tained from the measured antenna pattern. It has been 
previously noted that polyrod antennas are not lossless 
devices, and that for the cases reported, the gain is ap- 
proximately one db less than the directivity.'® Therefore 
the gain (G) is taken as one db less than the directivity 
computed by (9) for this example. The gain function of 
this antenna is 


G(@) = Gf) |? 


where f(@) is the measured electric field pattern of the 
antenna. 
Substituting into (6) gives 


_ eho} 
Ar 


The measured and computed echo area patterns are 
compared in Fig. 5. Good agreement is obtained in the 
region when the echo area is due to traveling waves set 
up on the antenna (approximately 0° to 30°). 


THE LoNnG, THIN Rop 


A steel rod that is 39X long and \/4 in diameter is the 
second example to be considered. The magnitude of the 
first maximum of the echo area pattern of the steel rod 
is 9 square wavelengths. This magnitude is increased to 
28.2 square wavelengths by using a silver rod. The 
measured echo area pattern of the silver rod is shown in 


17 J, D. Kraus, op. cit., p. 25. 

aT Kell Panakal and G. E. Mueller, “An Investigation of Poly- 
styrene Rod Antennas,” Antenna Lab., The Ohio State Univ. Res. 
Foundation, Rep. 510-11; June 15, 1954. Prepared under Contract 
hae ers: Army, Evans Signal Laboratory, Belmar, 


IRE TRANSACTIONS ON ANTENNAS AND. PROPAGATION 


.625 


XK: 
d) Shes 
id \ 


Conducting Disc 


Fig. 4—Polyrod antenna. 
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Fig. 5—Echo area of the polyrod antenna. 


Fig. 6. The current reflection coefficient y was found to 
be equal to 0.32 by the method described earlier. 

The gain function of a thin, linear traveling-wave 
antenna with a relative phase velocity of one is derived 
in the Appendix (15). Substituting these values in (6) 
gives 


c= 0.000850 | 


sin [124.5(1 — cos 6@)]|}4 
1 — cos@ 


square wavelengths 


(7) 


Theoretical values obtained using this equation are 
also shown in Fig. 6. The first four lobes are plotted in 
detail. Excellent agreement is obtained. 

It is to be noted that the theory predicts that the echo 
area due to the traveling-wave mode is sensitive to 
polarization. The incident wave must be polarized in 
the plane defined by the axis and the direction of wave 
propagation; z.e., the polarization required is designated 
as Eoin Fig. 1. This is because of the polarization proper- 
ties of a thin linear traveling-wave antenna. 


7 
Jan wary. 
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—-— Calculated Maxima Due To Traveling Waves 


{ Fig. 6—Echo area of a long, thin rod. 


THE OGIVE 


¢ 
The theory is next applied to obtain the echo area of 36 
the ogive (an arc of a circle rotated about its chord) os 
shown in Fig. 7. The measured echo area pattern of the se 
ogive of Fig. 7 is shown in Fig. 8. The current reflection ~e 
coefficient was found to be 0.7 by the method described °2 
earlier. as 

The ogive is considered as a traveling-wave antenna & 

_whose relative phase velocity equals the average relative 


phase velocity in the direction of the axis of symmetry 
when the current is traveling along the surface of the =12 
ogive at a relative phase velocity of one. This is ex- E 
pressed mathematically as follows: 


HI L 
Usa v,dl 
ow => f 


where L is the length of ogive, vz is the component of 
relative phase velocity in the direction of the axis of 
| symmetry, and (vz)ay is the desired average relative 
phase velocity. 

In this case (v,),y=0.99. The ogive is then treated as 
a thin linear traveling-wave antenna in order to obtain 
its field pattern. 

The gain function of a thin, linear traveling-wave an- 
tenna with a relative phase velocity of 0.99 is found in 
the Appendix (14). Substituting the appropriate values 
into (6) gives 


10 20 30 40 50 60 70 80 90 


Angular Orientation (@) 


Fig. 8—Echo area of ogive. 


shown in Fig. 8 is the envelope of the echo area pattern 
maxima, and points calculated from physical optics for 
aspects near broadside. 

It is interesting to note that when a hollow 0.9 
cylinder is placed over the far point of the ogive the 
maximum echo area falls to about one square wave- 
length. This clearly demonstrates that the point located 
in shadow region is of major significance in determining 
the echo area. 

The echo area of the ogive is sensitive to polarization 
in the same manner as the long, thin wire, because of the 
polarization properties of a long, thin traveling-wave 
antenna. 


: CONCLUSION 

sin 6 : 
ete 9 The agreement of the calculated and experimental 

— 0.99 cos : 

values of echo area show that the traveling-wave mode 
must be considered in treating the echo area of these and 
similar bodies in near end-fire region. Since the maxi- 
mum gain of a thin traveling-wave antenna increases 


with frequency it may further be concluded that this 


= 0.01314 
sin [125.5(1 — 0.99 cos a} 2 (8) 


The calculated echo area pattern is plotted in detail 


for the first three lobes in Fig. 8. The agreement is good 
considering the approximations that are made. Also 


mode becomes even more significant as the frequency is 
increased. 


138 IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


APPENDIX ees 2A? 
os : : 
GAIN OF A THIN, LOSSLESS TRAVELING- 7 sin? 6 | aa BL tik peos ofa de 
WAVE ANTENNA » (1 — pcos 6)? 

Oe lossless antenna, the gain G equals the direc- The integral in the denominator can be evaluated by | 
Etec Qosubichite dente. means of several changes of variables. | 
e | 
4rUm 4x(maximum radiation intensity) The first change of variables is «=1—p cos 6; apply- | 
Dist a ‘ (9) ing this to the integral in the denominator of (12), | 


Vi total power radiated 


; : a sin’ 6 ph ete ta: We | 
The magnitude of the magnetic field intensity Hy of a i" ise ar sin te (1 — pcos @)|¢ dé | 
thin traveling-wave antenna is given by” 0 (1 — pcos | 


+p p?—14+2r—2? (BL | 

[ek sin 6 ee Hehe = f —_________—_—. sin? | —— x } dx | 

Bea - eee jain (1 — pcos @) 5 pix? 2 . 

Qt. p cos : ce ; pi dite) ae : 

where = —{ (-1 + —-+ ) sin? —— «dx 
pe’ 1p x x? 2 : 


J,)=the current magnitude 


R=the range 1 +p * BL - +p {| — cos BLx 2 
§=defined by the coordinate system of Fig.1 ~ ale (=sin Spite pe + Aes j: * 


p=v/c=relative phase velocity | 

v=the velocity of the wave a —f a gd oe. 5 | a a af cos BLx ax} ek) | 

c=the velocity of a wave in free space 2 x? 2 ton Bi ; 

6 =27/ =the propagation factor along the surface of 
the antenna The first integral on the right-hand side of (13) is ap- 


\ =the wavelength and proximately evaluated as follows: 
L=the length of the antenna. 1 ces BL ‘ 1 {2 aula | te 
ye: - : EN —_— si? 24 = 
The radiation intensity U of such an antenna is oe ie 3 rr BL 
U = RS 


1 
=~ — for BL S12; 
?? 


sin 6 | 2 
= K*<—_—___———| sin —— (1.— pcos | 10) 
: — pcos 6 2 . The second integral on the right-hand side of (13) is 


where S is the power intensity and K is a constant. The evaluated by means of the change of variable y=6Lx. 


total power radiated is Ther 
1 itp 1 — cos BLx 1 BL(itp) 1 — cosy 
. af er ere ——* dy 
=! U sin 6déd} p J 15 x PP J Bra) y 
1 
on sin? 0 BL 2 = — {CinSL(1 + p) — CinBL(1 — p) 
=| f= | — (1 — pcos 0 | dédd. p* 
0 (1 — pcos 6)? 2 
where Cin x is a tabulated modified cosine integral 
The directivity is function. 
4nK? A? 
of cy a eet sin® 6 =| sin BL (1 Je (11) 
——=i( 1 6008.0 6d 
0 (1 — pcos 6)? Z ene z 
where A is the maximum value of the pattern factor The third integral of (13) is simply 
sin 6 Maar | se (ising sb 1 
sin 1— @) pes ae i Mage 8S eee 
(1 — pcos 8) 2 ( Bapes } 2p J 1» x? p° 
Integrating the denominator of (11) with respect to The last integral of (13) is evaluated by means of 
gives integral tables* giving 
Ae DieirausnOpacit:, pe 25k % Tbid., p. 539. 


20 Tbid., p. 151 RS. Burin 
i gton, “Handbook of Mathematical Tabl d 
atibids pe 15: Formulas,” Handbook Publishers, Inc., Sandusky, Ohio, p. 817 1947, 


1958 


‘ee eh preeien, Peiea rn a + p) 
Ae 
1 


ig at ral ear rae 
ri 1+? sj 
- cos BL( p) +ar f sin BLx ix]. 
Lizep 1—p x 


_ The final integral to be evaluated is the one remaining 
in the last expression above. It is evaluated by means of 
the change of variable y=@Lx. Then 


pr pits sin BLx 
f Saat. 
2p3 1 


BL 


ae ® 


ait BLC+») sin 
= P : igh 2 dy 
2p BL») 


?? — 


1 
seer BL{Si [BL(1 + p)] — Si [6Z(1 — 9)]} 


where Si (x) is a tabulated function™ known as the sine 
integral. 
Combining the solutions of these integrals gives 


7 sin? 6 BL 5 
f ee {sin |= (1 — pcos a) |\ dé 
o (1 — pcos @)? 2 
be RIG pL tp) = Cin BLT —" >) 
?? se p® 


ee pale — 1) cosBL(1 + p) + (p + 1) cosBL(1 — p) 
+ (p? — 1)BL[Si (BL{1 + p}) — Si (@L{1 — p})]}. 


It is now only necessary to obtain a value for A, the 
pattern factor maximum, to completely evaluate (12). 
This may be done by either setting the derivative of the 
pattern factor equal to zero, which leaves a complicated 


2% J. D. Kraus, op. cit., p. 537. 
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transcendental equation to be solved, or by plotting the 
pattern factor. The second method is used since the re- 
sults are also useful in plotting the desired echo area. 

The length and relative phase velocity of the two 
antennas which are of interest, and the values obtained 
by the methods described are tabulated below. 


BL p A D=G 
251 0.99 6.37 23\59 
249 1.00 13.2 60 


Since the gain function G(@) of an antenna varies as 
the square of the field pattern, the gain functions of 
these two antennas are’ 


sin 0 
1 — 0.99 cos 6 : 
-sin [125.5(1 — 0.99 cos a) (14) 


G(6) = 0.5804 


for p=0.99 and 


n@ 2 
G(6) = 0.345 4 — sin [124.5(1 — cos a} (15) 
1 — cos@ 
for p=1. 
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Back-Scattering Cross Section of a Center-Loaded 


YUEH-YING HU 


Cylindrical Antenna* 
; 
) 


Summary—A solution of the broadside back-scattering cross sec- 
tion, c, of a center-loaded cylindrical anienna with any load imped- 
ance, Z,, is obtained by a variational method through a four-terminal 
network approach. A simple formula for o, in terms of Z, and the 
parameters Z,:, Zi2, and Z2: associated with the antenna has been de- 
rived. The impedances Z,, Z:2, and Z» are independent of the load 
and they are determined by using the variational principle. Numerical 
results of the first order approximation are presented, and they are 
in good agreement with some measured results available in the 
literature. 


INTRODUCTION 


HE back-scattering cross section, o, of a cylindrical 
Bll seasons with either no load (shorted) or matched 

load was studied both theoretically and experi- 
mentally by Dike and King.! The first order approxima- 
tion of their theoretical result deviates from the meas- 
ured result considerably in some cases. Moreover, higher 
order approximations are rather difficult to obtain by 
the integral equation method used, because the iteration 
process involves repeated integrals. Other approxima- 
tions of o are also obtained by Van Vleck, e¢ al.,? using 
the emf method and by Tai,’ using the variational 
method. Measured results are also reported by Sevick* 
in absolute values rather than the relative values pre- 
sented by Dike and King. However, both the theoretical 
and experimental results by Van Vleck, Tai, and Sevick 
are limited to shorted cylindrical antennas—cylindrical 
wires. This paper presents a variational method to de- 
termine the back-scattering cross section of a center- 
loaded cylindrical antenna with any load impedance, 
Zz, by using a four-terminal network approach. There 
are two advantages of the method used in this study. 
First, as a consequence of the four-terminal network ap- 
proach, a simple logical formulation of o in terms of Z, 
and the antenna impedance parameters Z11, Zi, and 
Ze, is obtained. Since the parameters Z1, Zi, and Zo» 
are independent of the load and depend only on the 
geometrical configurations of the cylindrical antenna , 


* Manuscript received by the PGAP, March 8, 1957; revised man 
uscript received, June 17, 1957. The research reported in this paper 
was supported by Rome Air Dev. Center, Rome, N. Y., under Con- 
tract No. AF 30(635)-2808 between the Air Force and Syracuse 
University, from October, 1954 to September, 1956. This research was 
the early first part work of three parts under that contract. 

{ Dept. of Elec. Eng., Syracuse University, Syracuse, N. Y. 

1S. H. Dike and D, D. King, “The absorption gain and back-scat- 
tering cross section of the cylindrical antenna,” Proc. IRE, vol. 40 
pp. 853-860; July, 1952. ‘ 

2 J. H. Van Vleck, F. Block, and M. Hammermesh, “Theory of 
radar reflection from wires or thin metallic strips,” J. Appl. Phys. 
vol. 18, pp. 274-294; March, 1947. 

$C. T. Tai, “Electromagnetic back-scattering from cylindrical 
wires,” J. Appl. Phys., vol. 23, pp. 909-916; August, 1952. 

4 J. Sevick, “Experimental and Theoretical Results on the Back- 
Scattering Cross Section of Coupled Antennas,” Cruft Laboratory 
oe University, Cambridge, Mass., Tech. Rep. No. 150; May, 
1952. sc 


one needs only to determine these parameters for an | 
antenna once in order to determine the back-scattering 
cross section of this antenna loaded with any impedance. | 
Second, because of the stationary property of the varia- | 
tional expressions used for determining Zu, Z12, and Z22,_ 
rather accurate results are obtained. Furthermore, one | 
can obtain more accurate results by using higher order 
approximations. There appears to be no analytical diffi- ) 
culty in finding higher order approximations by the 
present method. 


BaAcK-SCATTERING Cross SECTION 


The back-scattering cross section, g, of an object is” 
defined’ as the equivalent area intercepting that 
amount of power from an incident electromagnetic 
plane wave which, when scattered isotropically, pro-- 
duces a back-scattered field equal to that observed from 
the object. Mathematically, o of an object can be ex- 
pressed in terms of the field quantities as : 


(1) 


where £,* is the incident electric field intensity at the 
object, and £,° is the back-scattered field intensity at a 
distance 7) far away from the object. In this research, 
interest is limited to back-scattering cross sections of 
center-loaded cylindrical antennas with respect to a 
broadside incident plane wave, although the method 
can be applied to oblique incidence and to other types 
of antennas. A fictitious short dipole at a distance 7» far 
away from the cylindrical antenna, as shown by Fig. 1, 
is imagined both to serve as the source of a broadside 
incident field and to detect the back-scattered field at 
the same time. It is known that the incident field in- 
tensity in the direction of the antenna (z direction) pro- 
duced by a short dipole of length A/ with dipole moment 
I,(0)AlI, is 
; —i8r 
haaaliay sree ae 
Aor 


(2) 


o 


70 


where 


Vu/e = 1207 ohm 


n 
B = w/ye = 2n/d radians/meter. 
In order to determine o by (1), one needs to determine 


the back-scattered field £,* at the short dipole from the 


° D. E. Kerr, “Propagation of Short Radio Waves,” M.I.T. Rad. 
ee are McGraw-Hill Book Co., Inc., New York, N. Y., vol. 13, 
Dp. ; : 
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2%,= 4 FOR A SHORT DIPOLE 


"2 AND aj: 0 FOR THE ANTENNA 
UNDER CONSIDERATION 


Z=-Rp — 


Belles: 


Fig. 1—A cylindrical antenna with its fictitious 
short dipole. 


Fig. 2—The four-terminal network representation 
of an antenna. 


_ cylindrical antenna. Notice that for the same cylindrical 
_ antenna, £,* varies with the load impedance connected 
_ across its feeding terminals. To determine £,* for any 
_ load impedance Zz, a four-terminal network approach is 
used. Referring to Fig. 1, the feeding terminal pairs of 
_ both the short dipole and the cylindrical antenna con- 


_ stitute the terminal pairs 1-1’ and 2-2’, 


respectively, of 


a four-terminal network as shown in Fig. 2. Therefore 
the feeding terminal voltages and currents of the short 
dipole and the antenna become the terminal quantities 
_ of the four-terminal network. The terminal voltages and 
currents are related in terms of the four-terminal net- 
_ work impedance parameters Zu, Z1.=Z2, Z22 as follows 


(3) 
(4) 


=voltages across the feeding terminals of 


Vi = 
V2 


Zu1\(0) + Zy212(0) 
Zu 1(0) + Zo2F0(0) 


where Vi, V2 


the short dipole and the antenna, respectively, and 


T,(0), I2(0) =currents flowing into the feeding terminals 
of the short dipole and the antenna, respectively. If a 
load impedance Z, is connected to the terminal pair 
2-2’, then 


(5) 


Substituting (5) into (4), solving for /.(0) and then 
substituting (0) into (3), one obtains 


V. = — Z,1,(0). 
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Zi 2 

Vi =| Zn -~ 5] 0). (6) 
Recall that Vi is the voltage required to send a feeding 
current J,(0) into the short dipole. This V, consists of 
two parts. One is the voltage required to send /,(0) into 
the short dipole with the cylindrical antenna removed. 
This part corresponds to the voltage drop Z1/;(0), where 
Z; is the input impedance of the short dipole in free 
space alone. The other part, denoted by V,*, is due to 
the back-scattered field E,* because of the presence of 
the cylindrical antenna. Since E,* is in the same direc- 
tion as the short dipole for broadside incidence, there- 
fore 


V2= BEA 
and 
Vi = ee = Z,1,(0) =— E,2Al + Z,1,(0). (7) 
Substituting (7) into (6), one has 
I,(0) | Z19° 
Be = Z fe persia Ws 8 
Kalo raat 8) 


If the impedance Z, of the short dipole and the self and 
mutual impedance Zu, Z2, and Z.2 of the coupled short 
dipole and the cylindrical antenna are determined, one 
is ready to compute o for any Z, from (1) by au sCrus 
ing in Ho’ from (2) and £,* from (8). 


VARIATIONAL FORMULATIONS 


The physical set-up of Fig. 1 may be considered as a 
special case of two coupled cylindrical antennas. In this 
case, the cylindrical antenna number 1 is a short dipole 
and the current distribution over it is assumed to be 
constant and equal to the feeding current. The method 
used in this research for determining the impedances of 
coupled antennas was found, after the numerical results 
were obtained, to have some similarities to the work of 
Levis and Tai.® However, the particular treatment here 
enables us to single out the variational expressions for 
Zu, Z12, and Zz one at a time by proper choice of feeding 
currents. As a consequence, the variational formulas for 
the impedances which will be derived in this section are 
simpler than their determinantal solutions of simul- 
taneous equations. 

Let the current distributions over the coupled cylin- 
drical antennas number 1 and number 2 be /i(g) and 
I,(z), respectively. Assume the feeding gaps are very 
small. Then J,(z) and J,(z) satisfy the following simul- 
taneous integral equations. 


Sa) Zaahs tO). Zant (0) 


Tyo(z — 2/)Ta(z")ds’ (9) 


hi ly 
= Pilz — 2’)Li(2’)da’ + 


ly = 


6 C. A. Levis and C. T. Tai, “A method of analyzing coupled an- 
tennas of unequal sizes,” IRE TRANs., vol. AP-4, pp. 128-132; April, 
1956. 
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5(z) [ZnTi(0) + Zo2I0(0) | 


ih i 
= f Toi(z — 2’) 1y(2') da’ +f Te2(z — 2’)Io(2’)dz’ (10) 
—l —l, 


“jn8 1 -.) 1 fi e—38r 
aig ip rate (ava 22s tas Se aes d 
ate Aor ( " 6B? 0327/7 2rd o r _ 
r = [(z — 2’)? + 4a)? sin? (p/2) ]2/2. 


6(s) = Dirac delta function. 


In the above equations, a: is the radius of antenna 
number 1, /; and J, are the half-lengths of antennas num- 
ber 1 and number 2, respectively, ¢ is the axial angle 
subtended by z and 2’, where z is the field point and 2’ is 
the source point on the surface of the cylindrical an- 
tenna. The functions I's(zg—2’) and I'~(z—2’) are ob- 
tained by replacing 2a, sin (¢/2) in r with 2a, sin (¢/2) 
and 79, respectively, where a2 is the radius of the an- 
tenna number 2 and 7p is the distance between the axes 
of the two cylindrical antennas. 

Let J,’(z) and J2’(z) be another pair of current dis- 
tributions corresponding to the feeding currents /,’(0) 
and J,’(0). Then J,’(z) and J,’(z) also satisfy (9) and 
(10) with 1,(0) and 7.(0) replaced by 11’(0) and J.’(0). 
If one multiplies (9) by J,’(z) and integrates from —i 
to ],, and multiplies (10) by J2’(z) and integrates from 
—1l, to lz by adding the results, then one obtains 


Ti (0)Z1101(0) + 11'(0)Z12F2(0) + To/(0)Z2171(0) 
+ I,'(0)Z2272(0) 


= fftrunt ff rrant ff vran 


i ff TyTaels (11) 
where 
l; lj 
ff LT yl; = f f T(z) (2 —— 2')T;(2')dz'dz 
—lY¥ —ly 
with 


fy Ee ee heed 


Separate expressions for the impedances Zy,, Z2, and 
Z12 can be obtained from (11) by proper choice of feeding 
currents as follows: 

1) For Zu, choose J2'(0) =0, J2(0) =0 and J,'(0)/1,(0) 
=K, (a constant). As a result of J2’(0)=J,(0) =0, 
(11) reduces to an expression for Z, alone, 


Ty’ (0)Z1171(0) =i nial ff Ty'T 21» 
+f f rant ff nrar. 


Since both sets of currents, with and without prime, 
satisfy the same set of simultaneous equations, (9) and 


(10), one has Jy/(z)=Kih(z) and 1,'(z) = Kile(2) due 


to I,’(0) = Ki,(0). The above equation then becomes 


Zir11°(0) =k W's 2f [ nrut 
+ff ToT 21. 


2) For Z22, choose J;'(0) =0, 1:(0) =0 and T2' 0) /T2(0) 
= K, (a constant). Similarly, (11) reduces to 


Z 1 27(0) = bf NVilit 2f f TV yet 
+ ff ntat 


(12) 


(13) 


3) For Zz, choose [,(0)=0 and J2’(0)=0. Eq. (11) 


then reduces to 


Ty’ (0)Z12T2(0) S10) nah ff T/T ils 


+ ik if totals H! He Is'Tools. (14), 


The separate expressions for Zu, Z2, and Zi can be 


proved to be stationary with respect to the true current 


distributions corresponding to the particular choice of 
feeding currents for each case. This can be proved by 
subtracting from the first variation of (11) both: 1) the 
results of multiplying (9) by 6/,’(z) and integrating from 
—l, to , and of multiplying (10) by 6J,’(z) and inte- 
grating from —l, to /,; 2) the results with the currents 
with and without prime interchanged in the results of 
part 1). Hence 


Ty'(0)8Zu1(0) + 1y'(0)8Z1212(0) + Ix!(0)8Zar1(0) 
+ I2'(0)6Z22T2(0) = 0. (15) 


Eq. (15) is true for any choice of 11(0), Z2(0), 7:’(0), and 
I,'(0). By choosing the feeding currents in different 
ways, as in obtaining the expressions for Zy, Zi, and 
Z2, one proves, from (15), 6Z1.=0, 6Z2.=0, and 6Z1.=0, 
respectively. If antenna number 2 is removed, then Zy 
reduces to the impedance of antenna number 1 in free 
space alone. This impedance is denoted by Z; as used 
for the short dipole case. It is clear that a variational ex- 
pression for Z, can be obtained from (12) by putting 
I2(z) =0 as follows: 


Z,1;7(0) — ff WV yl. 


If antenna number 1 is a short dipole at a distance rp 
far away from antenna number 2, (7o>>/2). The follow- 
ing reasonable approximations can be used 


Iy(z) and T,(0) 
T 12(2 — 2’) =~ T12(0 = 2’) 
To1(z = z') ~ Tai(z = 0). 


(16) 


| 
4 


ee yee” vr 


ee 
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_ In such a case, the variational expressions for the im- 
pedances Z1—Z1, Zx2, and Zy can be obtained from 


(12)—(14) and (16) as follows: 
(Z11 — Z1)12(0) = 27,(0)Al ih Tyoks + f f TeV o2T2 (17) 
Z 22] 27(0) = fae TeV ool 


T1(0)Z12I2(0) = Ty'(0) Al if; i ae if f Is!Ta9I2. (19) 


(18) 


The impedance expressions by (17)—(19) are stationary 


- with respect to the true current distribution J2(z) cor- 


responding to the respective feeding conditions. Since 
I,(z) is not known, appropriate functions have to be 


_ chosen to represent J>(z). 


Since antenna number 1 isa short dipole and antenna 
number 2 is the antenna under consideration, the sub- 
script 2 is dropped hereafter from J, and a2 for conven- 
ience. 


FIRST ORDER APPROXIMATION 


From general knowledge about the current distribu- 
tions over linear antennas, it is reasonable to assume 
that J2(z) is a linear combination of a constant term, a 
sine term and a cosine term as follows: 


I.(z) = a+) cos Bz + ¢ sin Bz. 


The current distribution is assumed to satisfy the follow- 
ing conditions: 


(20) 


1) symmetrical about z=0, i.e., I2(—2) =I2(z), 

2) In(0) =the feeding current of the cylindrical an- 
tenna, 

3) I2(z) =0 at z= +1. 


According to condition 1), sin B| z| is used in (20) in- 
stead of sin Bz. By applying conditions 2) and 3) in (20), 
constants a and b can be eliminated, and (20) then be- 


comes 
cos Bz — cos Bl 
I2(z) => I,(0) Sy gry 
+ [sin @( — | z|) + sinB| z| — sin Bl] 
= T20(z) ob kIo1(z) (21) 
where 
rs ¢ 
~ 1 — cos pl 
cos 6z — cos fl 


Tao(2) = 12(0) 1 — cos pl 


To:(z) = sin B(l — | z | )+ sin 6 | z| — sin Bl. 
Notice that J2o(z) and Je:(z) have the following proper- 


ties: 


Too( +2) Ss 0, 
Io(£1) = 0. 


I29(0) = I2(0), 
I2i(0) a 0, 
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Since the trial function for J.(z) in (21) contains one 
adjustable constant k, quantities related to it are called 
the first order approximations. 

Using (21) as trial function for J.(z) in the expressions 
for Zu—Z1, Ze, and Zy, given by (17), (18), and (19), 
respectively, and at the same time applying the corre- 
sponding feeding conditions, one obtains 


(Z11 — Z1)11?(0) 
ce 2r(o)at [ Tyo(Rivto1) + i (Rislo1)P22(Rit21) (22) 
Zo212?(0) = f (I20 + Roolo1)P22(T20 + Reele1) (23) 


T,'(0)Z12T2(0) = roar f Ty2(T20 ae Ryo 21) 


a ih il (Bis Fath Vaa( Lack bial a pete 


where ki, ko, Rie, and ky’ are adjustable constants in the 
trial functions for the corresponding impedances and all 
the integrations are from —/ to /. Since the impedance 
expressions are stationary, all the k’s can be determined 
by setting 0Z/0k=0 in the corresponding expressions. 
Substituting the solutions for the k’s back into (22)-— 
(24), one obtains the expressions for the impedances in 
terms of the trial functions and the geometry of the sys- 


tem as: 
| roar f rata] 
(Bienes 
ES arr 


Zml%(0) = f f SSE SIC) ele ARES 5 


fsfe ToT a20 01 


(Zu — Z:)1°(0) = — (25) 


T'(0)Zr2I2(0) = 1'(0) Al f Tiss 


[nar frral| ff Iota | 


oe: if we Om.) 


The different integrals involved in (25)-(27) can be 
evaluated approximately. If />>a and ro>l, the approxi- 
mated results of the integrals are listed in the Appendix 
in terms of quantities 4, B, C, D, E, F, G, and H. These 
quantities are complicated expressions dependent only 
on Bl and Q=2 In 2//a and independent of Al, ro, and 
the feeding currents. By using the approximate results 
of the integrals, (25)—(27) become 
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Fig. 3—The parameter, Ri,’-R,’, of 
cylindrical antennas. 
Fig. 4—The parameter, X11’-X1’, of cylindrica 
antennas. 
Fig. 5—The parameter, Ris’, of cylin- 
drical antennas. 
Fig. 6—The parameter, X19’, of 
cylindrical antennas. 
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Fig. 7—The parameter, Ry»’, of 
cylindrical antennas. 


Fig. 8—The paremeter, Xo’, of 
cylindrical antennas. 
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‘ . C+ 7D)? 
Z 9 = 730] (4 + 7B) as ote 1 i, 
RGF 
‘ NPAs GAH? 
Aaa Zy =\— 930 |= ein | = Seles 
ro Yc a 
Oe i Gi 
= |= ein | (Zin La') (28) 
ro 
Al C+ 4D 
Z12 = 730 |= ein | E es at 
To Re cy 2 


AT. 
= E ein] Las 
a 


where 2Z1:'—Z,', Zp’, and Zs’ are the parts indepen- 
dent of Al and 79 in the expressions of Z1—Z,, Z1, 
-and Z», respectively. The primed impedances depend 
only on A, B, C, D, E, F, G, and H and therefore on Bl 


and 0. 
Using (28), the back-scattered field intensity from (8) 


Bis: 


12 


is 2 Zio 
eal Prema at 
Za + Zi, 


ets) [= (29) 


4 Al 


ro 


| The ratio of the squares of | £,+| and | Eo'| from (29) 
and (2) is 


2 


2 1 
2 90062re2 


Z12 


Zoi + Zr 


| 
| Bo’ 


(in — Zi) — (30) 


Therefore, according to (1), the back-scattering cross 


‘ 


section is given by 


2 


Zi: 


2a 2, | 
Ol Ag ar Rag 


(31) 


oe = 


9007 


Since the parameters Zy)’—Zy’, Z2’, and Zyy’ in (31) de- 
pend only on the geometry of the cylindrical antenna 


and are independent of the load, one needs only to de- 


termine these parameters once in order to determine 
: 


o/d? for a cylindrical antenna with any load impedance. 


NUMERICAL RESULTS 


Actual computations have been carried out for 
cylindrical antennas with the following values of 
Q=21n (2i/a):7.5, 10, 15, and 20. For eachQ, (Ziu1’— 21’), 
Zi’, and Zs.’ were computed for 6/ from 0.5 to 6.0 in 0.1 
intervals. ¢/\? was computed for different load imped- 
ance Z,=~, 0, (75+j0) ohms, (300+j0) ohms, and 
222", where Zo* is the complex conjugate of Z2.’. When 
Z1,=Z»*, the case will be called matched. 

Since the parameters (211 74). £9, and Zo are all 
one needs to determine o/\? for an antenna with any 
load impedance, the results of the real and imaginary 
parts of Zu/—Z1’, Zw’, and Zo’, denoted by Ru’—Ry1’, 
Rat Roe andl kaa 41) X12’, Xn’, respectively, are 
given in Figs. 3-8, p. 144. The back-scattering cross sec- 
tion, ¢/A?, for same load impedance but for different 
values of @ are given in Figs. 9-13, p. 146. In Fig. 9 
for Z,=0 case, it is see. that the resonance peaks for 
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each Q occur at about 61=7/2, 3/2 or 1=)/4, 3d/4. As 
Q@ increases, the first resonance peak shifts toward 
Bl=7/2 in the direction of increasing Bl, but the second 
resonance peak shifts slightly toward B1 = 31/2 in the di- 
rection of decreasing 8/. The resonance peaks are sharper 
for larger values of 2. These phenomena appear also in 
Fig. 11 for the Z,=(75+ 0) ohms case. However, the 
resonance peaks are relatively flatter. In the case of 
Z1= (300+ j0) ohms (Fig. 12), the resonance peaks al- 
most disappear but one still can recognize them for 
Q=15 and Q=20. In Fig. 13 for the Z,= © case, there 
is only one peak occurring at a value somewhat below 
Bl= or 1=/2. The position of the peak shifts toward 
6l=7 as Q increases. In all the cases, it is generally true 
that for the same value of 6/, the back-scattering cross 
section increases as 2 decreases except possibly in the 
neighborhood of resonance. 

It is to be emphasized that the present theoretical re- 
sults check very closely with Sevick’s measurements, as 
shown by Fig. 14, p. 147, which are generally considered 
to be more accurate than those by Dike and King. 
Since Dike and King’s measured results! were presented 
in relative values, comparisons can only be made on 
qualitative basis. The qualitative agreement between 
the present theoretical results and their measured results 
is better than that between their own theoretical! and 
measured results._ Some phenomena are observed both 
from the present theoretical results and their measured 
results but not from their theoretical results. These phe- 
nomena are: 1) the values of o/\? for Z,=0 case level 
off after the second peak for a certain interval of B/ for 
0.08-inch diameter cylindrical antenna as shown in Fig. 
15. 2) The peak flattens as the diameter increases for 
the matched load case as shown by Fig. 16. 

The theoretical results by Dike and King are obtained 
by using the integral equation method. It is rather difh- 
cult to obtain higher order approximations by the in- 
tegral equation method, because the iteration process 
involves repeated integrals. As for the variational meth- 
od, one can obtain higher order approximations sys- 
tematically by adding more terms in the trial function 
for I:(z). This will be discussed in the next section. 


HIGHER ORDER APPROXIMATIONS 


The trial function for [2(z) used in the first order ap- 
proximation fails to represent J;(z) when B/=27 or 
l= . This is a direct consequence of the assumed trial 
function for I.(z). Since both sin Bz and cos 62 are peri- 
odic functions, their values repeat as Bz changes by 27. 
For an antenna with /=), J.(z) in (20) cannot satisfy 
both the conditions J.(+/) =0 and J2(0) =nonzero feed- 
ing current. It is also suspected that the trial function 
will be inadequate when #/ is near to 27. In order to 
avoid this, the trial function for J2(z) is modified with 
one additional term as follows: 

(32) 


Bz 
I,(z) = a+ bcosbz+csinB| z| RP sah 
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3.0 
Fig. 9—Broadside back-scattering cross section of center- Fig. 10—Broadside back-scattering cross section of center- 
loaded cylindrical antennas with Z,=0. loaded cylindrical antennas with Z, =Z»*, 


Z,= (300+ {0) OHMS 


Ja 


Fig. 11—Broadside back-scattering cross section of center-loaded 
cylindrical antennas with Z,=(75-+70) ohms. Fig. 12—Broadside back-scattering cross section of center-loaded 
cylindrical antennas with Z, = (300+ 0) ohms. 


24 
where 
20 C 
ky =? ee 
i ‘A AN 1 — cos Bl 
V2 d 
1 — cos fl 
0s B al 
cos Bz — cos 
T29(z) = 
04 1 — cos Bl 
Ini(z) = sin BU — | z|) + sin 6 | z | — sin Bl 
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a 


0 


He I 1 s 
Fig. 13—Broadside back-scattering cross section of center-loaded eat en Gage +) 
cylindrical antennas with Z;,= «. 
z nd Bz 
Using the same conditions, J.(0) =feeding current and — (1 = cos Bl) { 1 — cos Pag 


I,(+1) =0, constants a and d can be eliminated, and 
32) becomes . 

(32) bec Then k; and ky can be determined by the stationary 
To(z) = Iao(z) + kiler(z) + Rol 22(z) (33) property of the impedances by setting 
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Fig. 14—Broadside back-scattering cross section of cylindrical 
antennas with Z,=0 and a/A=3.5 X 1073, 
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Fig. 16—Broadside back-scattering cross section of cylindrical an- 
- “tennas of fixed diameters with matched load by the variational 
method. 
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Using (33) as a trial function for I,(z), one not only ex- 
tends Bl to cover 27 but also improves the approxima- 
tion. The results obtained by using (33) will be called 
second order approximations. There is no further ana- 
lytical difficulty in obtaining second order approxima- 
tion, because all the additional integrals are of similar 
types encountered in the first order approximation. 
Notice that the term cos (2/2) is not effective in 1m- 
proving the approximations for small values of Bl, say 
61<2, due to the mild variation of cos (8:/2) in that 
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Fig. 15—Broadside back-scattering cross section of cylindrical anten- 
nas of fixed diameters with Zz, =0 by the variational method. 


range. If more accurate results at small values of 6/ are 
required, an additional term of the form cos 262 may be 
used. It is believed that the first order approximation by 
the variational method is satisfactory at smaller values . 
of 81, but much better results for BJ near 27 can be ob- 
tained from a second order approximation by using (33) 
or by similar modifications, such as adding sin (62/2) 
term or adding both sin (62/2) and cos (82/2) terms. 
However, the trial function given in (33) fails again to 
represent J2(z) at 61 =4m because of the same reason. In 
order to extend @/ to cover 47, further modifications 
such as adding cos (62/3) or sin (62/3) or both may be 
necessary. Theoretically a trial function for I2(z) can be 
made to cover all ranges of 6] and the approximations 
can be improved indefinitely by adding more terms, but 
in practice, the order of approximations used is limited 
by the additional labor involved. 


APPENDIX 


APPROXIMATE RESULTS FOR DIFFERENT INTEGRALS 


\ 


ff Tool 201 20 — 730(A + 7B)I2°(0) 
sole Too QV ool 21 = 430(C + jD)I.(0) 


ff ToT ool 91 = 430(E + jF) 


Al 
1,(0) Al i vee |= cin 730GT,(0)I2(0) 
ro 
Abin ; 
nial f Tole = E e—iBro 730HT,'(0) 
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where 


A S scan) + 4 cos L(L cos L — sin L) 
(1 — cos L)? \ 


8 ; 
: [in — cen | ——asin? L — 2 cos’? L sin a4 
T 


a 


{—C(4L) — (4L cos? L — 2 sin 2L)S(2L) 


% (1 — cos L)? 
+ sin? 21 
OS {isin L)S(4L) + (1 — cos L)C(4L) 
1 — cos L 
+4cos L(1 — cos L — L sin L)C(2L) 
+4 cos L(1 — cos L)C(L) 
f AL, 
+ 4sin L(L cos L — sin L) In — 
Qa 
2 
+ 4(1 — cos L)? In — 
a 
8 ° 
— —asin L(1 — cos L) — (sin 24)s\ 
Tv 
if . 
D= mete — cos L)S(4L) — (sin L)C(4L) 
ie mCOSe), 


+ 4cos L(1 — cos L — Lsin L)S(2L) 
+4 cos L(1 — cos L)S(L) am sin? L sin a1 
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E = 2cos L(1 — cos L)S(4L) + 2 sin L(1 — cos L)C(4L) 


++ 4(1 — cos L)2S(2L) — 4L (sin? L)C(2L) 


PR a a 


+ 8 sin L(1 — cos L)C(L) 


4L 
+ [4L sin? L — 8sin L(i — cos L)| in — 


a 


_ aa — cos L)? — 2 sin? L sin 2L > 


Tv 
F = 2sin L(1 — cos L)S(4L) — 2 cos L(1 — cos L)C(4L) 
~ AL (sin? DSQL) — 44. — cos LCD 


+ 8 sin L(1 — cos L)S(L) + 4 sint L 


(6 = (sin L — L cos L) 
1— cos L 


H = 2[2(1 — cos L) — L sin L]} 
with 


L= fl, «= Bd 


71 —cosu = sin uw 
C(x) = ae, ee i du. 
0 U 0 Uu 


Electromagnetic Diffraction by Dielectric Strips* 
DAVID C. STICKLERt 


Summary—In this paper the scattering of a plane wave by a rec- 
tangular dielectric strip is calculated by approximating polarization 
currents in the strip. One advantage of the technique applied here is 
that no variational calculations are needed. Results of experimental 
investigation show good agreement with the predicted pattern. 


INTRODUCTION 


HE general problem of scattering by dielectric 

bodies has been studied by various authors! and 

since only a few of these problems admit to rigor- 
ous solutions, approximate methods are needed to predict 
the effect of such bodies on an electromagnetic field. 
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per was supported in part by the Air Res. and Dey. Command, 
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*V. H. Rumsey, “Reaction concept in electromagnetic theory,” 
Phys. Rev., vol. 94, pp. 1483-1491; June 15, 1954. 

+ M. H. Cohen, “Application of the reaction concept to scattering 
problems,” IRE Trans., vol. AP-3, pp. 193-199; October, 1955, 

* D. R. Rhodes, “An Investigation of Pulsed Radar Systems for 
Model Measurements,” Antenna Lab., The Ohio State University 
Res. Foundation, Rep. 475-476; December, 1953. Prepared under 
Contract No. AF 18(600)-19. 


The reaction concept was introduced by Rumsey! and 
extended for the case of dielectric scatterers by Cohen2 

Rumsey! discussed the problem of scattering by a 
dielectric body by considering the equivalent electric 
and magnetic currents of Schelkunoff on the surface of 
the scatterer. He shows that in bi-static scattering prob- 
lems several stationary expressions may be derived for 
the echo. As an example, he considers the echo due to a 
plane wave normally incident on an infinite dielectric 
sheet given by two stationary expressions and compares 
these with the exact solution. 

Cohen? discussed the problem in a somewhat differ- 
ent manner although he uses the reaction concept. The 
difference in the approaches made by Rumsey and 
Cohen is in their choice of currents. Cohen uses the 
polarization currents, which are volume currents in free 
space in the volume occupied by the scatterer, and are 
proportional to the total electric field in the dielectric. 
They generate the scattered field. Cohen considered the 
echo from a right circular dielectric cylinder and stud- 
ied the results from several approximations for the 
polarization currents. The results of these calculations 


1958 


were compared with the exact solution. It was found 
that the best approximation of those considered to the 
echo area was obtained when the total field in the 
_ cylinder was assumed to be the sum of two plane waves. 
‘The incident field was considered to be E = fhe‘ with 
the E parallel to the axis of the cylinder. The approxi- 
mation which yielded the best results was given by 


Et = R(aye** + ae) 


_where the constants a, and a: are determined through 
the stationary expression derived by the reaction con- 
cept. 

Rhodes? set up an integral equation of the second kind 
involving the incident and total fields. He then ob- 
tained an infinite series representation for the total field 
by successive substitutions. Rhodes also considered the 
echo from a right circular dielectric cylinder and carried 
out the calculation retaining one, two, and three terms 
of the series. However, Rhodes’ best calculation com- 
pares unfavorably with Cohen’s best. The results of 
Rhodes’ work are given in Cohen’s paper. 

In this paper the total fields in a dielectric strip with 
a plane wave or a good approximation to a plane wave 
incident are assumed to be those that would be present 
in the strip if it were an infinite dielectric sheet with the 
same thickness and constitutive parameters. The scat- 
tered field of the strip may then be calculated by an 
integration over the volume of the scatterer. This ap- 
proximation is essentially the same as Cohen's? except 
that in addition the magnitudes of the coefficients a; and 
Q@_2 are also assumed. 


Tue POLARIZATION CURRENTS ~ 


The expressions for the polarization currents will now 
be derived in a slightly more concise form than that 
given by Cohen.” The incident fields, that is, the fields in 
the absence of the scatterer, must satisfy 


VXVX Ei — kk = 0 (1) 
VX VX Hi — k’H' = (2) 
where ko? =w2u€0. The total fields must satisfy 
VXVX Et — PE! = 0 (3) 
VXVX Ht — #H'=0 (4) 


where #2=w1e: in the scatterer and k? = w7po€o outside 
the scatterer. The scattered field is defined by 


E: = Et — Ei. (5) 
Subtracting (1) from (3) and (2) from (4) and substi- 
tuting for E‘ and H‘ the following are obtained 
VX VX EY — koth® = (k? — ko’) E! + iwVu X H' (6) 
VX VX Ht — ho2H* = (k? — ho?) H'. — iwVe X Et. (7) 
The effect of the dielectric scatterer may be replaced by 


the currents in (8) in free space 


ee Vis ia 
J=-— iweo| Ur€r _ 1|E* — X H' (8) 
Ho 


within the scatterer and zero elsewhere. 


Stickler: Electromagnetic Diffraction by Dielectric Strips 


149 


Far-Field 
Point 


(r, 8, @) 


Fig. 1—Geometry for arbitrary scatterer. 


In the far-field the scattered electric field is given by 


Ro*(urér — 1) e*or 


Es(?) = (66 + 0] 
At r 
[fz te e*or 
. Et 7! e tkor’ cos yq@V + oan pe ees 9 
(7’) pre (9) 


f Vu X Hi(#)e-iker’ 05 1g V 


where the integration is taken over the volume of the 
scatterer and cos y=sin @ sin 6’ cos (6—¢’) +cos 6 cos 
0’. The coordinate system is shown in Fig. 1. 

It will be convenient to express the total electric 
field in the scatterer in rectangular coordinates 


E\(?’) = E+ E,j + E.k (10) 

from which it can be shown that 

k 2 €p 1 etkor 
E9°(0, ¢) = is ) : if (cos 6 cos $F, 

dor r 

+ cos @sin dE, — sin 0E,)e~*" 8 dV. (11) 

Ro” (urér Fu 1) ent 
E4°(8, ?) = 


4a r 
: f (—sin ¢ E, + cos dE,)e~*" 8 dV. (12) 


SCATTERING BY A DIELECTRIC STRIP 


Scattering by a dielectric strip as illustrated in Fig. 2 
will be considered for the following polarizations. 


Ei = E,tk (13) 
in the x—y plane (vertical polarization), 
hgh a Os (14) 


in the x—y plane (horizontal polarization). The rela- 
tive permeability will be considered to be unity. 

It is now assumed that the electric field in the dielec- 
tric strip with a plane wave incident is the same as that 
field which would exist in the strip if the strip were an 
infinite dielectric sheet of the same thickness and per- 
mittivity with a plane wave incident at the same angle 
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Far-field Point 


Transmitting Horn, Angle of Incidence, 8 =0° 


Fig. 2—Geometry for dielectric strip scatterer. The strip is 
infinite in the Z direction. 


of incidence. In addition to this assumption it is assumed 
that the z dependence of the field is separable, that is 


E' = E(x, y)Z(2), (15) 


when the incident field is that of a typical pyramidal 
horn. This is an approximation and several methods 
of circumventing it have been suggested, but the com- 
plexity of the calculations increases when this is con- 
sidered. 

For vertical polarization as defined by (13) we shall 
be interested in the E-field patterns described by (11) 
in the 6=7/2 plane. The fields in the dielectric are given 
by 


E'(x'y'2’) 
= RZ(2’) T Evie**ou'’ sin fo| eikiz’ cos 64 + Ken ikix’ cos 61] (16) 


where 
2ko cos 6 [— cos 61—ko cos 60) 
Ro cos 6) + ky cos 6; 1 — K? | 
ky cos 6; — ko cos 0 
ay Sale See ee ES a erikia cos 61 
Rk, cos 6; + ko cos 0 
ko sin Ao = hy sin 61. 


Substituting in (11) and integrating we obtain 


hore — a 


us 


etkor 


E¢* (8, ¢) = — sin 04 TE,‘[Z(6) | 


if 


[= (ko A {sin 0 — sin 6 sin 2 
ko{ sin 6) — sin @ sin o} 


[= a{ ky cos 6, — ko sin 6 cos o} 
{1 cos 61 — ky sin 8 cos o} 


K sin a{ Ri cos 6; + ko sin 8 cos o} 
| (17) 


{ki cos 61 + ho sin @ cos o} 
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where 


+9 
[Z(0)] = f Zila’) eth et Pda 


_ 


J ane 


K 


Three cases of vertical polarization were considered: — 
q 


I 
a) 


a=0.25inch e& = 2.4 


(pis cont 
i. 0.3 inch 


1.4 inch. 


I 


a= 0.25 inch « = 2.4 6) = 30° A 


The plots of the total fields at 9 =7/2 are shown in Figs. 
3-5. The measured and calculated patterns for the three 
cases of vertical polarization were correlated as follows. 
The same incident field was applied in all three cases. 
It was noted that there was a null in the far-field pat- 


tern for the 8) =0, A =1.4 inch case at 6=10°. This im- © 


plied that at ¢=10°, E*(a/2, 10°) = —E*(/2, 10°) and 


hence we were able to determine a constant C, which ~ 


related the scattered and total fields for all A and 4. 
There are obviously more general techniques for relat- 
ing the fields. 

For horizontal polarization as defined by (14) we 
shall be interested in the E, pattern as described by 


(12). We find 
Tv T 
Bat geid) men oe 8) 
where E*(7r/2, @) is given by (17). The plots of the 


total fields are shown in Figs. 6 and 7. A normalizing 
constant C, was determined in the same manner as C,. 


(18) 
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Fig. 3—F ar-field pattern of horn and dielectric strip 
with vertical polarization. 
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Fig. 4—Far-field pattern of horn and dielectric strip 
with vertical polarization. 
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Fig. 5—Far-field pattern of horn and dielectric strip 
with vertical polarization. 


CONCLUSION 


Using plane-wave plane-sheet theory it is possible to 
calculate the scattering by a dielectric strip placed in 
the vicinity of an antenna. The simplicity of the cal- 
culations should be noted. - 
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Fig. 6—Far-field pattern of horn and dielectric strip 
with horizontal polarization. 
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Fig. 7—Far-field pattern of horn and dielectric strip 
with horizontal polarization. 
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A Line Source with Variable Polarization* 
J. N. HINEST anp J. UPSON{ 
][ANHE polarization of this line-source antenna can wall of standard waveguide at an angle of about 45°. 


be continuously adjusted from linear polarization 

to circular polarization (with either sense of rota- 
tion) by simply changing the spacing between the line 
source and the aperture.! It consists of a traveling-wave 
primary radiator mounted in a parallel-plate trans- 
mission line that is terminated in a flared (i.e., horn) 
aperture (see Fig. 1). The primary radiator consists of 
an array of closely spaced slots cut into the narrow 


Parallel! Plate 


Nea 6 Waveguide 
Transmission Line 2 


Fig. 1—A sketch of the variably polarized line source. 


* Manuscript received by the PGAP, April 29, 1957; revised man- 
uscript received, October 7, 1957. This work was performed under 
contract between the Air. Res. and Dev. Command, Wright Air Dey. 
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t North American Aviation, Inc., Columbus, Ohio; formerly with 
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1 J. N. Hines and J. Upson, “A Line Source with Variable Polariza- 
tion,” Antenna Lab., The Ohio State University Res, Foundation; 
November 15, 1956. Prepared under Contract AF 33(616)-3353, Air 
Res. and Dey. Command; Wright Air Dey. Center, Wright-Patter- 
son AFB, Ohio. 


Modes with orthogonal electric fields (i.e., the TE and 
TEM modes) are set up in the parallel-plate line by 
this arrangement, and @f the primary radiator is aligned 
parallel to the aperture, both modes radiate with the 
same direction of maximum radiation. Since the two 
modes have different phase velocities, the relative 
phase of the orthogonal fields in the aperture can be ad- 
justed by changing the distance between the primary 
radiator and the aperture. This controls the polariza- 
tion of the radiated field. Circular polarization requires 
that the two orthogonal components of the radiated 
field be equal in magnitude as well as 90° out of phase. 
The angle at which the slots are cut into the waveguide 
feed can be adjusted to obtain fields of equal strength. 
In practice an angle of 45° comes quite close to the cor- 
rect value as indicated by measurements. 

Because of the orientation of the slots in the wave- 
guide feed, the linearly polarized field is polarized at an 
angle of 45°, z.e., either parallel or perpendicular to the 
slots. Horizontal and vertical polarization can be ob- 
tained, if desired, by combining right-circular polariza- 
tion and left-circular polarization from each half of the 
line source. For example, if the two circularly polarized 
fields are in phase, vertical polarization will result; and 
if they are out of phase, horizontal polarization will 
result. 

The direction of maximum radiation, Omax, is deter- 
mined solely by the propagation constant in the wave- 
guide. This is given approximately by 


Cos Binax = (No/Ag) = V1 = (o/Neg)?, (1) 


ear 


; 
¥ 
E | 


— 1958 


where 


Xo = free-space wavelengtia 
\, =guide wavelength 
eq = free-space cutoff wavelength of the guide 
=2Xwide dimension, if slot loading is not too 
large. 


The TEM mode is the dominant mode in the parallel- 
plate line and it has no cutoff frequency. The cutoff 
wavelength for the TE mode in the parallel-plate line 


is given by 
1 1 #" & : 
hee Ne? 2) 


\, =free-space cutoff wavelength 
S=plate spacing 
N =mode number. 


(2) 


where 


Generally the frequency and direction of maximum 
radiation (or range of directions) are specified when de- 
signing a line-source radiator. When these are known, 
the cutoff wavelength and hence waveguide cross sec- 
tion can be determined from (1), and the spacing of the 
parallel-plate line can be obtained from (2). 

The relative phase, ¢, of the TE and TEM fields at 
any point in the aperture can be changed by varying the 
distance, g, between the primary radiator and the 
aperture. This phase difference is 


See a COS Ua oe = (tan O@max — tan Ore). (3) 


0 


@rp is the direction of the wave normal of the TE mode 
in the parallel-plate line and can be determined from 


OE Ae 
Cos Orn = — 


N 0 2 
fanaa: ) 
2S 

The relative phase given by (3) is relatively insen- 
sitive to small frequency changes since the first term is 
independent of frequency and the second term is a 
slowly varying function of frequency. Hence if the 
magnitudes of the orthogonal components remain con- 
stant, the polarization of the field radiated by the line 
source will not change rapidly with frequency. This was 
borne out by measurements. 

The measured polarization characteristics of this 
antenna are compared with the theoretical performance 
in Fig. 2. Measurements were taken in the direction of 
maximum radiation in the TEM mode’s principal 
plane. The sharp cusp is the result of expressing the 
axial ratio, 4R, in db units. Measurements were also 
taken for variations in g/Xo which resulted in circular 
polarization of the opposite sense to that shown. These 
data are not plotted, however, since they show the 
same results. 


(4) 
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Fig. 2—Plot of the polarization characteristics of the line source 
antenna as a function of the waveguide to aperture spacing. 


TABLE I 
RESULTS OF FREQUENCY CHANGE 
Frequency Axial Ratio Omax 
16.16 kme 3.6 db 65.0° 
16.22 kmc 4.0 db 63 .9° 
16.53 kme 3.5 db Oleyie 
17.03 kme 2.3 db Sia = 
17.24 kme 2.4 db 56.6° 
17.68 kmc 1.5 db Some 


— Eq Component 


---— Eg Component 
g= 0° Plane 


Level (db) 
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0 100 


() 


Fig. 3—Radiation patterns of the line source antenna for 
the near circular polarization case. 


The polarization characteristics as a function of 
frequency for approximately a 10 per cent frequency 
change are given in Table I. Note the relatively small 
change in the axial ratio even though the beam scanned 
through about 10°. 

A typical principal-plane radiation pattern showing 
both field components is shown in Fig. 3 for a case of 
near-circular polarization. 
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Florence in 1939, and _ 
after World War II, 
he received the Ph.D. | 
degrees in mathe- | 
matical physics and | 
optics from that Uni- | 
versity. For some 
years, he was profes- 
sor of electromag- 
netic waves at the | 
University of Flor- 
ence. In 1952-1953, 
he was a visiting pro- | 
fessor at the Institute | 
of Optics of the University of Rochester. 

At present, he is a professor at the Isti- 
tuto Nazionale di Ottica and research direc- 
tor at the Centro Microonde del Consiglio 
Nazionale delle Ricerche in Florence. 

Dr. Toraldo di Francia is vice-president 
of the International Commission of Optics 
of the International Union of Pure and Ap- | 
plied Physics and a member of the Italian | 
Committee of URSI. 4 
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Charles P. Wells was born January 23, 
1909, in Tabor, Iowa. He received the B.A. 
degree with a major in mathematics from 

~ Simpson College, In- 
dianola, Iowa, in 1930. 
and the Ph.D. degree 
in applied mathemat- 
ics from Iowa State 
College in 1935. He 
served as instructor 
in mathematics at 
North Dakota State 
College from 1934 
until 1938, when he | 
went to Michigan | 
| 
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C. P. WELLS 


State University 
where he is now pro- 
fessor of mathematics. During World War 
II, he was an operations analyst with the 
United States Air Force. His main interests 


in applied mathematics, especially in 
iation problems and in particular antenna 
iation problems. 

He is a member of the American Mathe- 
tical Society and the Mathematical Asso- 
tion of America. 
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| Harold A. Wheeler (A’27—M’28-F’35) 
s born in St. Paul, Minn., on May 10, 
1903. He received the B.S. degree in physics 
from George Wash- 
ington University, 
Washington, D. C., 
in 1925 and did post- 
graduate studies in 
physics at Johns 
Hopkins University, 
Baltimore, Md., un- 
til 1928. 

He was employed 

by the Hazeltine 
Corp. from 1924 to 
1945, advancing to 
vice-president and 
ief consulting engineer. Since 1946, he has 
gaged in independent work as a consulting 
dio physicist, and since 1947, his principal 
cupation has been as President of Wheeler 
boratories, Inc. In this capacity, he is 
ecting the Great Neck and Smithtown 
boratories, specializing in microwaves and 
tennas. 
His specialization in antennas dates 
‘back to ‘“‘all-wave’’ antennas for broadcast 
Pre eivers around 1935, then radar beacon 
and IFF antennas during World War II, for 
ich he received the Navy Certificate of 
ommendation. He has published basic 
udies of “small” antennas and “large” ar- 
ys and has directed recent developments 
in radar antennas for guiding missiles. 


cH. A. WHEELER 


Contributors 


Mr. Wheeler has served IRE in such 
positions as Director (1934, 1940-1945), 
chairman of Standards Committee, and 
chairman of the Long Island Section. He re- 
ceived the Morris N. Liebman Memorial 
Prize in 1940 for work on some problems of 
television. He isa Fellow of AIEE and Radio 
Club of America, associate member of IEE 
(British), and member of Sigma Xi and 
Tau Beta Pi. 


Charles H. Wilcox (M’56) was born in 
Rochester, N. Y., on May 21, 1929. He 
received the B.S. degree in physics from 
Duke University in 
1950, and the M.S. 
degree in physics 
from the University 
of Illinois in 1952. 

From 1952 through 
1953, he was a re- 
search physicist at 
the Engineering Ex- 
periment Station, 
Georgia Institute of 
Technology, Atlanta, 
Ga. Since 1954 he has 
been at the Hughes 
Aircraft Co., Culver City, Calif., in the 
Microwave Laboratory. He has also been 
a lecturer in electrical engineering at the 
University of Southern California. His work 
has been mainly in the subjects of radio- 
wave scattering and propagation, and radar 
systems analysis. 
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Tai Tsun Wu was born in Shanghai, 
China, on December 1, 1933. He received 
the B.S. degree from the University of Min- 
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nesota, Minneapolis, Minn., in 1953, the 
M.S. and Ph.D. degrees both from Harvard 
University, Cambridge, Mass., in 1954 and 
1956, respectively. 
Since his graduation 
in 1956 he has been 
a Junior Fellow of 
the Society of Fel- 
lows at Harvard. 

He is a member 
of Tau Beta Pi, Eta 
Kappa Nu, Sigma 
Xi, the American 
Mathematical Soci- 
ety and the American 
Physical Society. 
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Irving W. Yabroff was born in Oakland, 
Calif., on January 26, 1928. He served with 
the U. S. Air Force from 1945 to 1947. 

He received the 
B.A. degree in psy- 
chology and the M.S. 
degree in electrical 
engineering from 
Stanford University, 
Stanford, Calif., in 
1950 and 1953, re- 
spectively. He will 
complete the require- 
ments for the Ph.D. 
degree at that uni- 
versity in June, 1958. 

For the past two 
years, Mr. Yabroff has held a research assist- 
antship in the Radio Propagation Labora- 
tory at Stanford. Presently, he is at the 
Stanford Research Institute, Menlo Park, 
Calif., working on propagation studies and 
weapons systems analysis. 
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VITEIUAL 
MENTE 


like the results of their work to be 
elegant in the mathematical sense of 
“ingenious simplicity,” and we are 
no exception. In fact, we expend a 
great deal of effort in search of this 
kind of simplicity. Applied to air- 
borne antennas, “elegant” obviously 
implies minimum size and weight. 
These characteristics are equally 
important to us. 


With many of our antennas we be- 
lieve that a considerable amount of 
elegance has been achieved. This is 
true of the family of airborne uhf 
monopole type radiators which we 
manufacture. It includes a wide va- 
riety of stubs and annular slots, all 
of which are substantially simpler 
and smaller than can be obtained 
through application of the published 
art. Nevertheless, theoretical con- 
siderations indicate that further sub- 
stantial reductions in size are not 
impossible. 


Efforts to discover elegant means 
of accomplishing this size reduction 
will be a small but important part of 
our activity in the future. We con- 
sider this to be a most interesting 
problem and one to which no exten- 
sion of conventional techniques may 
be expected to yield a solution. 


We are anxious to add a few sen- 
ior engineers to our staff. Our labo- 
ratory is modern and air-conditioned 
and our program is very varied. We 
have about 100 people, and so far 
as we can determine, we have de- 
signed antennas for more different 
aircraft than any other group in the 
country of any size. If you are 
anxious to do original work in this 
field, please contact Arthur Dorne, 
President. 


DORNE & MARGOLIN, inc. 


29 NEW YORK AVENUE 
WESTBURY, N.Y. 
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ADVERTISING 


RATES 


OSES: 


MR. DELMER C. PORTS 
Jansky and Bailey, Inc. 
1839 Wisconsin Ave. N.W. 


Washington 7, D. C. 
Telephone: 
Federal 3-4800 
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GENERAL BRONZE 
THE LEADER IN 


LARGE ANTENNA 
SYSTEM DESIGN 


@ ANTENNAS 
@ PEDESTALS 
@ SERVOS 


LARGE RADIO TELESCOPE 
DESIGN 

(as appeared on the cover of 
PULSE) 


60’ TRACKING ANTENNAS, 
PEDESTALS AND TOWERS FOR 
THE NATIONAL BUREAU OF 
STANDARDS 


THE GENERAL BRONZE EC 
SERVO SYSTEM FOR PRECI- 
SION CONTROL OF LARGE 
ANTENNA SYSTEMS 


ms Z ; 
aS 28’ SCATTER ANTENNA WITH 


WHICH WESTERN ELECTRIC 
CALLED ‘“‘A MILESTONE IN 
ELECTRONIC HISTORY” 


a | : THE DEW LINE PROVEN FEED 
| 


THE GENERAL BRONZE CORPORATION HAS ONE OF THE LARGEST COMPOSITE 
STAFFS OF MECHANICAL AND STRUCTURAL ENGINEERS INCLUDING SOME OF THE 
LEADING DESIGNERS OF ANTENNA AND SERVO SYSTEMS. 


STANDARD DESIGNS ARE AVAILABLE FOR RADAR AND SCATTER ANTENNA SYSTEMS, 
HIGH POWER ROTARY JOINTS AND U.H.F. WAVEGUIDE AND WAVEGUIDE TEST 
EQUIPMENT. 


Write for Technical Brochures on General Bronze Antenna System Designs. 
Please specify field of interest. 


GENERAL BRONZE CORPORATION 


711 STEWART AVENUE e GARDEN CITY, ae 


OWERING 90 feet above the New England countryside at 
Westford, Mass., this giant 84’ tracking antenna is part of a new, 
long-range radar installation now studying problems in ballistics 
missile defense. 

Equipped with an elevation-azimuth type mount designed 
and fabricated in cooperation with M. I. T.’s Lincoln Laboratory, 
the big dish can make a full 360° horizontal sweep and has a 
vertical rotating capability of 90°. Like all Kennedy steerable 
antennas, it features a light weight, aluminum dish supported by a 
steel pedestal mounted on a concrete base. 

This kind of achievement in antenna design and construction 


is solid proof that Kennedy is the name to remember when you are 
faced with antenna problems. 


Se t * s > 
28’ RADAR 60’ TE Mi 
‘TRACKING ANTENNA TRACKING | 


D. S. KENNEDY & CO 


‘COHASSET, Mass 
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INSTITUTIONAL LISTINGS | ; 4 4 


The IRE Professional Group on Antennas and Propagation is grateful for , 
the assistance given by the firms listed below, and invites application for 4 
Institutional Listing from other firms interested in the field of Antennas and ~ | 
Propagation. 


ANDREW CORPORATION, 363 E. 75th St., Chicago 19, III. tage 
Antennas, Antenna Systems, Transmission Lines, Development and Production. 


ANTLAB, 4950 North High St., Columbus 14, Ohio 
Antenna Pattern Range Systems—Recorders & Mounts. 


BLAINE ELECTRONETICS, INC., 14757 Keswick St., Van Nuys, Calif. 
Antennas, Paraboloids, Scale Models, Antenna Radiation Pattern Measurement Towers 


COLLINS RADIO COMPANY, Cedar Rapids, Iowa 
Antenna Design and Propagation Research Related for Airborne and Ground Communication Systems. 


DEVELOPMENTAL ENGINEERING CORP., 1001 Conn. Ave. N.W., Washington, D. C. and Leesburg, Va 
Research, Development, Installation of Antennas and Antenna Equipment for Super Power Stations. 


THE GABRIEL LABORATORIES, Div. of the Gabriel Co., 133 Crescent Road, Needham Heights 94, Mass. 
Research and Development of Antenna Equipment for Government and Industry. 


HUGHES AIRCRAFT COMPANY, Culver City, Calif. 
Research, Development, Mfr.: Radar, Missiles, Antennas, Radomes, Tubes, Solid State Physics, Computers. 


I-T-E CIRCUIT BREAKER CO., Special Products Div., 601 E. Erie Ave., Philadelphia 34, Pa. 
Design, Development and Manufacture of Antennas, and Related Equipment. 


JANSKY & BAILEY, INC., 1339 Wisconsin Ave. N.W., Washington 7, D.C. 
Radio & Electronic Engineering; Antenna Research & Propagation Measurements; Systems Design & Evaluation. 


MARK PRODUCTS CO., 6412 W. Lincoln Ave., Morton Grove, III. 
Multi Element Grid Parabolas, Antennas for Two-Way Communications, R & D 


MARYLAND ELECTRONIC MANUFACTURING CORPORATION, College Park, Md. 
Antenna and System Development and Production for Civil and Military Requirements. 


THE RAMO-WOOLDRIDGE CORPORATION, Los Angeles 45, Calif. 


TRANSCO PRODUCTS, INC., 12210 Nebraska Ave., Los Angeles 25, Calif. 
Res., Design, Dev., & Mfr. of Antenna Systems & Components for Missile, Aircraft & Ground Installations. 


WHEELER LABORATORIES, IN C., 122 Cutter Mill Road, Great Neck, N. Y. 
Consulting Services, Research and Development, Microwave Antennas and Waveguide Components. 


The charge for an Institutional Listing is $25.00 per issue or $75.00 for four 
consecutive issues. Application may be made to the Technical Secretary, 
The Institute of Radio Engineers, 1 East 79th Street, New York 21, NoYes 


